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Part 1:

Basic Finite Temp Methods



“Zero Temp”

Preview

Finite Temp

Green Functions
G(21, 22) = (0[TP(z1)P(2)|0)

(vacuum expectation value)

Generating Functional for GFs
dd / D et d'zlE+T9]

(real time)




“Zero Temp”

Preview

Finite Temp

Green Functions
G(z1,72) = (0|T ) (x1)P(2)|0)

(vacuum expectation value)

Green Functions

Galwr,w2) o< € P (n| T (1) d(w2)|n)

n

(ensemble averaged expectation)

Generating Functional for GFs
2= fD¢5 et [ dtalC+Jd)

(real time)

Generating Functional for GFs

Z[B,J] = fD(b e'fna dr [ d*% (Le+J¢)

(imaginary time GFs)

Z[’j* *}] = /D@C ff_i fr: dffdsf {£+JGIIJ:]

(complex time GFs)




“Zero Temp”

Preview

Finite Temp

Green Functions
G(z1,72) = (0|T ) (x1)P(2)|0)

(vacuum expectation value)

Green Functions

Gal(zy, x2) Z e PEn (n|Td(x1)b(z2) )

n

(ensemble averaged expectation)

Generating Functional for GFs
Z[J] = fDé i S d'alL+T¢)

(real time)

Generating Functional for GFs

Z[B,J] = fﬂé o= I8 dr [ 87 (Le+J9)

(imaginary time GFs)

Z[’j* *}] = /DUC ff_i fr: dffd:a-f {£+J¢l:]

(complex time GFs)

S-matrix and Scattering Amplitudes
(from the GFs)

Not scattering amplitudes...
Used more like “correlation fns’ in the
stat mech sense.



Preview

“Zero Temp” Finite Temp

In equilibrium...

Partition Function

Z =Tre PH
(canonical ensemble)

Z = Tre AH-nQi)

(grand canonical)

Ensemble Average

o Tr(Ae?H)

Can calculate all thermodynamic quantities
from partition function.




Preview

“Zero Temp” Finite Temp
£ = [ D¢ exp (1’ / d'r f.) 7 — Tre—fH
W=—ilnZ F=-lmz

r[é]:w-f.f.a

Package deal when using Z[B,J]



Partition Function

(Canonical Ensemble)

Z(B) = TrePH

Path Integral Representation
l‘j | /
Z(3) = [ Do(r, %) exp (- / dr / d*z £E)
« ) S0 .

Perfection Loop

Use perturbation theory and feynman diagrams to evaluate in interacting case,
exactly like zero temp. How many loops? @

Derive path integral rep with the identity for transition amplitudes:

O(Z,T)=¢4(7)
(05(D)]e™7 |da(T)) o / Do(Z,t) i Jo dt [ d3F £(9)

6(Z.0)=u ()



Thermal Green Functions

“"Real Time” Thermal Green Functions

Contour for Real-Time Green Functions
at Finite Temp _
Gg(xy,22) = é Tr (e™PH T, (1) d(x2))
— C
i Ir;  on contour C
n —
Generated by
T 0 T Z[3,J] = / D¢, ¢ et ] T7 (L+79)

- Can give time evolution of finite temp system away from equilibrium.
- Not necessary to assess equilibrium properties.
- Reduce to our old GFs at zero temp limit:

Gz, 12) o ({U|Tc)(;r1Jc.:-l:,rgﬂﬂ} - Z ePEn/Eo {H|T<.J(.—r1)f.}(.i'2}|n})

n=1



Thermal Green Functions

Imaginary Time Thermal Green Functions
Contour for Imaginary-Time Green Functions

2t Finite Temp |
Gg(xy,22) = é Tr (e™PH T, (1) d(x2))

I; on contour C

Generated by

Z[J.J] — /DU E—fl_.;g d?‘fdﬁf (Le+.J3)

- Special case of previous version, more practical for equilibrium calcs.



Thermal Green Functions

Imaginary Time Thermal Green Functions
Contour for Imaginary-Time Green Functions

at Finite Temp |
Gg(ry,22) = % Tr ({.—_"jH T. (,J{;irljf,:r(.i‘g])

I; on contour C

Generated by

Z(B,J] = /chh E—frﬁ dr [ d3& (Lp+Jo)

-

Very simple, and also gives partition function.

