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I. A mechanism for vanishing conformal invariance

II. The Berezinskii-Kosterlitz-Thouless (BKT) transition

III. A quantum mechanics model: the 1/r2 potential

IV. AdS/CFT

V. Relativistic model: defect Yang-Mills

VI. QCD with many flavors? A partner theory QCD* 
with a nontrivial UV fixed point?
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#2: Fixed point runs off to infinity:

β(g;α)
α > α∗

α < α∗

➤ electric theory dual to a QED-like 
magnetic theory:

FE ∼
g2 ln (r ΛUV)

r2
FM ∼ g2

M

r2 ln (r ΛUV)
gM ∼ 1/g

For α≤α✱ get “free magnetic phase” 

Possible example? SQCD again  ➙  α=Nf/Nc, α✱=3/2

[Seiberg]
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α < α∗

#3: UV and IR fixed points annihilate:

α = α∗ : fixed points merge

α ≥ α∗ : g± = g∗ ±
√

α− α∗
UV, IR fixed points

α < α∗ : conformality lost

A toy model: β(g;α) = (α− α∗)− (g − g∗)2
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What happens just below the transition to nonconformal behavior?

β(g;α)
g∗

α ! α∗

i. Start: g = gUV < g✱ in the UV 

ii. g grows, stalling near g✱

iii. g strong at scale ΛIR

gIRgUV

= lnµ

ΛIR ! ΛUVe−
R dg

β(g)

= ΛUVe
− π√

|α∗−α|

(Not like 2nd order phase transition: )ΛIR ! ΛUV

√
|α∗ − α|
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•bound vortices
•trivially conformal •T>Tc
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8πT

, v =
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TΛ2

βu = −2v2 , βv = −2uv

u

v
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Nonperturbative 
region
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Correlation length in BKT transition: α>0: Conformal 
(unbound vortices)

α<0 finite ξ 
(bound vortices)

T=Tc
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For small negative α, assume 
τ small & positive in UV

τ blows up in RG time

t =
∫

dτ

β(τ)
= − π

2
√
−α

α>0: Conformal 
(unbound vortices)

...giving rise to an IR scale (like ΛQCD) which sets the scale for the finite 
correlation length for α<0:

ξBKT ∼
1
Λ

e
π

2
√
−α

α<0 finite ξ 
(bound vortices)

T=Tc
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So far:

• BKT transition = loss of conformality via fixed point merger

• Mechanism of fixed point merger in general gives rise to “BKT 
scaling”:

ΛIR ∼ ΛUVe−
π√

α∗−α
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So far:

• BKT transition = loss of conformality via fixed point merger

• Mechanism of fixed point merger in general gives rise to “BKT 
scaling”:

ΛIR ∼ ΛUVe−
π√

α∗−α

Next: other examples:

• QM with 1/r2 potential

• AdS/CFT

• Defect Yang-Mills

• QCD with many flavors

17
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Example: QM in d-dimensions with 1/r2 potential
[
−∇2 + V (r)− k2

]
ψ = 0 , V (r) =

α

r2

18
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Example: QM in d-dimensions with 1/r2 potential
[
−∇2 + V (r)− k2

]
ψ = 0 , V (r) =

α

r2

k=0 solutions:

α∗ = −
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2

)2

ψ = c−rν− + c+rν+
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2

)
±
√

α− α∗
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Example: QM in d-dimensions with 1/r2 potential
[
−∇2 + V (r)− k2

]
ψ = 0 , V (r) =

α

r2

• valid for α✱ < α < (α✱+1)
• α < α✱: ν± complex, no ground state
• α = α✱: ν+ = ν-

• α > (α✱+1): rν- too singular to normalize

k=0 solutions:

α∗ = −
(

d−2
2

)2

ψ = c−rν− + c+rν+

ν± = −
(

d− 2
2

)
±
√

α− α∗
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[
−∇2 + V (r)− k2

]
ψ = 0 , V (r) =

α

r2

k=0 solutions:

