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The following notes are an elaboration of Chap. XV.I of Messiah and of CMC notes
dated 00-7-12.

I. General considerations

An antilinear operator K : |¢) — K|¢) acts on linear combinations according to

K(oalyr) + azltha)) = ai (Klr)) + a5 (Klee)) - (1)

A product of linear and antilinear operators is linear if it has an even number of antilinears
and antilinear if it has an odd number of antilinears.
The left action of an antilinear operator, i.e., (¢| — (¢|K, is given by

() 1) = [(ol(Kl))]" - (2)

The complex conjugation is present so that

[({p1]a] + (p2laz) K] [v) = [((p1]a] + (@2las) (K[))]”
= ar[{n] (KIw))]" + az[ (@2l (KIv)) ]
= Oé1(<¢1VC)|¢> + 042(<(/52|]C)W> (3)
= [((elC)an][9) + [({#2]KC) 2] |9)
= [({($11K) 1 + ({¢2|K)az]|¥) ,

i.e., so that K is antilinear to the left:

((p1]at + (p2laz) K = ((¢1|K)ar + ({92 K) e . (4)

The presence of the complex conjugation in Eq. (2) means that in a matrix element one
must always indicate explicitly whether an antilinear operator acts to the right or to the
left.

The adjoint (Hermitian conjugate) of an antilinear operator is defined in the same
way as for a linear operator, i.e.,

(Klv)" = (Kt (5)

but this means that

(@l(Kl)) = [((WIKN) )] = @I(KT|¢)) - (6)



This definition of adjoint means that the adjoint works the same way on products as
for linear operators. To verify this, we need to check two cases, keeping in mind that the
product of two antilinear operators is a linear operator and the product of an antilinear
operator and a linear is antilinear:

W(KL)T¢) = (p|(KL) )" = ((BIK) (L)) = (WL KTo))]* = W[(LTKT|¢)) |
W[[(KA) o)) = (ol(KAIY)) = [((SIK)(Al))]* = ((W]AN)(KT|g)) = (Y]|(ATKT|g)) .

Thus we have that (K£)T = £TKT and (KA)T = ATKT. Notice that the linear operators
KTK and KK are Hermitian and, indeed, positive.
An antilinear operator is specified by its “matrix elements” in any orthonormal basis

(7)

lej):

(ejl(Kler)) = [({e; 1K) [er)]” = (exl (KTle;)) - (8)

Given an orthonormal basis, there is an associated linear operator A that acts the same
way as K in this basis,

Ale;) = Klej) (9)
and thus has the same matrix elements in this basis:
(ejlAlex) = (ej|(Klex)) - (10)

The relation between K and A becomes clear when C acts on an arbitrary vector

Kly) = (chlej ) = ZC;IC\eJ Zc Alej) = (Zc]ka] ) (1)
— A7) = AC|) = CA"|)

Here the complex conjugations on [¢)) and A stand for complex conjugation in the chosen
basis |e;), and C is the antilinear operator that complex conjugates in this basis. The
antilinear operator can be written simply as

K=AC =CA* . (12)
The matrix elements of C are

0k = {e;1(Clex)) = [({es1C) lex)] ™ = (exl(CTles)) - (13)

We can conclude that
((e51C) = {ejl (14)

which means that when acting to the left, C complex conjugates in the same basis. We
can also conclude that

Clles) = les) (15)



from which it follows that CT = C. Since it is obvious that C~! = C, we can summarize the
important properties of complex conjugation by

c=Cc't=c'. (16)

Notice that
Kt =cAt = AT¢ | (17)

where AT = (A*)T denotes transposition in the chosen basis.

There are two lessons here. The first is that all antilinear operators can be constructed
from the linear operators and a single antilinear operator, which can be chosen to be
complex conjugation in a particular basis. The seoond is that antilinear operators turn
the basis-independent operations of complex conjugation and transposition into basis-
independent operations on antilinear operators.

