Physics 214 Solution Set 3 Winter 2023

1. [Jackson, problem 9.2] A radiating quadrupole consists of a square of side a with charges
+q at alternate corners. The square rotates with angular velocity w about an axis normal
to the plane of the square and through its center. Calculate the quadrupole moments, the
radiation fields, the angular distribution of radiation, and the total radiated power, all in the
long-wavelength approximation. What is the frequency of the radiation?
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Figure 1: A radiating quadrupole consisting of a square of side a with charges £¢q at alternate corners.

The charge distribution consists of point charges at the four corners of a square in the z—y
plane, as depicted in Figure 1. The charges are located at the following positions in Cartesian
coordinates,

a a
+q : —(coswt, sinwt, 0) , +q: ———(coswt,sinwt, 0) 1
q \/5( ) q \/5( ) (1)
¢ (sinwt t,0) ¢ sinwt t.0) (2)
—q : — (sinwt, —coswt, 0) , —q: —(—sinwt, coswt, 0) .
B EYG
The quadrupole moment Cartesian tensor is given by?
k) (K
Qi = Y ax [32a — (192, (3)
k

where k labels each charge and 7 and j label the components of the position vector & Note
that the charges all lie in the z—y plane (corresponding to z = 0). Moreover, r*) is the distance
of the kth charge from the origin, located at the center of the square. Hence,

(9 = (@) + (@37)° + (27)° = §a*, forall k.
This means that
St = 3 -0
k k

f one uses eq. (4.9) of Jackson, then one should express the charge distribution p(&,t) as a sum of delta
functions, whose arguments vanish at the locations of the four charges. Integrating over all space then yields

eq. (3).



since there are an equal number of positive and negative charges. Plugging in the location of
the four charges in eq. (3), we obtain:

Qi3 = Qa3 = Q33 =0, Qu =
Q2 = —3a2q cos 2wt , Q2 =

-2a%q [COS2 wt — sin? wt} = 3a’q cos 2wt

ol Nlw

-4 a®qsinwt cos wt = 3a®qsin 2wt |

after employing some well known trigonometric identities. Thus, the electric quadrupole tensor
is given by

cos 2wt sin 2wt 0
Qij (t) = 3a2q sin 2wt  — cos 2wt 0] . (4)
0 0 0

In a Cartesian basis, all the elements of the physical multipole tensors are real. We can introduce
the complex time-dependent multipole tensor @;;(¢) by defining

1 1 0
Qij(t) = 3a’qe " | i —1 0] . (5)
0 0 0

One can check that the physical quadrupole Cartesian tensor is given by
Qij(t) = Re[Qi;(1)] - (6)

To make contact with the convention for harmonic sources employed by eq. (9.1) of Jackson,
we note that the complex electric quadrupole tensor is defined to be

Qij (t) = /(31’,1'] — T25ij)p(f, t) dsllﬁ' s

where p(&,t) = p(Z) e~™'. However, this would not yield the correct time dependence exhibited
in eq. (5). However, the solution is simple—we write:

—2iwt

p(E,t) = p(&) e

That is, one must replace w with 2w in the formulae that appear in Chapter 9 of Jackson. Note
that this also implies that

2w
b= (7)
Thus, it follows that |
Qu(t) = Qe ®
where
1 1 0
Qi = /(393i5’3j —r?0i)p(&) dPx =3a’q i -1 0 9)

0 0 0

Using eq. (9), the matrix Q whose components are defined by

3

Qi = ZQijﬁj ; (10)

j=1

2



are easily evaluated. Using 7o = (sinf cos ¢, sinfsin ¢, cosf), we find
Q1 = 3d’gsinf e, Qs = 3a’qisinf e, Q3=0.
That is, '
Q = 3a’qsin 0 e (& + i) . (11)
We can now employ eqgs. (7) and (11) in eqgs. (9.44), (9.45) and (9.49) of Jackson. First we
evaluate

A A A~

T Y z
A X Q = 3a’gsinf e det | sinfcosé sinfsing cosb
1 i 0

= —3a’qisinf e’ [cos (& + ig) —sinf 2] .
Therefore, eq. (9.44) of Jackson [in SI units| yields
ﬁ- Ck?) eikr

=—— a’qsinf e’ [cos (& + i) —sinfe’2] .
8t 1

The physical magnetic fields are then given by

- ) /{33 2
Re(H e 2" = —% sin 9{@ cos 6 cos(kr — 2wt + ¢) — g cos O sin(kr — 2wt + @)
o

—Zsin 0 cos(kr — 2wt + 2¢)} : (12)