α∗ = −
(

d−2
2

)2

ψ = c−rν− + c+rν+

ν± = −
(

d− 2
2

)
±
√

α− α∗

19



David B. Kaplan Banks-Fischler Symposium June 15, 2009

[
−∇2 + V (r)− k2

]
ψ = 0 , V (r) =

α

r2

• c+ =0 or c-=0 are scale invariant solutions 
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[
−∇2 + V (r)− k2

]
ψ = 0 , V (r) =

α

r2

• c+ =0 or c-=0 are scale invariant solutions 
• If c+≠0,  ψ → c+rν+ for large r (ν+ > ν-)

k=0 solutions:

α∗ = −
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2

)2
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)
±
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α− α∗
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[
−∇2 + V (r)− k2

]
ψ = 0 , V (r) =

α

r2

• c+ =0 or c-=0 are scale invariant solutions 
• If c+≠0,  ψ → c+rν+ for large r (ν+ > ν-)

• to make sense of BC at r=0, introduce δ-function:

k=0 solutions:

α∗ = −
(
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2

)2
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ν± = −
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±
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[
−∇2 + V (r)− k2

]
ψ = 0 , V (r) =

α

r2

• c+ =0 or c-=0 are scale invariant solutions 
• If c+≠0,  ψ → c+rν+ for large r (ν+ > ν-)

• to make sense of BC at r=0, introduce δ-function:

V (r) =
α

r2
− gδd(r)

k=0 solutions:

α∗ = −
(

d−2
2

)2

ψ = c−rν− + c+rν+

ν± = −
(

d− 2
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)
±
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[
−∇2 + V (r)− k2

]
ψ = 0 , V (r) =

α

r2

• c+ =0 or c-=0 are scale invariant solutions 
• If c+≠0,  ψ → c+rν+ for large r (ν+ > ν-)

• to make sense of BC at r=0, introduce δ-function:

V (r) =
α

r2
− gδd(r)

k=0 solutions:

α∗ = −
(

d−2
2

)2

ψ = c−rν− + c+rν+

ν± = −
(

d− 2
2

)
±
√

α− α∗

• rν+ corresponds to IR fixed point of g

• rν- corresponds to unstable UV fixed point of g
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RG treatment of 1/r2 potential:    I. Perturbative     

α✱ ≡ -(d-2)2/4   so work in d=2+ε
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RG treatment of 1/r2 potential:    I. Perturbative     

α✱ ≡ -(d-2)2/4   so work in d=2+ε
S =

∫
dt ddx

(
iψ†∂tψ −

|∇ψ|2

2m
+

gπ

2
ψ†ψ†ψψ

)

−
∫

dt ddx ddy ψ†(t,x)ψ†(t,y)
α

|x− y|2 ψ(t,y)ψ(t,x)

δ-function
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RG treatment of 1/r2 potential:    I. Perturbative     

α✱ ≡ -(d-2)2/4   so work in d=2+ε
S =

∫
dt ddx

(
iψ†∂tψ −

|∇ψ|2

2m
+

gπ

2
ψ†ψ†ψψ

)

−
∫

dt ddx ddy ψ†(t,x)ψ†(t,y)
α

|x− y|2 ψ(t,y)ψ(t,x)

δ-function

propagator:
i

ω − p2/2m

2πiα

ε

1
|q|ε“meson exchange”:

contact vertex: iπgµ−ε
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RG treatment of 1/r2 potential:    I. Perturbative     

α✱ ≡ -(d-2)2/4   so work in d=2+ε

+Find g runs:

β(g;α) = µ
∂g

∂µ
=

(
α +

ε2

4

)
− (g − ε)2

Same as toy model!  α✱ = -ε2/4,  g✱ =ε

S =
∫
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+
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|q|ε“meson exchange”:
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α>α✱: conformal
α=α✱: critical
α<α✱: g blows up in IR  

RG treatment of 1/r2 potential:    I. Perturbative     
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+Find g runs:

β(g;α) = µ
∂g
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=
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α +
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α>α✱: conformal
α=α✱: critical
α<α✱: g blows up in IR  BKT scaling

