Multiple Coulomb scattering and spatial resolution in proton radiography
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A simple formula for the spatial resolution of transmission proton radiography is derived for two
different methods of measuring the proton coordinates. The effect of multiple Coulomb scattering
and energy loss are taken into account. Experimental measurements of the spatial resolution have
been done and are compared with the calculations. The technique of measuring entrance and exit
coordinates in coincidence for each single proton improves the spatial resolution by a factor of 8

compared to a single coordinate measurement.
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I. INTRODUCTION

Proton radiography and tomography as a diagnostic tool was
investigated' > in the early 1970s but was more or less aban-
doned due to the success of x-ray-computed tomography.
However, interest in proton radiography is now growing in
the light of the increasing success of proton radiotherapy. At
Paul-Scherrer-Institute (PSI), a new proton therapy facility
for the treatment of deep-seated tumors is under construc-
tion. The beam will be applied to the patient dynamically
using magnetic scanning of a focused proton beam on a com-
pact isocentric gantry.

Since radiotherapy with protons is a high-precision treat-
ment, it is important to verify the calculated dose distribution
and to control the correct positioning of the patient with
respect to the beam in order to avoid damage to critical struc-
tures or target misses. The verification of the correct posi-
tioning of the patient is usually performed by x-ray radiog-
raphy. As an alternative, radiographic images with protons
could be taken directly with the proton beam. This would
provide images with exactly the same geometrical conditions
encountered during treatment (proton-beams-eye-view-
projection).

As opposed to photons, proton radiographic images con-
tain additional information on the range of the protons tra-
versing the patient which could be important for therapy. The
range information of transmitted particles (radiography) and
the range of stopping protons in the patient (therapy) can be
predicted by the same algorithm in the treatment planning
software system and the radiographic measurements can be
compared quantitatively with these predictions. By this
method, errors in the treatment planning range calculation
and in the calibration (transformation of photon absorption
into proton stopping power) of the CT slices used for treat-
ment planning can be detected.

More proton therapy facilities will be available in the fu-
ture. The utility of proton radiography and proton tomogra-
phy for pure diagnostic purposes should be therefore inves-
tigated also from the point of view of the increased
availability of proton sources with adequate energy in the
future. Proton diagnostic images are characterized by a high-
density resolution with a very low dose to the patient. The
main disadvantage is the poor spatial resolution compared to
conventional x-ray images.
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The limiting factor affecting position resolution is given
by the multiple Coloumb scattering (mcs) of the protons in
the patient. Protons undergo numerous small angle deflec-
tions caused by their interaction with the Coloumb field of
the nuclei of the traversed material, which produces uncer-
tainties in the reconstructed trajectory.

To reduce the position uncertainty caused by mcs one can
measure the entry point A of the proton when it penetrates
into the material and also the exit point B where it leaves the
material (see Fig. 1). In addition it is also possible to mea-
sure the entrance and exit angles of single protons before
entering and after leaving the sample. In Secs. IV and V we
study the consequence of measuring the entry and exit points
on spatial resolution and in Sec. VI we will investigate also
the angle measurement case. There are, in principle, two pos-
sibilities for measuring A and B. The protons that are enter-
ing and leaving through fixed points A and B will be de-
tected using collimators. As an alternative one can measure
point A with a collimator and B, for example, with a multi-
wire proportional chamber (MWPC), or alternatively both
points with MWPCs. The data can be analyzed in terms of a
fixed entrance point A and an unconstrained (“‘free”) mea-
sured exit point B. In this paper we present the results of the
calculated spatial resolution as a function of depth in the
samplé for these techniques and we compare them with ex-
perimental results. ‘

The formulas of this paper are derived for the coincidence
technique taking into account the effects of energy loss.
Rossi and Greisen® have calculated the distribution function
for the lateral and angular displacements of protons which
undergo multiple elastic scattering, for the case when A and
B are fixed and have no defined incident phase space. Their
calculation did not include the energy loss in the material and
was not performed for an incident pencil beam of known
direction. Highland,” Mustafa and Jackson,® and Lynch and
Dahl’® gave some corrections to Rossi’s formula, but did not
include the investigation of the particular problem of the
coincidence measurement through two points A and B,
which is important for proton radiography.

We have performed experimental work on proton radiog-
raphy as a feasibility study for its implementation on the PSI
compact gantry. A separate report with experimental results
on the clinical use of proton radiography as a tool for quality
assurance in proton therapy is in preparation. In this present
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FiG. 1. Experimental setup.

contribution we investigate the separate problem of the effect
of multiple Coulomb scattering on the spatial resolution of
proton radiography.