The electric fields are obtained by using eq. (9.39) of Jackson. In SI units,
E=7,H x 7, (13)
where Zy = \/ 110/ €0 is the impedance of free space. Thus,

20 e | 2 g g
a’qsin 0 e det cosf icos —sinfe
sinf cos ¢ sinfsin ¢ cos

E=—
&t r

Z()k‘g eikr ) )
=— a’qsin 0 e“z’{:f:(sin2 fsin ¢ €' + i cos® 0)

8T r
—g(sin® § cos ¢ " + cos? ) — i2sin  cos O ei¢} :

The physical electric fields are then given by
_ Zokla*q

Re(ﬁ e_%m) = <
mr

sin 9{:% [sin” 6 sin ¢ cos(kr — 2wt + 2¢) — cos® § sin(kr — 2wt + ¢)]
—g [sin® 6 cos ¢ cos(kr — 2wt + 2¢) + cos” 0 cos(kr — 2wt + )]

+2 sind cos 0 sin(kr — 2wt + 2¢)} : (14)

As a check, it is easy to verify that eq. (13) is also satisfied by the physical fields given in
egs. (12) and (14).



Next, we compute the time-averaged power radiated per unit solid angle. Using eqs. (9.45)

and (9.46) of Jackson,
— = kS Q- |h-Q?
0~ Tme b @ @R Qrf

Using eq. (11), we compute:

G - Q@ = 18a*¢*sin? 4, 17 - Q) = [3a’gsin® 0 ¥ = 9a*¢? sin® 6 .

Hence,
g -q- 17 - Q)2 = 9aq?sin 0(2 — sin®§) = 9a’q?sin® (1 + cosF) .
Eq. (15) then yields
apP 2 Zya*q? kS
dQ 12872
Using k = 2w/c [cf. eq. (7)], we obtain

sin? 0(1 + cos? ).

AP Zpa'q¢*w®

10" 92 sin® 0(1 + cos®0) .

The total radiated power is obtained by integrating over solid angles. Using

! 167

/dQsin29(1+00529) :27T/ (1 —cos*f) dcosf = =

-1

we end up with
8Z0(1,4 2 6

P =
Smet

As a check, we can use eq. (9.49) of Jackson,

2 6
= 14407 Z @il
%,J

Z ‘QUP == 36@4(]2
2

Using eq. (9)

Inserting this back into eq. (18) along with & = 2w/c, we recover eq. (17) as expected.

ALTERNATIVE SOLUTION:

(15)

(16)

In class, I showed that for general time dependent charges and current, the physical (real)

magnetic and electric fields of E2 radiation are given by
— 1 83 r
et ().
52(&, ) 24xc2r 8153 c
EEg(i, t) = ZoﬁEQ(a_f, t) X T

(19)

(20)



after converting the formulae given in class from gaussian to SI units. The time-averaged power
radiated per unit solid angle is given by

APy~
m—?”S"fL, (21)

where the Poynting vector is given by eq. (6.109) of Jackson, § = E x H. Using eqs. (19)-(21),

dP ZO . N 03 T
a0~ 5r6mA { 8t3Q (t a E)

:_%ﬁ-{ﬁg—;ﬁ-é(t—g—%*(t—g)}><

70 »*P - |? o? = 12
= —Q (t— - t— - . 22
57672t { 8t3Q ( c) 8t3n @ ( c) (22)
In the above formula, the components of the real vector Q(t) are given by eq. (10), where Qi (t)

is given by eq. (4). Using spherical coordinates, 7o = (sin 6 cos ¢, sin § sin ¢, cos @) and

Q1(t) = Quni + Qa1 + n3Q13n3 = 3a’gsin 9(008 ¢ cos 2wt + sin ¢ sin th)
= 3a’qsin 0 cos(2wt — @),

Q2(t) = Quny + Qang + Qozns = 3a’gsin 9(008 ¢ sin 2wt — sin ¢ cos th)
= 3a’qsin O sin(2wt — @),

Q3(t) = Q3111 + Q329 + Q33nz = 0.

Thus,

- C,_j(t) = 3a’¢sin? 6 [cos ¢ cos(2wt — ¢) + sin ¢ sin(2wt — gb)} = 3a’¢sin’® Cos(2(wt — gb)) ,
g—;ﬁ - Q(t) = 24wa’gsin® O sin (2(wt — ¢))

P o

pre (t) = 24w’a®qsin O (sin(2wt — @), — cos(2wt — @), 0) .
It then follows that

® =0 | [ ’ r
2600 [atsn Q@__)} = 576ufalq?sin?6 {1~ sincos? (2o (- 1) — o))}

Averaging over one cycle, we obtain,

(o (o0 2) o)) 3 o

d(P)  Zywba'q®sin* (1 — 1sin®0)  Zyw®a'q?sin® (1 + cos® §)
aa w2t N 2m2ct
which reproduces the result previously obtained in eq. (16). Note that in our first derivation
above, by using the complex version of ();;(¢) given in eq. (5) along with the complex Poynting
vector, one automatically obtains the time-averaged power using eq. (15).