B ∼
(

Λ2
IR

m

)
∼

(
Λ2

UV

m

)
e−2π/

√
α∗−α

bound state energy

RG treatment of 1/r2 potential:    I. Perturbative     

α✱ ≡ -(d-2)2/4   so work in d=2+ε

+Find g runs:

β(g;α) = µ
∂g

∂µ
=

(
α +

ε2

4

)
− (g − ε)2

Same as toy model!  α✱ = -ε2/4,  g✱ =ε

S =
∫

dt ddx
(

iψ†∂tψ −
|∇ψ|2

2m
+

gπ

2
ψ†ψ†ψψ

)

−
∫

dt ddx ddy ψ†(t,x)ψ†(t,y)
α

|x− y|2 ψ(t,y)ψ(t,x)

δ-function

propagator:
i

ω − p2/2m

2πiα

ε

1
|q|ε“meson exchange”:

contact vertex: iπgµ−ε
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RG treatment of 1/r2 potential:     II. Non-perturbative    

regulate with square well:

V (r) =

{
α/r2 r > r0

−g/r2
0 r < r0 −g/r2

0

α/r2

r0UV reg
ulato

r

E=0 solution for r>r0: ψ = c−rν− + c+rν+

21
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Solve for c+/c- (a physical dimensionful quantity) 
and require invariance:  d(c+/c-)/dr0 = 0:
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RG treatment of 1/r2 potential:     II. Non-perturbative    

regulate with square well:

V (r) =

{
α/r2 r > r0

−g/r2
0 r < r0 −g/r2

0

α/r2

r0UV reg
ulato

r

Solve for c+/c- (a physical dimensionful quantity) 
and require invariance:  d(c+/c-)/dr0 = 0:

Find exact β-function for g.  Eg, for d=3:

Α"0
Α"#1!4
Α"#1!2

g$1 2 3
g

Β"g, Α#
β =

2√g
(
α +√g cot√g − g cot2√g

)

− cot√g +√g csc2√g

α✱ = -¼ , g✱ ≈ 1.36

E=0 solution for r>r0: ψ = c−rν− + c+rν+
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RG treatment of 1/r2 potential:     II. Non-perturbative    

regulate with square well:

V (r) =

{
α/r2 r > r0

−g/r2
0 r < r0 −g/r2

0

α/r2

r0UV reg
ulato

r

Solve for c+/c- (a physical dimensionful quantity) 
and require invariance:  d(c+/c-)/dr0 = 0:

Find exact β-function for g.  Eg, for d=3:

Α"0
Α"#1!4
Α"#1!2

g$1 2 3
g

Β"g, Α#
β =

2√g
(
α +√g cot√g − g cot2√g

)

− cot√g +√g csc2√g

α✱ = -¼ , g✱ ≈ 1.36

Qualitatively same as pert. result

E=0 solution for r>r0: ψ = c−rν− + c+rν+
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Even better:  define

γ =
(√

g Jd/2(
√

g)
Jd/2−1(

√
g)

)

Condition d(c+/c-)/dr0 yields exact β-function in d-dimensions:

βγ =
∂γ

∂t
= (α− α∗)− (γ − γ∗)2 , γ∗ =

d− 2
2

• Toy model is exact!

• γ is a periodic function of g, γ=±∞ 
equivalent

• Limit cycle behavior for α<α✱: explains 
“Efimov states” for trapped atoms at 
Feschbach resonance

22
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Limit Cycle: Efimov Effect

Universal spectrum of three-body states
(V. Efimov, Phys. Lett. 33B (1970) 563)

1
a

E (m|E|)
1/2

!

Discrete scale invariance for fixed angle ξ

Geometrical spectrum für 1/a → 0

Manifestation in scattering observables

=⇒ log-periodic dependence on a
=⇒ indirect observation of the Efimov effect

Universality in QCD and Halo Nuclei – p.10/23
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Universal spectrum of three-body states
(V. Efimov, Phys. Lett. 33B (1970) 563)

1
a

E (m|E|)
1/2

!