Il. EXPERIMENTAL SETUP

The purpose of the experimental apparatus was to collect
the information necessary to simulate all the mentioned dif-
ferent methods for producing radiographic images without
attempt to speed up the collection time of data. This problem
will be considered for the choice of the design of the final
apparatus. The experimental setup depicted in Fig. | was
placed in the proton therapy beamline (NA3) of PSI. The
beam we used had a spot 10.5 mm (FWHM) wide by 13.6
mm (FWHM) high. Every proton was first detected in a
position-sensitive proportional chamber (MWPC1) with wire
spacing of 2 mm in front of the sample. On exiting the phan-
tom the protons were detected in a second chamber
(MWPC2), then in a scintillation counter, and finally in a Nal
detector where it was stopped. The signal from the scintilla-
tion counter was taken in coincidence with the two multiwire
chambers and the Nal to form an event for the data-taking
system. Radiographic images were produced by scanning the
sample in both directions transverse to the beam. Data taking
was accomplished by means of standard CAMAC modules
readout by a Starburst computer. The present data-taking sys-
tem permitted only an average rate of 1000 events per sec-
ond. The Starburst transferred unprocessed event data as well
as phantom position information to a VAX-station.

In the analysis, carried out on a VAX-station, the spatial
information of the two wire chambers was used to recon-
struct the intercepts of the (most likely) proton trajectory of
every event with equally spaced parallel planes between
MWPC1 and MWPC2. The intercept coordinates were used
as the pixel addresses (minimum size: 1 mm) of the images
reconstructed at different depths in the phantom, as a means
to better resolve structures located at that depth. The average
value of the Nal energy spectrum for each pixel determined
the mean residual range of the protons, which represents the
pixel value shown in the images.

We scanned with this method a homogeneous water phan-
tom with copper plates located in different depths. By fitting
an error-function to the measured energy falloff caused by
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the edge of the copper plate we obtained the spatial resolu-
tion. The rms spatial resolution of the MWPCs has been
subtracted from the measured values before comparing it
with the analytical calculations.

ili. THE SCATTERING PROCESS

The calculation model is a modification of Fermi’s theory®
of the scattering process which results in a Gaussian approxi-
mation for small angles. In our notation the projected distri-
bution function f(¢,x,8) is given as

52 [ i
’ o T AV 2B = CO Dy g g
mv Dy

fle.x,0)dxdo=

(1)

where f(z,x,6) is the probability that a proton undergoing
multiple scattering in a homogenous material of thickness
z=1tR along the z-axis will be emitted at a projected angle ¢
in the x,z-plane and at a projected displacement x at z, where
R is the range of the protons in the material and ¢ is the
traversed thickness measured as a fraction of the initial
range. The coefficient Dy=A,C)— B}’ is a function of all
the other coefficients. If we integrate over x and then over 6
we obtain the angular distribution irrespective of displace-
ment and the lateral distribution independent of angle. We
see that the standard deviations for x and 6 are

AI C[
o=\ 5 o=\ 5" (2)

The transport equations for the coefficients A, B and C
through the material are given by the following integrals:
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where 6,(E) represent the amount of scattering (ov2) per
unit length of material traversed. If the material is homoge-
neous, the only dependence of 6, in depth is given by the
energy E(t). We follow the method described by @verhas'”
who introduced the dependence on the energy slowdown
through the empirical formula

8,(t)= W (6)

where & is a material-dependent number (k=0.074 for water)
which is much smaller than unity and 6, is the contribution
to the mcs angle per unit length at the entrance energy. We
use

I (7)
= pBe NI
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F1G. 2. Illustration of the calculation of the sidewise distribution of protons
passing through two points A and D.

where p and B¢ are the momentum and velocity of the scat-
tered particle, respectively, and L4 denotes the radiation
length. This is given by

1 4aN,

- 2 -1/3
A Z(Z+1)r? In(18327173). (8)

We neglect in the formula for the scattering angle the loga-
rithmic term, which is usually used’ for the calculation of
samples of finite thickness. It is not clear to us if and how
this term should be treated in the integration. Instead of
E,=13.6v2 MeV, the value of E,=18 MeV has been used in
our calculation. This value was found to produce the best fit
to the mcs modification of the width of a proton pencil beam
measured with small ionization chambers in a water bath.'!