Hence,

, (25)

bt



2. [Jackson, problem 9.7]

(a) By means of Fourier superposition of different frequencies or equivalent means, show
for a real electric dipole p(t) that the instantaneous radiated power per unit solid angle at a
distance r from the dipole in a direction 7 is

dP(t)  Zo
dQ  16m2c2
where tyg =t —1r/c is the retarded time (m the limit of large r).> For a magnetic dipole moment
m(t), substitute (1/¢)m X @ for (f X §) X 7.

2—» 2

A

n X

A

Xn

Y

W(to)

I will solve this problem by starting with the Jefimenko equation for the magnetic field.?
The radiation fields behave as O(1/r) as r = |&| — oo. Thus, eq. (6.56) of Jackson yields

/ B |oJ(& 1)
w? =/
~ e |& — &

ot
after using B = poﬁ, where R=2— &', R = R/R and R = |£ — &'|. Note that “ret” is an
instruction to substitute ¢’ =t — R/c after evaluating the derivative.
In the limit of large r, we have R = 7o + O(1/r), where fn = &/r. Hence, we can rewrite

eq. (26) as
" 1 oJ (& 1) 1
H(Z t)=— i dr | L — . 2
(Z, 1) - X/ x o t+(’) = (27)
We can simplify eq. (27) slightly with the help of the chain rule:
OJ (&'t — Rjc) af(f',t')] o
ret

xR+O<Ti2) : (26)

ret

ot a ot ot

All partial derivatives above are to be taken holding &' fixed. Consequently, 0t'/0t = 1, and
we can therefore write

@)= ——n a/d3x’J LAY ER Y (28)
' 47Tcr ot c r2

In class, we showed that the electric field is given by eq. (9.19) of Jackson. That is,*

= = 1

2] have changed Jackson’s notation by defining tq = t — r/c, since I prefer to reserve ' =t — |& — &'|/c for
the exact expression for the retarded time.

3An alternative approach based on Fourier superposition is given at the end of the solution to this problem.

1Eq. (29) is a consequence of the Jefimenko equation for the electric field. In class, we showed that by
massaging eq. (6.55) of Jackson we could eliminate dp/dt in favor of J. The end result (in SI units) is

_ B’ oJ(&' ) . . 1
E(Z,1) ! — .
(& 47reoc2/|w—:f/| (l ot’ tXR XR+O<T2)

Using R = 7 4+ O(1/r) and comparing with eq. (26), we see that eq. (29) follows after noting that eyc = 1/Zg
(which is a consequence of egug = 1/c?).




where Zy = +/0/€o is the impedance of free space.. Note that the O(1/r) part of eq. (29) is
an exact result, independently of the multipole expansion.
For real (time-dependent) fields, the equivalent of eq. (9.21) of Jackson is:

dP(t) . . o
0 lim (r*7 - E x H) . (30)

All we need to do is to keep the leading O(1/r) terms of the electric and magnetic fields. In
particular, note that to leading order in 1/7,

A~ [(H x 7)) x Iﬂ S [ﬁ(ﬁ-m - ﬁ|ﬁ|2} — |H]? — (H-n)?=|H x a.
Hence, eq. (30) yields
dP(t)
A9
Note that only the O(1/r) terms of H contribute in the r — oo limit.
We evaluate H given in eq. (28) by performing a Taylor series of J(&',t — |& — &'|/c) in

the limit of r — co. Using eq. (9.7) of Jackson, |& — &'| = r — A-& + O(1/r). Therefore, it is
convenient to define tg = ¢ — r/c (which is the retarded time in the limit of large r), in which

case,
1z — &' -z 1
T +0(=).
C C T

= lim Zyr?|H x n*. (31)
r—00

In the limit of r — oo, we can expand ¢ around ¢y,. Hence

— —_/ A —/ Y
- — - - &' 0J t’
J(i”,t—L m‘):J(:ﬁ’,to)+" (D

c c ot Yty
Inserting this result into eq. (28),
- 1 d - i@ OJ (& 1)
H(Z,t)=— X — [ &2 | J(&t ’ : 32
(@) dmer ' Oto/ * (@ t0) + c o iy, * (32)

Note that we have replaced the partial derivative with respect to ¢t with a partial derivative
with respect to ty. This is permissible since the partial derivatives are taken at fixed r, in which
case,

0 0 0

I ——— 33

oty Ot —r/c) Ot (33)
The series exhibited in eq. (32) is the multipole expansion. The first term yields the electric
dipole moment fields and the second term contains the magnetic dipole and electric quadrupole
fields.