Discrete scale invariance for fixed angle ξ

Geometrical spectrum für 1/a → 0

Manifestation in scattering observables

=⇒ log-periodic dependence on a
=⇒ indirect observation of the Efimov effect

Universality in QCD and Halo Nuclei – p.10/23

AD

1/a

T

T

T

K
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AAAAAA

Fig. 3. The a−1–K plane for the 3-body problem. The allowed regions for 3-atom
scattering states and for atom-dimer scattering states are labelled AAA and AD,
respectively. The heavy lines labeled T are three of the infinitely many branches of
Efimov states. The cross-hatching indicates the threshold for scattering states.

Efimov trimers, but only a few are shown. They intercept the vertical axis at
the points K = −(e−π/s0)n−n∗κ∗. A given physical system has a specific value
of the scattering length, and so is represented by a vertical line. The resonant
limit corresponds to tuning the vertical line to the K axis.

Changing 1/a continuously from a large positive value to a large negative
value corresponds to sweeping the vertical dashed line in Fig. 3 from right
to left across the page. The Efimov trimers appear one by one at the atom-
dimer threshold at positive critical values of 1/a that differ by powers of
eπ/s0 ≈ 22.7 until there are infinitely many at 1/a = 0. As 1/a continues to
decrease through negative values, the Efimov trimers disappear one by one
through the 3-atom threshold at negative critical values of 1/a that differ
by powers of eπ/s0 . We will focus on the specific branch of Efimov trimers
labelled by the integer n = n∗, which is illustrated in Fig. 4. At some positive
critical value a = a∗, this branch of Efimov trimers appears at the atom-dimer
threshold: E(n∗)

T = ED. As a increases, its binding energy E(n∗)
T − ED relative

to the atom-dimer threshold increases but its binding energy E(n∗)
T relative to

the 3-atom threshold decreases monotonically. As a → ∞, the binding energy
approaches a nontrivial limit: E(n∗)

T → h̄2κ2
∗
/m. For a < 0, as |a| decreases,

H1/4 sin ξ versus H1/4 cos ξ. This effectively reduces the discrete scaling factor 22.7
down to 22.71/4 = 2.2, allowing a greater range of a−1 and K to be shown in the
Figure.

21

A=atom
D=dimer
T=trimer

a = atom-atom scattering length
Cold Atoms/BEC

Velocity distribution (T = 400 nK, 200 nK, 50 nK)

(Source: http://jilawww.colorado.edu/bec/)

Variable scattering length via Feshbach resonances

Universality in QCD and Halo Nuclei – p.13/23
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Fig. 3. The a−1–K plane for the 3-body problem. The allowed regions for 3-atom
scattering states and for atom-dimer scattering states are labelled AAA and AD,
respectively. The heavy lines labeled T are three of the infinitely many branches of
Efimov states. The cross-hatching indicates the threshold for scattering states.

Efimov trimers, but only a few are shown. They intercept the vertical axis at
the points K = −(e−π/s0)n−n∗κ∗. A given physical system has a specific value
of the scattering length, and so is represented by a vertical line. The resonant
limit corresponds to tuning the vertical line to the K axis.

Changing 1/a continuously from a large positive value to a large negative
value corresponds to sweeping the vertical dashed line in Fig. 3 from right
to left across the page. The Efimov trimers appear one by one at the atom-
dimer threshold at positive critical values of 1/a that differ by powers of
eπ/s0 ≈ 22.7 until there are infinitely many at 1/a = 0. As 1/a continues to
decrease through negative values, the Efimov trimers disappear one by one
through the 3-atom threshold at negative critical values of 1/a that differ
by powers of eπ/s0 . We will focus on the specific branch of Efimov trimers
labelled by the integer n = n∗, which is illustrated in Fig. 4. At some positive
critical value a = a∗, this branch of Efimov trimers appears at the atom-dimer
threshold: E(n∗)

T = ED. As a increases, its binding energy E(n∗)
T − ED relative

to the atom-dimer threshold increases but its binding energy E(n∗)
T relative to

the 3-atom threshold decreases monotonically. As a → ∞, the binding energy
approaches a nontrivial limit: E(n∗)