An antiunitary operator U is an antilinear operator that preserves the absolute value
of inner products, i.e.,

(olw)| = | ((eldT) (U)) | = |(ol UTUIY))] (18)

for all |¢) and |¢). Since C complex conjugates inner products, it is antinunitary. There are
two useful characterizations of an antiunitary operator: the antiunitary of U is equivalent
o (1) U'U =UUT =1 and (ii) U = UC = CU*, U being unitary, in any basis (and then
all bases). It is obvious that if T4 = 1, then U/ is antiunitary. Suppose, then, that U/ is
antiunitary. The definition (18) of antiunitarity, applied to an orthonormal basis, implies
that UTU = e*, where A is Hermitian and diagonal in the chosen basis. But, since U1 is
positive, we have that UTi/ = 1. The second characterization is trivially equivalent to the
first.
Consider now a change of orthonormal basis:

£i) = Vles) Zlek YV Z!ek (19)

The matrix elements of an antilinear operator K change from one basis to another according
to

(il (K|fx)) (Z Vi 6z!> [K <Z Vk*m|€m>>] = Vilel(Klem)) (V)i - (20)

l,m

I1. Polar decompositions

An extremely useful tool is the polar decomposition of an antilinear operator K. First
diagonalize the positive operator KfKC:

KK =Y Nlej)el,  A>0. (21)

J



Relative to the eigenbasis |e;), K can be written as
K=AC=CA", (22)
where C is complex conjugation in the eigenbasis. Notice that
KIK =CATAC = AT A* . (23)

Since KCTIC is real in the eigenbasis, however, we can simplify this to

ATA=CKTKC = KTK = ATA* =) " X2le;) (e - (24)
J
The polar-decomposition theorem for A says that there exists a unitary operator U such
that
A=UVATA=VAATU = \[f;) (el (25)
J
where
Ulej) = |f5) o U*lej) = |f;) (26)
and
AAT =UATAUT =" N3 £)(f5] - (27)
J

Notice that AAT is not real in the eigenbasis:

(AAT)* = A*AT = U ATAUT = Z)\3|fj*><f;| : (28)
J

We also have

AT = VATAUT = UTVAAT =) " Ajle) (f5]
J
AT =UVATA =Y " N[ f7)esl (29)
J
AT = VATAUT =3 Alep)(f] -
J

Using the polar decomposition of A, we can obtain a number of useful forms for the
polar decomposition of I, summarized in the following:

K = AC =UVKIKC = VKKIUC = | > \|fi)eil | €.

’ (30)

K =CA*=CU*VKIK=C (Z Ajf;><e]-) .
J
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Other useful relations include

KKk =AtA=ATA* = UTKKTU = Z Aej) el

(31)
KKt = AAT = UKTKUT = Zﬂfj f].

Notice that UTCKTU, not IKT, is real in the eigenbasis.

II1I. Symmetric antilinear operators

We are now ready to consider antilinear Hermitian (or symmetric) antilinear oper-
ators, i.e., antilinear operators satisfying K = KT. That K is antilinear Hermitian is
equivalent to each of the following:

(i) K is symmetric, i.e., (¢|(K|y)) = (@|(K|¢)) for all |¢) and |¢)).

(ii) K is symmetric in any one orthonormal basis (and then all orthonormal bases).

(iii) KC can be diagonalized in an orthonormal basis; i.e., there exists an orthonormal basis
lej) such that Kle;j) = Xjle;). The “eigenvalues” \j can be made real and positive.

The first two of these are trivial consequences of the definition of the adjoint. Before

considering the third, notice that K2|e;) = KTKle;) = |\;]?|e;). Moreover, notice that the

reason that the “eigenvalues” can be made real and positive is that under a rephasing of

the eigenvectors, i.e., |e}) = e'ile;), the “eigenvalues” undergo a phase change,

IC|e;-> = K(eiéj]ej» = e_i‘sle]ej) = e_i‘sj)\j\eﬁ = 36_2251|e ). (32)

The real and positive “eigenvalues” \; can be characterized uniquely as the square roots
of the eigenvalues of KTIC = K2.

Now consider item (iii). One direction is trivial: if there is such a basis, then IC,
being diagonal in that basis, is also symmetric in that basis, and hence K = K. So now
suppose that K = KT, and show that the desired basis exists. We proceed by using the
polar decomposition of K, being careful now to label explicitly any degeneracies:

= Z)\ (Z|fo¢j ea]|) C, /CZZICTK:Z)\Q <Z|6@j><60¢j|> )

(33)
The expressions on the right imply that within each eigensubspace of K?, labeled by an
index a, we have

|fozj> :Z‘eak>vk(ja) ) (34)
k



where Vk(;!) is a unitary matrix. Notice that for the null subspace (A, = 0), we can assume

that Vj(,?) is the unit matrix, i.e., | fo;) = |€q;). This being the result we want to get to (for
this subspace), we can afford to assume that A\, # 0 in the following. Plugging Eq. (34)
into the expressions on the left in Eq. (33) gives