First, we focus on the electric dipole fields.

— 1 -
HEl(a_:’, t) = — n X i /dgllf/ J(f/,to) . (34)

SHere, we use eq. (6.109) of Jackson, which gives S—ExH.

~J



We employ the trick similar to the one used in egs. (9.14) and (9.15) of Jackson. In the present
case, we employ the identity,

— - a
Sy = Ol — 49 T = 0l(Jya) + 2
after using the continuity equation,

= = 8p(£,7t0>

V. J(& ) + =0, (35)

where 0, = 0/0x).. Thus,

/d?’x’ J(@' 1) = /dgx’ O (Jrat) /dgx’a_c'/p £’ 1) .

The first term on the right-hand side above integrates to zero since the volume integral of a
total divergence can be converted into a surface integral at infinity, which vanishes under the
assumption of localized currents.

We also recognize the time-dependent electric dipole moment [cf. eq.(9.17) of Jackson],

ﬁ(to) = /d3$/£/p( to) .

Hence, we end up with
1 d*p

Hp(Z,t) = ——— to) - 36
e1(&0) = = X a2 o (to) (36)
Inserting this result into eq. (31), we find
dPui(t)  Zy |[. _ &°F _|?
= X —=(to)| X : 37
dQ 16722 | |" dt? (to)| x (37)

Next, we examine the second term on the right hand side of eq. (32). Using the identity
given in eq. (9.31) of Jackson,

(A-&)J =1 [(ﬁ &I + (- f):z] -

we can write eq. (32) as

—

H(Z,t) = Hp (&,t) + Hyy (8, 1) + Hpo (8, 1) + ...

where ﬁEl(:E’, t) is given by eq. (34) and ﬁMl(i, t) and ﬁEg(i, t) are respectively given by:

— - 1 ~ 82 —/ —g gy |

HMl(CC,t) = 87TC27’n X {n X W/d3x/ [w X J(.’B 7t0)]} ) (38)

Heol(Z. 1) = LY 82 B LN J(@ t A J(& )] 2 39
BlE 1) =~ X {(-@)T@ 1)+ [ J@ 0]} (39)

8



Focusing on the magnetic dipole fields, we recognize the time-dependent magnetic dipole
moment [cf. eq. (9.34) of Jackson]:

m(ty) = 1 / &' [Z x J(&',t0)] .

Hence, eq. (38) can be rewritten as

- 1
HMl(CE, t) - 'fL X ’fL X —2(t0) . (40)
To evaluate the time-dependent power, we need to evaluate
. . d*m . (. d*m d*m] . *m
0

de? de? | de?
Eq. (31) then yields

>m 1
72 (to) Xn| . (41)
0

It follows that one can obtain eq. (41) by substituting (1/¢)mm X @ for (A X P) X f in eq. (37),
where the double dots refers to twice differentiation with respect to to =t —r/c.

dPMl (t) Z()

dQ 16722

(b) Show similarly for a real quadrupole tensor Q.s(t) given by eq. (9.41) of Jackson with
a real charge density p(&,t) that the instantaneous radiated power per unit solid angle is

_ #0 i

P Z,
dP(t) 0 7 X W(ﬁ’to)] X T
0

dQ 57672

Y

where Q (7, t) is defined by eq. (9.43) of Jackson.

To obtain the power for electric quadrupole radiation, we employ eq. (39). Here, we employ
a similar trick used in eq. (9.37) of Jackson, by writing

Eijknjng/d3x/ [xlﬁj’f(flato)+$;€Jz(£/,t0)]
= Eijknjne/d?’x' {8,; [, I (B 40)] — V"
0 t
= Eijknjnf/d?’x/ (:c;:c; — %\5}’\2%) M
0

d __dQ
= %Eijknjnﬁ%(%) =3 [’” X —Q(”%tO)] : (42)

where [cf. eq. (9.43) of Jackson]:
Qr(fr, o) = Qrelto)ne,

9



after identifying the time-dependent electric quadrupole moment [cf. eq. (9.41) of Jackson]:

dfiztke (to) = /d?’x/ (3ah,2y — |8 [0ke) (&', to) .

In obtaining eq. (42), we used the continuity equation [cf. eq. (35)], and we converted the
volume integral of a total divergence into a surface integral that vanishes under the assumption
of localized currents. In the penultimate step of eq. (42), we added the term —z|&’|26y,. This
step is permissible, since €;zn;ne0k = €;5m;n; = 0, due to the asymmetry of the Levi-Civita
tensor under the interchange of the indices j and k.