T → h̄2κ2
∗
/m. For a < 0, as |a| decreases,

H1/4 sin ξ versus H1/4 cos ξ. This effectively reduces the discrete scaling factor 22.7
down to 22.71/4 = 2.2, allowing a greater range of a−1 and K to be shown in the
Figure.
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A=atom
D=dimer
T=trimer

a = atom-atom scattering length

En+1/En = 1/515.03 , n→∞
Limit cycle behavior

Cold Atoms/BEC

Velocity distribution (T = 400 nK, 200 nK, 50 nK)

(Source: http://jilawww.colorado.edu/bec/)

Variable scattering length via Feshbach resonances

Universality in QCD and Halo Nuclei – p.13/23
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Efimov States in
133
Cs

Experimental evidence for Efimov states in 133Cs
(Kraemer et al. (Innsbruck), Nature 440 (2006) 315 )

Identification via 3-body recombination rate
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Fig. 3. The a−1–K plane for the 3-body problem. The allowed regions for 3-atom
scattering states and for atom-dimer scattering states are labelled AAA and AD,
respectively. The heavy lines labeled T are three of the infinitely many branches of
Efimov states. The cross-hatching indicates the threshold for scattering states.

Efimov trimers, but only a few are shown. They intercept the vertical axis at
the points K = −(e−π/s0)n−n∗κ∗. A given physical system has a specific value
of the scattering length, and so is represented by a vertical line. The resonant
limit corresponds to tuning the vertical line to the K axis.

Changing 1/a continuously from a large positive value to a large negative
value corresponds to sweeping the vertical dashed line in Fig. 3 from right
to left across the page. The Efimov trimers appear one by one at the atom-
dimer threshold at positive critical values of 1/a that differ by powers of
eπ/s0 ≈ 22.7 until there are infinitely many at 1/a = 0. As 1/a continues to
decrease through negative values, the Efimov trimers disappear one by one
through the 3-atom threshold at negative critical values of 1/a that differ
by powers of eπ/s0 . We will focus on the specific branch of Efimov trimers
labelled by the integer n = n∗, which is illustrated in Fig. 4. At some positive
critical value a = a∗, this branch of Efimov trimers appears at the atom-dimer
threshold: E(n∗)

T = ED. As a increases, its binding energy E(n∗)
T − ED relative

to the atom-dimer threshold increases but its binding energy E(n∗)
T relative to

the 3-atom threshold decreases monotonically. As a → ∞, the binding energy
approaches a nontrivial limit: E(n∗)

T → h̄2κ2
∗
/m. For a < 0, as |a| decreases,

H1/4 sin ξ versus H1/4 cos ξ. This effectively reduces the discrete scaling factor 22.7
down to 22.71/4 = 2.2, allowing a greater range of a−1 and K to be shown in the
Figure.
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A=atom
D=dimer
T=trimer

a = atom-atom scattering length

En+1/En = 1/515.03 , n→∞
Limit cycle behavior

Cold Atoms/BEC

Velocity distribution (T = 400 nK, 200 nK, 50 nK)

(Source: http://jilawww.colorado.edu/bec/)

Variable scattering length via Feshbach resonances

Universality in QCD and Halo Nuclei – p.13/23
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• Operator dimension of ψψ is Δψψ =E0/ω

2-particle wave-
function at |r1-r2|=0

Conformal phases: measure correlations, not β-functions!
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Note: (Δ++Δ-) = (d+2): scaling dimension of nonrelativistic spacetime.
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Massive scalar in the bulk
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of nonrelativistic d-space+time

• α = α✱
 = -(d-2)2/4 ⇒ Δ±=(d+2)/2
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• lower bound on Δ-ψψ
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• when m2 = m✱
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AdS/CFT cont’d:

As with QM example, 2 different solutions ⇒ 2 different CFTs

ϕ = ϕ0 z∆+ : Zgrav.