K= ZM(ZV}EH%»W) c= ZM(ZV&?%»W) c. (35
[ 7,k [ 7,k

thus implying that VJ(,? ) = Vk(;‘) is symmetric. A symmetric unitary matrix can be diago-

nalized by an orthogonal transformation:

Vi =3 0ol et (36)
l

(To see this, write V = e, where H = HT is Hermitian. The symmetry of V implies that
H = HT is also symmetric and, hence, that H = H* is real. As a real, symmetric matrix,
H—and, hence, V—can be diagonalized by an orthogonal transformation. Another way
to see this, which we use below in the antisymmetric case, is to write V = A + iB, where
A=V +VH/2=V+V*2=A*"=AT and B= —i(V-V1/2 = —i(V - V*)/2 =
B* = BT are real and symmetric. The unitarity of V gives I = VIV = A2 + B2 +i[A, B],
which implies that [A, B] = 0. Thus A and B—and, hence, V—can be diagonalized
simultaneously by an orthogonal transformation.)

Now define a new orthonormal basis by defining new vectors within each A\, # 0
eigensubspace:

eh) = leas)O . (37)
J

For the null subspace, simply define [e],;) = |eq;). Since the new basis is related to the old
by a (real) orthogonal transformation, complex conjugation in the two bases is the same,
i.e., C =C’. Thus we have

- (Z (S ef%l|e;l><e;l|)) ¢ = [ e ihel | ¢ = S ne el
«@ l J J

(38)



where in the second expression, we abandon explicit labeling of the degeneracies. We now
have K in diagonal form with Kle}) = \jetdi lej). To bring K into the standard form

that has real, positive “eigenvalues,” we can rephase the eigenvectors appropriately, i.e.,
) = e5/7e]),

K=c"c"e <Z>\ el ) (e |>
=C" (Z \je 9 (C”C'|e"7~>) <e;|>
N————

’ = ¢!%i |e;->
¢ (Z Aj|e;.><e;.|> (39)
=" (Z Ajlef) (e >

— (Z Aﬂeﬁ(e}’ )C" .

A trivial consequence of our general results for symmetric antilinear operators is that
an antiunitary operator U is diagonalizable in an orthonormal basis if and only if U = UT
(or U? = 1), which means that U is complex conjugation in that basis.

It is worth emphasizing the freedom that is available in the eigenvectors of X = KCT. For
this purpose, we drop the primes in the last form of Eq. (39) and again label degeneracies,
writing

- (2 (Dew ol ) | € = leasl(Klea) = dadustie . (40

Allowed basis changes are restricted to unitary transformations within each eigensubspace,

fai) = > lear V™, (41)
k
which gives

<faj| (’C|fﬁl€>) = >\o¢5a,8 (V(Q)V(Q)T)jk . (42)

In the null subspace (A, = 0), any unitary transformation is allowed, but to maintain
a diagonal form in the nonnull subspaces (A, # 0) requires that the unitary matrix
(V(Q)V(O‘)T) be diagonal, i.e.,

(VOVIIT) =i, . (43)



Defining a unitary matrix O(® by
Ol = emidil2y () (44)

we see that

(O(a)o(a)T)Jk — e_i(‘i’j"“lsk)/Q (V(O‘)V(O‘)T)jk = 0jk , (45)

which means that O(® is a (real) orthogonal matrix.
We can summarize the freedom in the eigenvectors as follows. Starting from a set of
eigenvectors that put I in the standard form that has real, positive “eigenvalues,” we can

transform to new eigenvectors in each eigensubpace,
Fag) =792 3" lear) O . (46)
k

In the null subspace, any unitary transformation is allowed. In the nonnull subspaces, these
new eigenvectors maintain the diagonal form of K provided that Ogﬁ? is an orthogonal
matrix. The general transformation is thus an orthogonal transformation followed by
rephasings of the eigenvectors. If we wish to retain real, positive “eigenvalues,” then we are
restricted to orthogonal transformations without the phases. In each nonnull eigensubspace
of K2, K picks out a unique real subspace of the same dimension, which puts X in the
standard form with real, positive “eigenvalues.” For nondegenerate eigensubspaces, this
real subspace is simply a unique (up to a sign change) phase choice for the eigenvector.
The proof of item (iii) shows that to diagonalize a symmetric antilinear operator C, one
first diagonalizes the linear operator K? and then in each nonnull eigensubspace of K2,
one finds the unique real subspace that puts K in the standard form with real, positive
eigenvalues.
I still want to include the proof of minimal “trace” for symmetric antilinears.