Hence, eq. (39) yields

L . BQ
— 7
24mc?r dt}

Hoy(%,t) = (7, to) - (43)

Plugging this result into eq. (31), we end up with:

&
n

2

dPes(t) _ 7y
dS) 576m2ct

X -
a3

(’fL, t())] X 1

An alternative method for solving Jackson, problem 9.7

In the analysis of sections 2 and 3 in Chapter 9 of Jackson, the physical electric and magnetic
fields are given by

E(#,1) = Re[E(&,w)e '] , H(Z,t) = Re[H (& w)e ™' .

The complex fields E = E(&,w) and H = H (&, w) are then employed to compute the differ-
ential power distribution via eq. (9.21) of Jackson.
To generalize to the case of arbitrary time dependence, we introduce the Fourier transforms,

E(&.t) = / B@ e “do,  H@t) - / (. w)e du.

Since E(:E, t) and H (Z,t) are the physical fields, they must be real fields. This requirement
imposes reality conditions on the Fourier coefficients,

E(& —w) = E*(Z,w), H(Z —w)=H"(&w).
Consider first the case of electric dipole radiation. The E and H fields given in eq. (9.19)

of Jackson are in fact the Fourier coefficients. Since k = w/¢, it follows that

2 ezwr/c

— = w N N — N - ~
Hp: (T, w) = —[h X p(w)] et Eg (Z,w)=ZyH(Z,w) X 1,

where the time-dependent electric dipole moment is obtained via the Fourier transform,

B(t) = / T plw) e . (45)

[e.e]

10



Hence,

dmer .
1 - d2 - = —iw(t—r/c
:_47Tcrnxﬁ () Y d
1 d*p
= — L t
drar % a2 ( o)

where tg = t — r/c. Thus, we have established eq. (36). From this, we may obtain the
power distribution given in eq. (37) as before. The case of M1 radiation may be treated
followmg the prescription given at the top of p. 414 of Jackson. That is, we interchange
Egp — ZOHM1 ,ZOHE1 — —Eyy and P — m/c, thereby establishing eq. (40). From this, we
may obtain the power distribution given in eq. (41) as before.

Finally, in the case of electric quadrupole radiation, eq. (9.44) of Jackson (with £ = w/c)
yields

iwd . eiwr/c . .
7 Q(’fL,w) , EEQ(.’E,M) = Z(] HEg(f,u)) X ’fL,

T X
247 c? r

Hipo (& w) = —

where the time-dependent electric quadrupole vector [cf. eq. (9.43) of Jackson] is obtained via
the Fourier transform,

= / Q(h,w) e ™ duw .

Hence,
ﬁEg(f, t) = 24;02 n X /OO w? C:j (o, w)e @/ dy
B 247r02 e / Qi) 11
- _2473027“ X d;t?( o).

Thus, we have established eq. (43). From this, we may obtain the power distribution given in
eq. (44) as before.

3. [Jackson, problem 9.8
(a) Show that a classical oscillating electric dipole P’ with fields given by eq. (9.18) of Jackson
radiates electromagnetic angular momentum to infinity at the rate
diL _ K,
At 127eg

11



In class, we derived the following result for the radiated angular momentum per unit time in
gaussian units (which was denoted by 7):

(46)
where E and B are the complex electric and magnetic field vectors (after removing the harmonic

e~ ™! factor). To rewrite this in ST units, we must replace E — Vameq E and B — VAT Lo H \
where ¢ = 1/,/éopig. Note that we must also replace p — p/v/4dmey and J — J/+/47mey, which
means that g — p/\/4mey [cf. Table 3 on p. 782 of Jackson|. Thus, in SI units, we have

F=—L® Re/[eom X E*) (- E) + po(f x H) (A - H")] 2,

(47)
We now make use of the electric dipole fields given by eq. (9.18) of Jackson,
A= LCaxp (1o
B xa o pane ) - g (5 - ) e
Note that # - H = 0 and

(1 ik 4, ik
P\ET ) T

: 1
~ — ikr
— . Oo(—=).
2megr? S <7’3)
Thus, we only need to keep the O(1/7) terms in 71 X E*. Using the vector identity,

1
D +0 (—) :
4reg T
Hence, it follows that

?—Reﬂ/dm 5 (R X 57)
7 16m2¢ p P

where we have dropped terms that vanish in the limit of » — co. In component form,
ik?
7, = Re ———

167T2€0€ijkngZ/danW,

(48)
where there is an implicit sum over the repeated indices j, k, and . Using eq. (9.47) of Jackson,
4
/danng = ? e -

12



Inserting this result into eq. (48) yields

k
[ R p'X p* i
i =Re o (P X p*)
Finally, noting that Re(iz) = —Im z for any complex number z, and p' X p* = —p* X p, we
end up with®
dL  K®
7o 2 5% X p) . 49
T= l%om(P p) (49)

(b) What is the ratio of angular momentum radiated to energy radiated? Interpret.