- Special case of previous version, more practical for equilibrium calcs.
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Field Thermodynamics Example

For a free boson field at thermal equilibrium,

calculate energy spectrum.

- | r ., .
Lp= %(EJE + %|V¢‘i|2 + E?'ngmz

Z[B] = N(det[-85 — V* + m?])~*/2

Pk By -
nZ=V /(;ﬂ_):{ (—' ;‘ — In(1 — r.-_"j“”*']') + const

. _(H)—-E, dln Z
UV=s ———— H) = -

energy density

total energy

frequency

UoxT?

temperature



Field Thermodynamics Example

For a free boson field at thermal equilibrium,

calculate energy spectrum.

iy 1
Ly =30+ 3|V + om’¢"

energy density

frequency

g
Z|8] = fDrj exn/ dr /nﬁ.?’ (=LE)
\ S0 “

d(0)=a( A)
UoxT?

total energy

temperature



Field Thermodynamics Example

For a free boson field at thermal equilibrium,

calculate energy spectrum.

Lr =36+ Vo> +

1, .,
—1q
5 >

energy density

total energy

frequency

UxT?!

temperature



Field Thermodynamics Example

9 19 ]- 9, c . o o
Lp = 30" +3|Ve[* + 5m?¢” Continuing with same example...

Evaluate generating functional:

]

1 s
Z[B,J) = N Z(B) exp [ dzd'y J(z)A(z — y)J(y)

S0

where
 [— &k -
Ahjzahbﬂ=*§§: [Uapﬁ“““éﬁAH

(=05 = V2 +m®)A(z) = d(z)

A(r + B,%) = A(r, 2)

1

Anlk)= ———
' w2 + k2 +mn



Field Thermodynamics Example

9 19 ]- 9, c . o o
Lp = 30" +3|Ve[* + 5m?¢” Continuing with same example...

Evaluate generating functional:

1 :Jj
Z(B,J) = N Z(5) exp 3 [ d*zd'y J(x)A(z —y)J (y)
Jo

where
Discrete frequency sum
1 {,}73;.- ~ / i ) Elﬂ
Alz)=AlmA =3 ) [ (2)3 nTet A (k) *n = 73

(=02 = V2 4+ m?)A(2) = 6(z2)

A(T+ 3,2) = A(1, Z)

wp + k2 4+ mn Euclidean equivalent of minkowski
propagator



Field Thermodynamics Example

Adding in Interactions??

§ o1,
Lr = 36" +3|Vol* + 5m?¢" + V(9)

Evaluate perturbatively:

8 ‘
Z|8,J] = exp (— / d*z l-"(—f%)) Zp[B,J]
Jo

Now you have partition function including interactions to n loops!!



Field Thermodynamics Example

Adding in Interactions??

§ o1,
Lr = 36" +3|Vol* + 5m?¢" + V(9)

Evaluate perturbatively:

8 ‘
Z|8,J] = exp (— / d*z 1-"(—:’%)) Zp[B,J]
Jo

Now you have partition function including interactions to n loops!!

-Same feynman diagram expansion as zero temp except:
- euclidean propagator
- finite tau integral / discrete frequency sum
- (for real-time formalism) thermal ghost fields



Field Thermodynamics Example

Generators and Free energies:

Z[B,J] = N Zy(B) x sum of diagrams(3, J)

Partition Fn ) -
= N Zp(B3) S(5, J)
WigB, J] = —% In Z[3,.J]
Connected Functional / — _% InN — %ln Zo(B) — }jln S(3,.J)

Helmholtz or Gibbs FE
= Wh(5) — li In S(3,J)

SWB,J] 1 -,
—,ﬂ}{;} = E lf.-j{-i'}

rmﬂ=wmﬂ-%[@

s L}

Effective Potential

ol [_{3._ fT)]

Adeh

= ()

Equilibrium Condition

equilibrium
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Part 2:

Symmetry Breaking Phase Transitions



SSB at Finite Temp

Definition (SSB at Thermal Equilibrium):
A symmetry of the lagrangian is spontaneously broken when the
ensemble average of the field multiplet doesn’t respect the symmetry.