IV. Antisymmetric antilinear operators

We turn now to antilinear antiHermitian (or antisymmetric) antilinear operators, i.e.,
those satisfying K = —/KCT. Much of the discussion is nearly identical to that for symmetric
antilinear operators, but we can afford just to repeat it, there being little point in trying
to save space. It might be useful to consult the companion report entitled Antisymmetric
operators on a real vector space before reading this section.

That K is antilinear antiHermitian is equivalent to each of the following:

(i) K is antisymmetric, i.e., (¢|(Kv)) = —(W|(K|¢)) for all |¢) and |).
(ii) K is antisymmetric in any one orthonormal basis (and then all orthonormal bases).
(iii) There exists an orthonormal basis |e;,) where for each j, o = £1 (pairs of basis
vectors) or o = 0 (single basis vectors), such that Kle;o) = —oAjlej _s); i.e., K has
matriz elements
<6j0’(’C‘€k7—>) = )\jéjk 0'507_7— .
=€

The quantities \; can be made real and positive.
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The first two of these are trivial consequences of the definition of the adjoint. Before
considering the third, notice that K2|e;,) = —KTKlej,) = —02|)\;|?|ejo). Moreover, notice
that the reason that the A;’s can be made real and positive is that under a rephasing of
the basis vectors, i.e., |€},) = e’ |e;,), the A;’s undergo a phase change,
5.
K|€;a> = lC(e’ ! |€ja>)
= e 0T Klej,)
= e_i(sjo (_0-)\ . |€] 7O_>)
—i(8joc+65,—a) |€

(47)

= —o\je o) -

For a single basis vector, the rephasing is irrelevant because Klejo) = 0; for a pair of
eigenvectors, A; is rephased by e~ %5, +149;,-1)  The real and positive quantities A; can be
characterized uniquely as the square roots of the eigenvalues of KTIC = —K2.

Now consider item (iii). One direction is trivial: if there is such a basis, then K is
clearly antisymmetric in that basis and, hence, K = —KT. So now suppose that K = —KT,
and show that the desired basis exists. We proceed by using the polar decomposition of
IC, being careful now to label explicitly any degeneracies:

K={) X (Z |f0tj><6aj|) C, —K=KK=> A, <Z leaj><6aj|> ,
K=K =3 (Z |eaj><f:;j|) c, = KK =2 (Z fas) w)

(48)
The expressions on the right imply that within each eigensubspace of K2, labeled by an
index a, we have

‘faj Z ‘eak (a) 5 (49)

where Vk(;.x) is a unitary matrix. Notice that for the null subspace (A, = 0), we can assume

that VJ(,:‘ ) is the unit matrix, i.e., |fa;) = |€a;). These null-subspace basis vectors serve
as the single basis vectors (¢ = 0) in the ultimate basis we seek. Having dealt with the
Ao = 0 case, we can afford to assume that we are dealing with the A\, # 0 subspaces in
the following. Plugging Eq. (49) into the expressions on the left in Eq. (48) gives

;Aa(;ngneaﬁ(em) C= ZA( ZVéf)leaMeakl) C, (50)

.k
thus implying that V(a) V( ) i antisymmetric. An antisymmetric unitary matrix can
be brought into the followmg form by an orthogonal transformation:
() _ (@) (@) ida
Viid =D 00 ear . (51)
l,o,T



(To see this, write V = iA+ B, where A = —i(V+VT1)/2 = —i(V-V*)/2 = A* = —AT and
B=(V-VH/2=(V+V*)/2=B*=—BT are real and antisymmetric. The unitarity
of V gives I = VIV = A2 + B? — i[A, B], which implies that [A, B] = 0. Thus A and
B—and, hence, V—can be simultaneously brought into the desired form by an orthogonal
transformation, i.e.,

Ajr = Z O;16O0k,ir €T

l7U7T .
- Vik = E 0,16 Ok, i+ (ip + 1)) €or
Bj, = g Oj100k 1+ Vi€sr Lo
l,o,T

The unitarity of V' guarantees, first, that the o = 0 case does not occur and, second, that
ijy + v, = €' is a phase, thus bringing Vi, into the desired form.)
Now define a new orthonormal basis by defining new vectors within each A\, # 0

eigensubspace:
o) = D leaj) O, (52)

