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What is an anomaly?

If a symmetry is violated at the quantum level, it is called a quantum
anomaly, in other words quantum corrections break the symmetry.

There are two types of anomalies

Good: They are harmless and even useful when they affect global
(non gauge) symmetries (Scale invariance, chirical symmetry
π0 → 2γ)

Bad: They are potentially disastrous when they affect gauge
symmetries (Gauge anomalies, gravitational anomalies)

These types of anomalies (local gauge symmetries) should be canceled
at all cost, otherwise the theory becomes sick, becomes inconsistent.
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Noether’s Theorem

What miss Noether have to say?

Symmetry ⇒

Conservation Current

Conservation Quantity

So what is the symmetry L → L′

Noether current:

∂µj
µ(x) = 0 for jµ(x) =

∂L
∂(∂φ)

)∆φ− J µ

Conservation Charge:

Q =

∫
d3x j0

3 / 23
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QED Lagrangian:

L = −1

4
FµνF

µν + ψ
(
i/∂ − e /A−m

)
ψ

For a classical field with Lagrange density L (ϕ, ∂µϕ) we have that the
E-L equation are

∂L
∂ϕ
− ∂µ

(
∂L
∂µϕ

)
= 0

The fermion fields ψ and ψ = ψ†γ0

∂L
∂ψ

= γµ (i∂µ − eAµ)ψ −mψ = 0

Which is the Dirac equation for ψ. For ψ we have (using

(γµ)
†

= γ0γµγ0)

(i∂µ − eAµ)ψγµ −mψ = 0

4 / 23
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Vector and Axial Vector Current

Vector and axial vector currents

jµV = ψγµψ jµA = ψγµγ5ψ

Taking the derivative of the vector current

∂µj
µ
V = ∂µ

(
ψγµψ

)
=
(
∂µψ

)
γµψ + ψγµ (∂µψ)

And using the EOM that we found

∂µj
µ
V = ieAµψγµψ + imψψ − ieAµψγµψ − imψψ = 0

Doing the same for the axial vector current

∂µj
µ
A = ∂µ

(
ψγµγ5ψ

)
=
(
∂µψ

)
γµγ5ψ − ψγ5γµ (∂µψ)

= ieAµψγµγ
5ψ + imψγ5ψ + ieAµψγ

5γµψ + imψγ5ψ

= 2imψγ5ψ

The divergence of the axial vector current is proportional to the
fermion mass. Therefore for massless QED we have that:

∂µj
µ
A = 0

5 / 23
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Simple example

Decomposing the Dirac fermion into its Weyl components ψ =

(
ψ+

ψ−

)
two currents associated with these symmetries are the vector and axial
vector currents

jµV = ψγµψ jµA = ψγµγ5ψ

implies conservation of vector and axial-vector charges

6 / 23
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Current Matrix Elements

The expectation value of the axial current is (background
electromagnetic field)

〈JµA(x)〉A =

∫
DψDψJµA(x)ei

∫
d4x(ψ/∂ψ−eJµV Aµ)∫

DψDψei
∫
d4x(ψ/∂ψ−eJµV Aµ)

Using perturbation theory

〈JµA(x)〉A =− ie
∫
d4y〈JµA(x)JαV (y)〉Aα(y)

− e2

2

∫
d4y d4z〈JµA(x)JαV (y)JβV (z)〉Aα(y)Aβ(z) + ...

The first term is zero, because...7 / 23
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Loops Diagrams

Changing notation to mach Schwartz, we want to calculate calculate
〈Jα5 (x)Jµ(y)Jν(z)〉

iMαµν = −
∫

d4k

(2π)2
Tr

[
γµ

i

/k
γν

i

/k + /q2
γαγ5

i

/k − /q1
+ γν

i

/k
γµ

i

/k + /q1
γαγ5

i

/k − /q2

]

It is easy to think this as the sum of two 1-loop diagrams.