Eq. (9.24) of Jackson states that the total power radiated is given by

. 02Z0k’4

= o p1?, (50)

where Zy = 1/ /€0 is the impedance of free space. In particular, note that ceqZy = 1. Thus,
using w = kc it follows that
7  Im(p*X
T _ Im(p" x p) . (51)
P w|p|?
To interpret eq. (51), consider the case where the electric dipole moment possesses a definite
value of m in the spherical basis. Recall that

/3 ( D) 3
= _— T 1 3 == z
qi,+1 = F o Pz F 1Dy q10 —47TP

1. If q11 §£ 0 and dio = q1,-1 = 0, then

Consider three cases:

. D . o o 2
p=-——=(-1,-1,00 = p*xXp=ip’s;

V2
2. If q10 #O and d11 = q1,-1 :0, then
p=p(0,0,1) =  pP'Xp=0;

3. If ¢1,—1 # 0 and ¢11 = ¢10 =0, then

— p . — — . 2 A
= (1,-i,0) = prxp=-ilpPs,
D \/5( ) P*X P |P]

6In class, I wrote ¥ = —dL /dt, where —dL /dt denotes the rate of angular momentum lost by the radiating
sources, which is equal to the rate of angular momentum transported to infinity. Jackson denotes this quantity
dL /dt without the explicit minus sign. Thus, I have adopted Jackson’s convention in obtaining eq. (49).

13



where p = |p]. That is,
p* X P =im|pl*2, for m = —1,0,+1.
Inserting this result into eq. (51) yields
r. dL.Jdt m

P dU/dt  w’
In the quantum mechanics of electromagnetic radiation, photons possess an energy U = hw
and a spin angular momentum S, = mh, so that S,/U = m/w. The analogy is quite striking!

(c) For a charge e rotating in the z—y plane at radius a and angular speed w, show that there
is only a z component of radiated angular momentum with magnitude dL,/dt = e*k3a*/(67¢).
What about a charge oscillating along the z axis?

For a charge e rotating in the z—y plane at radius a and angular speed w, the components of
the electric dipole vector are given by, p' = ea(coswt, sinwt, 0). This result can be rewritten
as

p= Re{eae_i‘“t (1,1, 0)} .

Thus, we may define a complex electric dipole vector,

pt) = pe ™", where p'=ea (1,1, 0).
It then follows that
T Y z
prxX p=det |ea —ieca 0| =2ie*a*2.
ea tea 0

Hence, Im(p™* X p’) = 2¢%a® 2. Inserting this result into eq. (49) yields

AL, ekPa?
dt 6mey

Tz

For a charge oscillating along the z-axis, the real physical charge density is
p(Z,t) = qd(x)d(y)o(z — zg coswt) .

Hence, p = 2 g2y coswt = 2 qzg Ree™™!. Thus, we identify the corresponding complex electric
dipole moment vector (with the harmonic factor stripped off) as

P=2qz.

Note that this is in fact a real vector, in which case p* X p'= p X p = 0. Hence, for this case,
7 = 0 and no angular momentum is radiated.
The above two cases correspond to m = 1 and m = 0, respectively, which were treated

explicitly at the end of part (b).
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(d) What are the results corresponding to parts (a) and (b) for magnetic dipole radiation?

For magnetic dipole radiation, we use eqgs. (9 35) and (9.36) of Jackson,

:_{meﬁﬂxﬁz +mwimqu<i_ﬁ)w?.

r r3 2

As noted by Jackson at the top of p. 414, one can obtain results for magnetic dipole radiation
from that of electric dipole radiation by the following set of interchanges,

E— Z,H, ZoH — —E, p— m/c.
Applying these interchanges on the results obtained in eqgs. (49) and (50) yields
tok? I

T = 9n m(m* X m), (52)
,UOCI{/‘4 > 12
= . 53
o (5)
The corresponding ratio of these two quantities is:
7  Im(m*x m) (54)

P w|m|?