J

For the null subspace, simply define |ef, ;5) = |eq;) (0 = 0). Since the new basis is related

to the old by a (real) orthogonal transformation, complex conjugation in the two bases is
the same, i.e., C = C’. Thus we have

S D O S R L D <

l,o,T

= | S Nl el | ¢ (53)

J’O—’T

= C/ Z )\je_i¢j607|63'0><e;T| )

.770-77-

where in the second expression, we abandon explicit labeling of the degeneracies. We now
have K in the desired form with

Klejo) =Y AP ersle) = —ahe®le] _,) .
T
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To bring K into the standard form that has real, positive A;’s, we can rephase the eigen-
vectors appropriately, i.e., [€],) = ei(¢i+003)/2) |€},). This final basis change brings K into

the form
K=c'c'e) (Z)\e eqr|€] ><e;T|>
J,0,T
CH Z)‘je_wjem' (CIIC,|€30>) <e;'7"
—_————

3,0,T (& 5,)/2
i(p;i+0o0; "
=e J |€j0>

e (Z )\jﬁarei(U+T)9j/2|€;/g><€;'/7 ) (54)

J’U’T

= CH (Z )\ng7-|€;-,0.><69~/7.|>

-770—77—

= (Z Aj€or|ey) (€], )C” .

]70-77—

A trivial consequence of our general results for antisymmetric antilinear operators is
that an antiunitary operator U can be brought to the form of item (i) in an orthonormal
basis if and only if U = —UT (or U? = —1).

It is worth emphasizing the freedom that is available in the eigenvectors of K =
—KT. For this purpose, we drop the primes in the last form of Eq. (54) and again label
degeneracies, writing

Z)\a(z EUT|ea,ja><ea7j7-|) C < <€Oé,j0'|(lc|eﬁ,k7'>> = )\Oé(sa,@(sjkea‘r .

7,0,T
(55)
Allowed basis changes are restricted to unitary transformations within each eigensubspace,
faga) = Y lears)Vinir (56)
which gives
(fogal (Kl f5.57)) = Aabas Y, Vioh€uw Vit - (57)
lp,v

In the null subspace (A, = 0), any unitary transformation is allowed, but to maintain the
desired matrix elements in the nonnull subspaces (A, # 0) requires that

STV Vi), = eidneor . (58)

jo,lu €uv
Lpv
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Defining a unitary matrix M(®) by

ML), = el )
we see that . "
Z Mj:,zueukaizy = Ojk€or - (60)
L,

We need a little more efficient notation to appreciate the consequences of this require-
ment. Define the symplectic form

€jo kT = 5jk€o7' ) (61)
and let e stand for this antisymmetric matrix, which satisfies € = ¢ = —eT = —¢' and
€2 = —1. Equation (60), written in matrix notation, becomes

M@ e — ¢ (62)

This requirement means that M(®) is a complex symplectic matrix, in addition to being

unitary. We can put the requirement (62) in an explicit form by first taking the adjoint,

M(@*epM (@ = ¢ multiplying by € on the right, eM(®*eM (T = —1 and and then

comparing with M (@M (DT =1 to get M(®) = —eM(M*e. Writing out this last equation

in index form gives

MO =3 eouer MY = oM r (63)
w,v

which gives the explicit relations

(@) _ pyle)x (@) _ (o)

We can summarize the freedom in the basis vectors as follows. Starting from a set of
orthonormal vectors that put K in the standard form that has real, positive \;’s, we can
transform to new eigenvectors in each eigensubpace,

fojo) = €723 " Jeq rr) Mioy (65)
kT

In the null subspace, any unitary transformation is allowed. In the nonnull subspaces,
these new orthonormal vectors maintain the diagonal form of IC provided that M (@) g
a complex symplectic matrix. The general transformation is thus a complex symplectic
transformation followed by rephasings of the basis vectors. If we wish to retain real, positive
Aj’s, then we are restricted to complex symplectic transformations without the phases. For
nondegenerate (two-dimensional) subspaces, the matrix M can be any unit-determinant
unitary matrix

(66)

e’ cos 6 e’X sin 0
M = ||M,-|| = (_eixsme e~ cos@)
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