Mαµν =

∫
d4k

(2π)2

[
Tr
[
γµ/kγν

(
/k + /q2

)
γαγ5

(
/k − /q1

)]
k2(k + q2)2(k − q1)2

+
Tr
[
γν/kγµ

(
/k + /q1

)
γαγ5

(
/k − /q2

)]
k2(k + q1)2(k − q2)2

]

We can calculate our goal, which is, pαM
αµν but first lets confirm

that the Ward identity works (a.k.a q1µM
αµν=0).

q1µM
αµν = −4iεανρσ

∫
d4k

(2π)2

[
(k − q1)ρ(k + q2)σ

(k − q1)2(k + q2)2
− (k − q2)ρ(k + q1)σ

(k − q2)2(k + q1)2

]
Changing variables in the first integral k → k + q1 and k → k + q1 in
the second one.

8 / 23
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Linear divergent integral

Let’s consider the one-dimensional integral

∆(a) =

∫ ∞
−∞

d x [f(x+ a)− f(x)]

If the function f(x) is integrable we conclude that ∆(a) = 0. To see
that

∆(a) =

∫ ∞
−∞

d x

[
af ′(x) +

a2

2
f ′′(x) + ...

]
= a [f(∞)− f(−∞)] +

a2

2
[f ′(∞)− f ′(−∞)] + ...

If the integral
∫∞
−∞ d xf(x) converges (or is at most logarithmic

divergent f(x) ≈ 1/x) then f(±∞) = f ′(±∞) = f ′′(±∞) = 0

Shifting the integration variable changes the value of a linearly
divergent integral! In this case, shifting the integration variable
changes the value of the integral. Such contribution is called a
”surface term”9 / 23



What is an
anomaly?

Current
Conservation

Anomaly in 2-d
QED:
Schwinger
model

Current Matrix
Elements

Two Different
Approaches

Gauge
anomalies in
the SM

Part of the integral it is quadratically divergent, but we don’t need to
worry because εανρσkρkσ = 0, then we only have a linear divergent
integral (Four dimensional case).

∆α =

∫
d4k

(2π)4
(Fα[k + a]− Fα[k])

Doing a Wick rotation and Taylor expanding

∆α = i

∫
d4kE
(2π)4

{
aµ

∂

∂kµE
(Fα[kE ]) +

1

2
aµaν

∂

∂kµE

∂

∂kνE
(Fα[kE ])

}
Taking the limit of |kE | → ∞ We have that :

lim
kE→∞

Fα[kE ] = A
kαE
k4E

And integrating by the surface element:

∆α =
i

32π2
Aaα

Linear divergent integrals that we shift are finite, proportional to the
shift.

10 / 23
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For the first term we have shifted k from the second by aσ = qσ2 − qσ1

Fαν = −4iεανρσ
(q1 + qw)ρkσ

(k + q1)2(k + q2)2
−→ −4iεανρσ(qρ1 + qρ2)

kρ

k4

So we get that

q1µM
αµν =

1

4π2
εανρσqρ1q

σ
2 6= 0

We have problem!!!! The solution of this is that the equation depend
of the choice of the shift of k

11 / 23
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Dilemma

The most general shift

kµ → kµ + b1q
µ
1 + b2q

µ
2

This will change the results to

q1µM
αµν =

1

4π2
εανρσqρ1q

σ
2 (1− b1 + b2)

and for the axial current

pαM
αµν =

1

4π2
εµνρσqρ1q

σ
2 (b1 − b2)

Thus if we take b1 = b2

pαM
αµν = 0 q1µM

αµν =
1

4π2
εανρσqρ1q

σ
2

So axial current is conserved but the vector one is not. Alternatively, if
we choose b1 − b2 = 1

pαM
αµν =

1

4π2
εµνρσqρ1q

σ
2 = 0 q1µM

αµν = 0
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Dilemma

We need to choose the conservation of the vector current other wise it
would be a complete disaster to lose the Ward identity. We conclude
that it is impossible, as a matter of principle, not because of our
limited wisdom, to simultaneously have gauge invariant and axial
vector current conservation. The best choice of regulator is the one
which keeps the maximum number of symmetries of the classical
action.
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The Axial Vector Current Operator Equation (2-d)

Peskin has a nice alternative way (Section 19.1) to derive ∂µj
µ
5 .