The analysis of part (b) is nearly identical, with the magnetic dipole moment in the spherical
basis replacing the electric dipole moment. Thus, again, we conclude that

m* X m = im|m|*2, form=—-1,0,+1.

which again yields
. dL./dt _m

P dU/dt  w’

ADDED NOTE:

In the literature, you will sometimes see another expression for the rate of angular momen-
tum transport by radiation, in place of eq. (47). To derive this expression, we first note that in
the radiation zone, the Jefimenko equations imply that n+ E =7+ H =0 at O(1/r). Thus,

. = 1 . = 1
n-E:O(ﬁ), n-H:O(ﬁ). (55)

It follows that we only need to keep expressions for & X E and A x H at O(1/r) in eq. (47).
For harmonic fields, eq. (9.5) of Jackson is

tljl

°V x H = —%ﬁxﬁ+ocg. (56)



where we have used the leading behavior of H o (1/r)e* =" Likewise,

. . . 1
ﬁxE:—ZOﬁx(ﬂxH>:ZOH+O<T—2), (57)

after expanding out the triple product and using eq. (55).
Inserting eqs. (56) and (57) into eq. (47), and using €y Zy = po/Zo = /€ofto = 1/c, it follows

that
3

7= —g— Re/[ﬁ*(ﬁ-ﬁ) — E(n-H")]dQ.
C

Writing 7 = &/r and noting the vector identity,

— — — — ]_ — —
HA-B) - Ba-H) = —~&x (Bx B,
T
we end up with’
a7 r? = o
— = — T E X H".
70" 2 Re & X (E x H") (58)

Eq. (58) provides an alternative expression for the rate of angular momentum transport and is
equivalent to eq. (47) in the limit of r — 00.®
The infinitesimal area element is da = r? d2, so eq. (58) can be rewritten as
ar 1 Lo
—=—ReZx (ExX H"). 59
= e ( ) (59)
Since ¥ = dL /dt, we interpret d7/da as the angular momentum flux that is transported from
the sources out to the observer located a long distance away. Eq. (59) should be compared with
the expression for the angular momentum density [cf. problem 7.27 of Jackson],
1 — —> 1 — —
—IZX(EXB)=5ZX(EXH).
HoC c
The above result is applicable to the real fields. The corresponding result for the time-averaged
angular momentum density of a distribution of harmonic electromagnetic fields is given by

— 1 — —
L=_—ReZx (ExH".
2c2

We conclude that

—

dT 1 — — — 1

— =—ReZX (EXH")=cZL+0|—|.
da  2c ( ) <r3)
That is, the angular momentum flux in the radiation zone is equal to ¢ times the angular
momentum density, although this identification is correct only at the lowest nontrivial order in

the inverse distance expansion.”

"For the record, the corresponding result in gaussian units is obtained by replacing H with B and multiplying
Eq. (58) by ¢/(4m).

8In this limit, ¥ approaches a constant value which is equal to the rate of angular momentum transported
to the surface at infinity by the radiation.

9This added note was inspired by a treatment in Emil Jan Konopinski, Electromagnetic Fields and Relativistic
Particles (McGraw Hill Inc., New York, 1981). In particular, see the discussion on p. 226, including the very
enlightening footnote at the bottom of that page.
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4. [Jackson, problem 9.16] A thin linear antenna of length d is excited in such a way that a
sinusoidal current makes a full wavelength of oscillation as shown in the figure below.

Figure 2: A thin linear antenna with a sinusoidal current that makes a full wavelength of oscillation.

(a) Calculate exactly the power radiated per unit solid angle and plot the angular distribu-
tion of radiation.

Choose the z-axis to lie along the antenna, and let z = 0 correspond to the center of the
antenna. Then, J(&,t) = J(&) e ™!, where

J(&,t) = I'sin <27sz) 5(x)d(y) 2,  for |z < id, (60)

where d is the length of the antenna. In class, we derived the following results for the complex
magnetic and electric fields (assumed to be harmonic) in gaussian units,

— ) . - YN 1
B(& 1) = 0y / &o’ J(@)e ™ 4 0 (—) ,

cr

B@.1t) = B@.0) x i+ 0 (i) ,

r2

where fi = &/r and r = |£|. In ST units,'® the above results take the following form,

— ) . - o= oA 1
H(f, t) _ % ez(kr—wt) L X /d?’x/J(:E') e—zkm O (ﬁ) ’ (61)
= = . _, ~ 1

E(#t) = ZyH (& 1) X i+ O (ﬁ) . (62)

Using eq. (9.21) of Jackson, the time-averaged power radiated per unit solid angle is given
by
dP — —
oo =iRe|ra.Ex .
In light of eq. (62), we compute