∣∣∣∣
ϕ−−−→

z→0
ϕ0z∆+

= ZCFT[ϕ0]

S = SCFT +
∫

ddx φ0O

ϕ = J z∆− : Zgrav.
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ϕ−−−→

z→0
Jz∆−

= ZCFT[J ]

=
∫

DϕZCFT [ϕ]ei
R

ddxJϕ

UV fine-tuning: m2φ2...adds OO operator. Eg: O=ψψ, OO =ψψψψ 
⇒ analog of δ(r) in QM example tuned to unstable UV fixed pt.
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Charged relativistic fermions on a d-dimensional defect 
+ 4D conformal gauge theory (eg, N=4 SYM)

S =
∫

dd+1x iψ̄γµDµψ − 1
4g2

∫
d4x F a

µνF a,µν
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g doesn’t run by construction

Expect a phase transition as a function of g:

〈ψ̄ψ〉 =

{
0 g < g∗
Λd

IR g > g∗
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g doesn’t run by construction

Expect a phase transition as a function of g:

〈ψ̄ψ〉 =

{
0 g < g∗
Λd

IR g > g∗

Phase transition is in perturbative regime for d=1+ε (spatial 
dimensions of “defect”): compute β-function

Add a contact interaction to the theory (as in QM & AdS/CFT 
examples!) and study its running:

∆S =
∫

dd+1x
(
− c

2
(ψ̄γµTaψ)2

)
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RG approach
Four-fermi interaction is generated

β(c) =

1/! pole from photon 
propagator in (1+!)+1 D

from which one finds

xm =
1

κ

[(
n +

1

2

)
+ arctan

ε

2κ

]
(52)

where n is an integer. The solution with n = 0 corresponds to the biggest gap and is favored

energetically. The dynamically generated mass gap is

m ∼ Λ exp

[
−1

κ

(π

2
+ arctan

ε

2κ

)]
, κ =

√
g2CA

2π2
− ε2

4
(53)

So we find that there is a phase transition occuring at

g∗ =
π2ε

2CA
(54)

and the critical behavior of the gap near g = g∗ conforms with BKT scaling.

B. RG treatment: beyond the rainbow

The RG equation can be written in a way very similar to the RG equation for the

QM example with 1/r2 potential. One introduce an extra four-fermi interaction into the

Lagrangian

S =

∫
ddx (iψ̄γµ∂µφ + ψ̄γµψAµ −

c

2
(ψ̄γµtaψ)2)− 1

4

∫
d4x F a

µνF
a
µν + · · · (55)

The tree level one-gluon exchange contains a 1/ε factor from the gluon propagator (40) and

contributes to the beta function for c:

β(c) = εc− Nc

2π
c2 − g2

2π
(56)

The phase transition occurs at g = g∗ where β(c) has a double zero,

g∗ =
π2ε

Nc
(57)

When g > g∗, we need to solve the RG equation,

∂c

∂ ln µ
= β(c) (58)

with the boundary condition that the bare four-fermi coupling is zero at the UV cutofff,

g(Λ) = 0. The solution is

c(µ) =
πε

N
+

2π

N
κ tan

[
κ ln

Λ

µ
− δ

]
(59)

15

g∗ =
π2ε

Nc
Same as gap eq, except 2CA"N

This substitution also works for mass gap at g>g*

L = · · ·− c

2
(ψ̄γµtaψ)2
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where n is an integer. The solution with n = 0 corresponds to the biggest gap and is favored

energetically. The dynamically generated mass gap is

m ∼ Λ exp

[
−1

κ

(π

2
+ arctan

ε

2κ

)]
, κ =

√
g2CA

2π2
− ε2

4
(53)

So we find that there is a phase transition occuring at

g∗ =
π2ε

2CA
(54)

and the critical behavior of the gap near g = g∗ conforms with BKT scaling.