Defining the current by two fermion fields separate by a distance ε and
the taking the limit as the two field approach each other.

jµ5 = symm lim
ε→0

{
ψ(x+

ε

2
)γµγ

5e
−ie

∫ x+ε/2
x−ε/2 dz·A(z)

ψ(x− ε

2
)
}

Where the symmetrical limit is define:

symm lim
ε→0

{
εµ

ε2

}
= 0 symm lim

ε→0

{
εµεν

ε2

}
=

1

d
gµν

Computing the divergence of the axial current:

∂µj
µ
5 = symm lim

ε→0

{(
∂µψ(x+

ε

2
)
)
γµγ

5e
−ie

∫ x+ε/2
x−ε/2 dz·A(z)

ψ(x− ε

2
)

ψ(x+
ε

2
)γµγ

5e
−ie

∫ x+ε/2
x−ε/2 dz·A(z)

(
∂µψ(x− ε

2
)
)

ψ(x+
ε

2
)γµγ

5 [−iεν∂µAν(x)]ψ(x− ε

2
)
}
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The Axial Vector Current Operator Equation (2-d)

Using the equation of motions:

∂µψ(x+
ε

2
) = ieψ(x+

ε

2
)Aµ(x+

ε

2
)

∂µψ(x− ε

2
) = −ieAµ(x− ε

2
)ψ(x− ε

2
)

and by expanding Aµ(x± ε/2) and the Wilson line (Schwartz 25.45)
contributions in powers of ε

Aµ(x± ε/2) = Aµ(x)± εν∂νAµ(x) + ...

e
−ie

∫ x+ε/2
x−ε/2 dz

νAν(z) = 1− ieενAν(x)

∂µe
−ie

∫ x+ε/2
x−ε/2 dz

νAν(z) = −ieεν∂µAν(x)

Summing the 3 terms:

∂µj
µ
5 = symm lim

ε→0

{
ψ(x+

ε

2
) [−ieγµεν(∂µAν − ∂νAµ)] γ5ψ(x+

ε

2
)
}
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The Axial Vector Current Operator Equation (2-d)

It looks that we still get that ∂µj
µ
5 = 0 when ε→ 0, but we have to be

cautious because the contraction of the fermion fields.

ψ(x+
ε

2
)Γψ(x+

ε

2
) =
−i
2π
Tr

[
γαεα
ε2

Γ

]
.

Because the contraction is singular, we have that:

∂µj
µ
5 = symm lim

ε→0

{
−i
2π
Tr

[
γαεα
ε2

γµγ5
]

(−ieενFµν)

}

In two dimensions Tr
[
γαγµγ5

]
= 2εαµ. Thus,

∂µj
µ
5 =

e

2π
εµνFµν
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Anomaly Constrains

We want to check that the currents associated with the
SU(3)QCD × SU(2)Weak × U(1)Y gauge symmetries of the SM are
non-anomalous.

∂αJ
a
α(x) =

∑
left

A(Rl)−
∑
right

A(Rr)

 g2

128π2
dabcεµναβF bµνF

c
αβ

Where dabc is define as:

dabc = 2Tr[T a{T b, T c}]
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SU(3)QCD × SU(2)Weak × U(1)Y
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QCD is non-chiral, there are not SU(3)3 anomalies
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The generators of SU(3) and SU(2) are traceless

20 / 23



What is an
anomaly?

Current
Conservation

Anomaly in 2-d
QED:
Schwinger
model

Current Matrix
Elements

Two Different
Approaches

Gauge
anomalies in
the SM

We have 3 possible anomalies
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For:

SU(3)× SU(3)× U(1)Y ∼ 2
∑

YL −
∑

YR

= 3× 2×
(

1

6

)
− 3×

(
2

3

)
− 3×

(
−1

3

)
= 0

Lepton do not contribute. For:

SU(2)Weak × SU(2)Weak × U(1)Y ∼
∑
YL = Quarks + Leptons

= 3× 2×
(

1

6

)
+ 2×

(
−1

6

)
= 0
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Gauge Anomaly Free

And finally:

U(1)Y × U(1)Y × U(1)Y ∼

= 3× 2×
(

1

6

)
+ 2×

(
−1

2

)3

− 3×
(
−2

3

)3

− 3×
(
−1

3

)3

− (−1)3

= 0

So all gauge anomalies cancel!
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