IV. COINCIDENCE THROUGH TWO FIXED POINTS
ON THE BEAM AXIS

We consider the case of a proton pencil beam traversing a
material sample. The entrance and exit points of the beam
axis define A and B, respectively. We consider in this section
only those protons that leave the sample through a small
collimator placed at point B and calculate for these protons
the sidewise distribution of the trajectories at any depth be-
tween A and B. Let us take A as the origin of the system of
coordinates and AB as the z-axis (Fig. 2). We draw a straight
line perpendicular to the segment AB at the depth ¢t and
consider a point C of this line at a distance x, from the axis.
The protons are incident at A in the direction of the z axis.
For the sake of simplicity we consider the case where the
proton range corresponds to the distance AB.

The differential probability d P 4 to detect a proton inside
a small given interval Ax, around point C and with an angle
0, is

dP,c=f(t,x,,6,)d6,Ax,. (9)

The differential probability for a proton to reach a given exit
point D, when starting from point C with an angle 6, (i.e.,
again a pencil beam starting at C), is given by

dPCD:f(l_t,XD_xE,¢)d¢AxD. (10)

Note that this distribution is centered around the point E with
xg=x,+60,(1—t)R and that we introduced the angle

Medical Physics, Vol. 21, No. 11, November 1994

U. Schneider and E. Pedroni: Scattering and resolution in proton radiography

1659

O' 1 2 T T T
A Rossi's calculation
g
o
— 0.10
=
-
2
@
©
b=
2
L 0.08
«
S
Pencil beam calculation
0.06 L Lo L
0 50 100 150 200

Initial Phase Space FWHM [mrad]

Fic. 3. Spatial resolution at half-depth as a function of the initial phase
space.

¢=0p— 0,. The differential probability to measure protons
in coincidence at C and D is the integral over ¢ and 6, of

dPACD:dPACdPCD' (11)
The result of the integration over ¢ yields
1
5=
32 ,DE)A}

xd#,.

(AL 07 +2Bx,6,~ Chx2)Dh —{[xp—x,~ 6,(1 - RI*V/A]

(12)

We now consider the special case where the collimator is
placed at B (B is equal to D). With x, equal to zero the
integration over 6, yields a Gaussian distribution in x, with
width o, :

5 1

Tx” (Bf) (1—t)R)2 ' (13)
D Al Cy 1
Ay (1-1)’R* D{ A
Dy A

Neglecting energy loss and substituting =3 in the expres-
sion for o,,, that is, looking for the displacement at half of
the distance between A and B, we obtain

oy = w0k, (14)

1

which can be compared with Rossi’s'? result

a§[= =6°R3, (15)

We obtain a smaller value for the lateral displacement, be-
cause our calculation is done for a pencil beam, in contrast to
Rossi’s computation, which is done for protons, incident at
A, uniformly distributed over different directions. As a first
conclusion we see that working with a pencil beam of known
incident direction improves the spatial resolution by a factor
of 1.5. For a more realistic description of the problem we can
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FiG. 4. Comparison of the spatial resolution of the collimator case (dotted
line) with the straight line case (solid line).

include the angle distribution of the initial phase space of the
beam into the equations. To this end we extend our formulas
(3)-(5) to

A,»,,i=20(2)t2R2+A;T, (16)
Bini=2o'étR+B;T, (17)
Cini=203+C, (18)

where oy is the variance of the initial angle distribution. As
we can see from Fig. 3 (as an example for 200-MeV protons
in water) with increasing oy the lateral displacement tends
towards Rossi’s value. The pencil beam calculation is, how-
ever, for phase space distributions up to 20 mrad, the better
choice.

We now take the energy loss into account. Using Qveras’s
formula (6) for the energy dependence of the scattering angle
# we can calculate the coefficients A, B, and C in Eq. (13) as
a function of depth. To simplify the expressions an appropri-
ate expansion is

20 ol 22
a'xr(t)2=0'Xt+0'th+a'xtk2+--- , (19)

because & in Qveras’s equation (6) is much smaller than
unity. The resulting function for o, is a complex formula.
The result for the case of 200-MeV protons in water is
shown as a function of the depth as the dotted line in Fig. 4.
In the picture we compare the result of the analytical calcu-
lation with our experimental results (squares) performed with
protons of slightly higher energy. The agreement between
theory and experiment is satisfactory.

V. COINCIDENCE THROUGH A FIXED AND A FREE
POINT

We consider next the case where the exit point is mea-
sured but not constrained by the experimental apparatus.