B. RG treatment: beyond the rainbow

The RG equation can be written in a way very similar to the RG equation for the

QM example with 1/r2 potential. One introduce an extra four-fermi interaction into the

Lagrangian

S =

∫
ddx (iψ̄γµ∂µφ + ψ̄γµψAµ −

c

2
(ψ̄γµtaψ)2)− 1

4

∫
d4x F a

µνF
a
µν + · · · (55)

The tree level one-gluon exchange contains a 1/ε factor from the gluon propagator (40) and

contributes to the beta function for c:

β(c) = εc− Nc

2π
c2 − g2

2π
(56)

The phase transition occurs at g = g∗ where β(c) has a double zero,

g∗ =
π2ε

Nc
(57)

When g > g∗, we need to solve the RG equation,

∂c

∂ ln µ
= β(c) (58)

with the boundary condition that the bare four-fermi coupling is zero at the UV cutofff,

g(Λ) = 0. The solution is

c(µ) =
πε

N
+

2π

N
κ tan

[
κ ln

Λ

µ
− δ

]
(59)
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g∗ =
π2ε

Nc
Same as gap eq, except 2CA"N

This substitution also works for mass gap at g>g*

L = · · ·− c

2
(ψ̄γµtaψ)2

Friday, April 10, 2009

β(c):

1/ε pole for d=(1+ε)
β(c) = − g2

2π
− εc− Nc

2π
c2

=
1
2π

(
π2ε2

Nc
− g2

)
− Nc

2π

(
c− επ

Nc

)2

• Find BKT transition at g2 = g✱
2 = (επ)2/Nc

ΛIR ~ ΛUV exp[-π/√(g2-g✱
2)]

• Schwinger-Dyson gap eq (rainbow approx) gives 
qualitatively same results
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Back to QCD at LARGE Nc and Nf:

α✱

Bank
s-Z

aks
 

fixe
d p

oint

0

?

xxc 11/20

conformal trivial
asymptotic 
freedom

〈ψ̄ψ〉 #= 0

Transition at x=xc?

gauge coupling:
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Bank
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aks
 

fixe
d p

oint

0

?

xxc 11/20

conformal trivial
asymptotic 
freedom

〈ψ̄ψ〉 #= 0

Transition at x=xc?

Schwinger-Dyson (rainbow approximation):

Found:  BKT scaling for <ψψ>...not rigorous, but qualitatively correct?

gauge coupling:
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Conjecture: loss of conformality for QCD at xc is of BKT type, due 
to fixed point merger. 
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Conjecture: loss of conformality for QCD at xc is of BKT type, due 
to fixed point merger. 

Near Banks-Zaks (IR) fixed point:

Partner theory QCD*:

Δψψ = d-Δψψ = 1+ # g2Nc
- +

(almost free scalar?)

x✱

xxBZ

=11/2

QCD

Δψψ

3

2

1

QCD*

Δ+

Δ-

+Δψψ = 3 - # g2Nc

(almost free quarks)

QCD:

Free boson

Free fermions

Δ+ + Δ- = 4? 

31



David B. Kaplan Banks-Fischler Symposium June 15, 2009

WANTED
Conformal theory 

defined at nontrivial
UV fixed point
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at x=xc

LAST SEEN WITH WEAKLY 

COUPLED SCALAR

☛
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WANTED
Conformal theory 

defined at nontrivial
UV fixed point

to merge with QCD 
at x=xc

LAST SEEN WITH WEAKLY 

COUPLED SCALAR

☛

..but QCD* needs full flavor symmetry. Possibly only at stronger coupling?

Conformal fixed point? 
Find analog of Banks-Zaks pt. for:

iff Mf ≤
5

2
√

11
Nf # .75Nf

Consider:
• SU(Nc) gauge theory
• Nf massless Dirac fermions ψ
• Mf2 scalars φ, tuned to be massless
• coupling ψφψ
• Model has SU(Mf)xSU(Mf) chiral 
symmetry, φ = (☐ , ☐)
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Conclusions:

I. Fixed point annihilation appears to be a generic 
mechanism for the loss of conformality

II. Leads to similar scaling as in the BKT transition:       
ΛIR ~ ΛUV e[-π/√(-α-α✱)]

III. Both relativistic & non-relativistic examples

IV. Analog in AdS/CFT; implications for AdS below the 
Breitenlohner-Freedman bound?

V. Implications for QCD with many flavors?  Is there a pair 
of conformal QCD theories?  What is QCD*?         
Finding QCD* should be on field theory / lattice QCD 
“to-do” list.
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