(Hxna)xH* =—-H*"x (Hxn)=n(H-H*)—H(h-H*) =na|H?,
where at the last step we 7 - H* = 0, which is a consequence of eq. (61). Hence,

ar 1 2| 17|12
10T convert from gaussian to SI units, we must replace the fields E > VAaTeqy E, and B — VAT o ﬁ, where
¢ =1/\/éoio and the current J — J/\/dmey [cf. Table 3 on p. 782 of Jackson)].
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Thus, our task is to compute the integral,
/d3x/ j’(£/> 6—ikic”-ﬁ

By assumption, the sinusoidal current makes a full wavelength, which implies that
2
==

Inserting eq. (60) into the integral above and employing rectangular coordinates,

k (64)

d/2
- —ik®’h ~ . —
/d?’x'J(ac/)e ik ":zI/ sin kz e~ kst
—d/2

where 6 is the angle between 71 and the positive z-axis (which corresponds to the usual polar
angle of spherical coordinates). The following indefinite integral appears in many integration

tables, '
/e“z sin ks ds = (asinkz — kcos kz) .

a? + k2
Using eq. (64), the limits of integration are |z| < 7/k,

/”/k Gin oy o= ib5050 g _ e~ ihze0s0( ik cos O sin kz — k cos kz) |/
—n/k (—ik cos 0)? + k2 s
e—iﬂCOSG _ eiwcos@
B k sin® 0
_ 2isin(mcos)
B ksin? 0
Using w = kc and A X 2 = —sinf ¢, it follows that
— Iw sin(7 cos 0) : sin(m cos @) -
H(Z. 1) = i(kr—wt) AX2—=——" i(kr—wt)
@) 2rker sin?g % omr sin

Plugging this result into eq. (63), we end up with

(65)

dP _ ZyI® [sin(r cosf) 2
dQ 8?2 '

sin 0

A plot of the angular distribution is shown in Figure 3.

(b) Determine the total power radiated and find a numerical value for the radiation resis-
tance.

The total power is
dpP 'ap
P= | —dQ=2 —
/de W/_ldecose,
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Figure 3: A polar plot of the antenna pattern of a thin linear antenna with a sinusoidal current
that makes a full wavelength of oscillation. The angular distribution of the radiated power is given
by eq. (65) and is proportional to sin?(7 cosf)/sin?§. Normalization has been chosen such that
ZoI? = 8m2. This plot was created with Mathematica software.

since the angular distribution obtained in eq. (65) is independent of the azimuthal angle ¢.
Defining = = cos 6, and employing sin?€6 = 1 — cos? § in the denominator of eq. (65),

Zol? [ sin®(mx) Zol? ''1 — cos(2mx)
P = do = d
Am /_1 1-22 "7 Tgr /_1 122 D

after employing a well-known trigonometric identity. We now apply the method of partial

fractions to write
L1/ 1
1—22 2\1—z 142z/)°

The resulting two integrals are equal after making a variable change x — —x in the first integral.
Thus,

P =

ZyI? /1 1 — cos(27zx) .

8T 1 1+

Next, we make a change of variables, t = 27(1 + x), which converts the above integral into the

following form,
2 4 1 _
P:Zol / COStdt.
0

8 t
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This integral can be evaluated in terms of the cosine integral, which is defined as

> cost

Ci(a) :—/w =t

It then follows that:!!
i - t
/ %dtzv—l—lnx—(ﬁ(m), (66)
0

where v ~ 0.5772 is the Euler constant. Thus,

ZoI?
P =2 [y +1In(4r) — Ci(4r)] .
8T
Using the following numerical value, Ci(47) = —0.006,'* we obtain
ZoI?
P= 3.114) .
o (3-114)

The corresponding radiative resistance (in ohms) is equal to the coefficient of %I % [cf. the text
below eq. (9.29) of Jackson|. Thus, using Z, = 376.7 ohms [given below eq. (7.11)" of Jackson],

Z
Ryaa = (3.114) . 93.3 ohms. (67)

“0
T

HSee e.g. formula 8.230 no. 2 on p. 895 of I.S. Gradshteyn and .M. Ryzhik, Table of Integrals, Series, and
Products (8th edition), edited by Daniel Zwillinger and Victor Moll (Academic Press, Elsevier, Inc., Waltham,
MA, 2015). Eq. (66) can also be found on p. 41 [cf. problem 3 on this page] of N.N. Lebedev, Special Functions
and Their Applications (Dover Publications, Inc., Mineola, NY, 1972).

12For example, one can consult Milton Abramowitz and Irene A. Stegun, Handbook of Mathematical Functions
(Dover Publications, Inc., Mineola, NY, 1965), which provides numerical tables of the cosine integral. Alter-
natively, one can use a mathematical program such as Mathematica or Maple to evaluate the cosine integral

directly.
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