We refer again to Fig. 2. We now draw a straight line from
point A to point D. This line is used for the calculation of the
pixel addresses as discussed in Sec. II. The distance of point
C from this line is defined as x. The variance of the distri-
bution of x, is now proportional to the spatial resolution. As
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FIG. 5. Comparison of the spatial resolution of the trajectory case with
(dashed line) and without (dotted line) angle measurement and the straight
line case (solid line).

in the previous case x, and x, are the distances from the z
axis of point C and D, respectively. The probability to find a
proton at point C with 6, is again given by Eq. (9). The
differential probability to find a proton at a variable point D
starting from C with angle 6, is again given by Eq. (10). We
are interested in the width of the distribution of the x values
calculated from x,. We thus substitute

X, +x

1
.X[): and deZT dx_‘, (20)

in Eq. (11). If we now integrate Eq. (11) over 6,, ¢, and x,
this yields a Gaussian distribution with width g, which is
the spatial resolution we are interested in:

1 2 2 i
o = D [—A,BL 2 —2B)Dyt(1—1)’R+A!A[Cir?
' 0

+CLDLH (1 — 1) R*+ALDL(1 —1)7]. (21)

We can calculate A, B, and C from formulas (3)—(5), taking
into account the energy loss calculated from formula (6).
Taking the expansion (19) we obtain the following formula
for the spatial distribution as a function of depth up to the
O(k?):

, (I-nR*6;

- s 2 3g 4_ 2
oL 738 (601"~ 7217 +48t"—TTkt"— 12kt

+186kt>—106k*+192kt* In 2+48kz In(1—1)
— 72kt In 1—t—384kt> In 2+ 192kt* In 2
— 12k In(1=1)]+ O(k?). (22)

The solid line in Fig. 4 represents the lateral displacement
T, for the case A fixed B free calculated for 200-MeV pro-
tons in water stopping at B. This result is compared with the
experimental measurements that are represented as the tri-
angles.

The lateral displacement o, was calculated and measured
with respect to the straight line connecting A and D. This is
quite an obvious choice, but is not the best one can do. For
any given point D not aligned on the pencil beam axis AB
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we can calculate a priori the average value of the displace-
ment of all the proton trajectories connecting A and D and
use this expectation value for the calculation of the pixel
address at a given depth. This curve is a straight line only for
the special case D=B. The spatial resolution is then given

[BoR(1—1)+A5]Dg

by the variation of the trajectories around this curve averaged
over all possible x, values.

The probability of finding protons at D which passed
through A and C was calculated in the last section and given
by Eq. (12). For the average proton trajectory we obtain

X traj =

and for the lateral displacement from this average trajectory

. [AbA; + DoR*(1-1)*1Dy

—A'BY +2DBLR(1—1)+ CLALA !+ CLDLRY(1— )2+ ALD},

~xp=81(t)xp (23)

(24)

tra)

which is independent of xj, and is therefore already the final
result (=to the average over all xp). In Fig. 5 this result is
represented as the dotted line compared to the result of Sec.
III (solid line). The corresponding measurements are shown
as black circles. We obtain exactly the same result as for the
case A and B fixed discussed in Sec. IV, but as a more
general result. We conclude that the more accurate calcula-
tion with the most likely trajectory improves the spatial reso-
lution by about } (compared to the naive straight-line case).

VI. SPATIAL RESOLUTION WITH MEASURED
POINTS AND ANGLES

In this section we consider again the conditions of Sec.
IV, but include in our calculations the assumption that the

2[—A!BY +2DLBLR(1— 1)+ CLALA + CLDLRY(1 —1)2 + DiAL]

exit angle 6, (Fig. 2) is measured. We consider the most
probable trajectory for given measured positions x, and xp
and angle 6. This gives again the pixel address for the
image. The spatial resolution is then the average over all
possible x, and 6, of the variation of the proton tracks
around the most likely trajectory. The probability of finding
protons at D with exit angles 8, which passed through A and
C is given by Eq. (11). We are interested in the width of the
distribution of the x, values as a function of fixed x, and 6y, .
Therefore we substitute in formula (11)

¢= 0D_ 01 (25)

and integrate over 6,. We get for the average proton trajec-
tory

[Dy+ClAL—B!BY+CIBY(1—1)R)xp+[A,By— Bl Ay— B! By(1—t)R—(1—1)RD{] 6,

Kangle ™ T DT+ ALCT+AICL— 2B CY(1—1)R+ CLC(1—1)’R*+ 2CBL(1-)R— 2B.,B]

and for the lateral displacement from this trajectory

2

=g,(t)xptf(t)0p (26)

AlALCL—ALBL—2B'ALCY(1-1)R+2B!By(1-1)R+C CAL(1 - )R- C!B (1 —1)*R*+ ALD)

Uangle =

which is independent of x;, and 6}, and therefore is again the
final result. In Fig. (5) this result is shown as the dashed line.
The spatial resolution is improved by about 30% compared
to the trajectory case given by formula (24).