(0]®]0) — (®)

Typically accompanies a 2" order phase transition
(e.g. discontinuous heat capacity)



SSB at Finite Temp

How to analyze it?

- Expect it if there is a zero-temp VEV .
- In principle: Calculate finite temperature quantum effective action and apply equilibrium condition.

or[, (;}

e

-In practice: Becomes a simple application of thermodynamics at tree level. Add quantum
corrections by summing loop diagrams in partition function.

1. Expand lagrangian around the ensemble average value €.

2. Calculate partition function Z(p,¢).
(here’s where quantum corrections come in)

2. Find thermodynamic effective potential Q(B,¢)
(this is just free energy written as a function of §)

(check: ought to obey Q(T=0,x) = V(x))

4. Minimize effective potential wrt &.



SSB Example

Complex scalar with sombrero potential:

L =,6" 36— V()

V = —42(6°9) + A(6"9)’

Expand about ensemble avg:

(0} =¢
6= (0a = v20) +ixe)
(xi) =0

Potential becomes:
V= —p?(¢*0) + Ao 0)”
Ty

; A
= =5 (1 + 28+ 2v20g +26) + T0d + X3 + 2V2x08 + 2¢67)°

1 o1 _
= 5 X3 (6A° = %) + 503 (2AE° — %) + U(€) + lim + it

U§) = —p*¢* + X'

(*cheat and ignore linear term... it can be justified, see Kapusta... could avoid but we’re doing simplest possible way)



SSB Example

So interesting terms are:

V =2 x] (6AE7 — p®) + 3 x5 (2287 — i) 4+ U(€) + interaction

Now everything is a function of ¢ (and thus also of T):

m3(€) = (6AE? — 1?)
m3(€) = (2A* — %)

Including partition fn! Technique of making Z depend on average value is “"'mean field” method.

To lowest approximation (noninteracting x quasiparticles), the partition function

factors into two noninteracting free boson field contributions.
(...this is zeroth order mean field approximation, next would be tree level mean field)

8
?(]DMDM {?KD( ] d'x Lp(x1, X2 ]) s
]D"u f‘lp( f (x1.€ ) fD*“ f‘lﬂ'( fﬁ (X1 \]) e~

= Z,(8 (8,€) =AU

'I“|

Where those euclidean lagrangians are free: C; =

by =

it + 5 [Vxal? + 5 mi(6) x§



SSB Example

But we already found In(Z) for free massive boson fields!

Pk By _
InZ = Vf{;rr}:" (—l ; —In(1 - ﬁ_ﬁ“}k})

@
w? = k* + m?

Thus the thermodynamic effective potential is

Q(3.€) = —}-j InZ

1 1 Y e
={,T{£}—EIIIZI—TIIIZE R
=U(£) + &k S92 — =) 4 In(1 — e~5 mi(€) = (6AE? — p?)
= V(&) @y \2 5 n(l —e n € )

m3(€) = (27&% — pi?)

—+ U(¢) +f{;j§1 (111[1 — H_'ﬂwl} +1In(1 — H-.-Hm:r})

For temperatures 7°~u*/A> > can expand (see Kapusta):

w2 1

1
Q =~ N+ (EJ\TE — u?)E? — s T



SSB Example

Thermodynamic potential : -

4 | R 2\ 2 7 4 |- :
= A +(§}*T —p)§ _ET_E’HT vaa

It’s a Landau phase transition problem!
As T increases, symmetry breaking minimum disappears.

SSB occurs when

1
(g)«Tg—p:z) <0

So critical temperature is

2
It
c— —
1 3}‘ 6&o

Noting that

2
-
50—2/\

(Kapusta, pg.121)




SSB Example

At various temperatures, it acts to first approximation like two
noninteracting ideal boson gases. The quasiparticle masses

depend on temperature. Spontaneous symmetry breaking occurs
below a critical temperature.



Spontaneously broken gauge theories???

(I googled “confused monkey”...)

Same analysis applies.



Electroweak Symmetry Restoration

Restored at Tc~250GeV (see lit)

Electroweak SU(2)xU(1)
Symmetry Restored at
Tc ~ 250 GeV

S

~ 250GeV

Easily estimated from Higgs potential graph.
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