VIi. DISCUSSION

We have derived analytical formulas for calculating the
spatial resolution in proton radiography, taking into account
the energy loss of particles when they penetrate through mat-
ter and we here compared them with experimental results
taken in our proton therapy beamline at PSI.

We discuss first the case of A fixed and D free, and we
restrict ourselves to a proton range equal to the sample thick-
ness.
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2(DY+DI+Alci-2BICl(1-)R+CICL(1-1)*R?*+2C!B(1—1)R—2BBy+AlCl)

27

Figure 6 shows the behavior of the calculated displace-
ment in water with and without energy loss. With energy loss
the maximum displacement shifts to greater depths and is no
longer symmetric around =3 In Fig. 7 the maximum dis-
placement is plotted as a function of the energy (with proton
range=sample thickness). We see that the spatial resolution
worsens with energy loss by about 25% at all energies.

The assumption that range is equal to sample-thickness
represents for the spatial resolution the worse case. Figure 8
shows the behavior of the spatial resolution as a function of
energy with fixed sample thickness (25.75 c¢cm) as the solid
line. The dotted line represents the behavior as a function of
energy of the density resolution due to range straggling. The
spatial resolution increases by about 30% as the energy var-
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FIG. 6. Spatial resolution as a function of depth of the straight line case with
and without energy loss.

ies from 200-300 MeV, but the density resolution worsens
by about a factor of 2.

We can now compare the different techniques of measur-
ing the proton coordinates. We discuss first the double-
collimator case (A and B fixed). This method has the advan-
tage of providing the optimal spatial resolution, permits, in
principle, fast data taking since one can measure the beam
intensity attenuation without the need to detect single events,
but requires, on the other hand, the mechanical scanning of
the exit collimator. The main disadvantage is given by the
unnecessary dose given to the patient, deposited by the pro-
tons which are lost in the exit collimator and which do not
contribute to the radiographic image. For a 200 MeV proton
beam the extra dose factor can be estimated to be 14 and 7
for 1- and 2-mm wide collimators, respectively. Another ad-
vantage of this method is that there is no mixing of density
information in the reconstructed images, since the A B-fixed-
image is focused at all depth simultaneously.

The same spatial resolution can be achieved by measuring
the entrance and exit coordinates with MWPCs, provided
that the pixel addresses are calculated on the base of the most
likely trajectory given by Eq. (24). With this method the
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FiG. 7. Spatial resolution as a function of the initial energy of the protons of
the straight line case with and without energy loss.
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FiG. 8. Spatial and density resolution for protons with different initial ener-
gies.

information of all protons is used achieving minimum dose
burden to the patient. Another advantage is that this method
can be used with broad parallel beams and slow coarse beam
scanning. The disadvantage of this technique is given by the
necessity to measure single events in coincidence, which
could become a limiting factor (speed of data taking) for the
practical acquisition of the images.

The same reasoning can be applied to the case where the
exit angle is measured as well. Silicon detectors with their
excellent spatial resolution are probably more indicated than
MWPCs for this application, since they provide very good
angular resolution without requiring a large distance between
detectors on the exit side of the phantom.

Another possibility to improve the spatial resolution of
proton radiographs was suggested by Martin [R. L. Martin,
private communication (1993)]. His method is based on the
“measurement” of the entrance coordinate only (A defined
by the position of the scanned pencil beam). On the exit side
only the energy (or range) is measured. The spatial resolution
is then improved by taking two opposed images. Details in
the first half of the patient would be resolved by the conven-
tional beam direction, with details in the second half of the
patient being resolved by use of the opposite beam direction.
The advantage of this method is the fast data-taking speed
(beam intensity measurement), but it requires a fast beam
scanning of a very tiny collimated pencil proton beam.

The results of the calculations for 200 MeV protons in
water are shown for comparison in Fig. 9 for the different
techniques discussed (the A B-fixed method and the average-
trajectory method are giving the same spatial resolution and
are therefore plotted as a single case). The solid line repre-
sents the spatial resolution for the case of the measurement
of the entrance coordinate alone and the dotted line for the
average-trajectory case with entrance and exit coordinates
measurements. The dashed line shows the case of measured
positions and angles. By measuring twice the position of the
protons along its irajectory the position resolution is im-
proved up to a factor of 5.5 depending on depth. By measur-
ing all proton parameters at entrance and exit of the phantom
the factor is increased to 8.0. If two parallel opposed images
are taken with the different techniques, the spatial resolution
of the average-trajectory-case is better but only by a factor of
2.0 without and 2.5 with angle measurement.






