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What is an anomaly?

If a symmetry is violated at the quantum level, it is called a quantum
anomaly, in other words quantum corrections break the symmetry.
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What is an anomaly?

If a symmetry is violated at the quantum level, it is called a quantum
anomaly, in other words quantum corrections break the symmetry.

There are two types of anomalies
@ Good: They are harmless and even useful when they affect global

(non gauge) symmetries (Scale invariance, chirical symmetry
70 — 27)

@ Bad: They are potentially disastrous when they affect gauge
symmetries (Gauge anomalies, gravitational anomalies)
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What is an anomaly?

If a symmetry is violated at the quantum level, it is called a quantum
anomaly, in other words quantum corrections break the symmetry.

There are two types of anomalies
@ Good: They are harmless and even useful when they affect global

(non gauge) symmetries (Scale invariance, chirical symmetry
70 — 27)

@ Bad: They are potentially disastrous when they affect gauge

symmetries (Gauge anomalies, gravitational anomalies)

These types of anomalies (local gauge symmetries) should be canceled
at all cost, otherwise the theory becomes sick, becomes inconsistent.
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Noether’s Theorem

What miss Noether have to say?
Symmetry =

@ Conservation Current
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@ Conservation Current
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So what is the symmetry £ — £’
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Noether’s Theorem

What miss Noether have to say?
Symmetry =

@ Conservation Current
o Conservation Quantity

So what is the symmetry £ — £’

Noether current:

Ougt(xz) =0 for  jH(z) =

Q=/d3:cj0

Conservation Charge:
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QED Lagrangian:

T Fu 4 (i~ e —m)

For a classical field with Lagrange density £ (¢, d,,¢0) we have that the

E-L equation are
oL oL
5 (5g) 0

The fermion fields ¢ and ¢ = ¢74°

oL .

ﬁ =y, (10, —eA,) Y —mip =0
Which is the Dirac equation for 1. For 1) we have (using
()" = 40749°)

E:

(10, — eA,) Yy, —mip =0
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Vector and Axial Vector Current

What is an .
e Vector and axial vector currents

Current

Conservation ]‘lj. = E’Y”’l[} ]Z = E’YIL’VS’IZJ

Anomaly in 2-d

gfhaim;r Taking the derivative of the vector current

model — — —

i Ve auj\l; = 8;L (@Z)'YH"/)) = (8#7/}) yHah + iyt (6;#))
Elements

Two Different And using the EOM that we found

Approaches o o . o

e gty = te Ay + impp — ie Ay, b — imbth = 0

anomalies in
the SM . .
Doing the same for the axial vector current

Ouih = 0 (V" ¥0) = (8,8) ¥ — Py " (9,1)
= ie A, Yy, ) + imy ) + ie A py v + impy i)
= 2imy°y
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Vector and Axial Vector Current

v =Py Jh =yt
Taking the derivative of the vector current
au]\lj' = 8,u @’Y“l/)) = (3;@) 'VMw + E’Y” (6ﬂw)
And using the EOM that we found
gty = ieA by, + imnp — ie A pyab — imy = 0
Doing the same for the axial vector current
Budty = 0u (VV"7°9) = (8u) ¥*7°% = " (Bub)
= 1A 0y ) + imPy Y + ie Ay + imiy
= 2imyy°p
The divergence of the axial vector current is proportional to the
fermion mass. Therefore for massless QED we have that:

aujfx =0
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Current Matrix Elements

anomalyr The expectation value of the axial current is (background
g

e electromagnetic field)

§%0Dn:aly in 2-d <JM (x)>A B IDI/)D@JZ (x)eifd‘lx(waw—eJ"ﬁAH)

chwinger = —

model A ‘/‘pr@eifd4$(waw*€]\l;‘4#)

Current Matrix

— Using perturbation theory

Two Different

Approaches

B ) e [ @ ) Al)

the SM

-5 [ dty a5 T ) I Aali) As() + .

The first term is zero, because...



Loops Diagrams

What is an
anomaly? Changing notation to mach Schwartz, we want to calculate calculate

S (/5 (), (y)J" (2))

Anomaly in 2-d

QED: . d4k i i i i i i
Schwinger ZMO‘I“/ = — —Tr H_v__ T ~aaS T V_ A a5
o R R B A R )
Current Matrix

Elements

It is easy to think this as the sum of two 1-loop diagrams.
Two Different
Approaches

Gauge
anomalies in
the SM



What is an
ELI

Current
Conservation

Anomaly in 2-d
QED:
Schwinger
model

Current Matrix
Elements

Two Different
Approaches

Gauge
anomalies in
the SM

Loops Diagrams

Changing notation to mach Schwartz, we want to calculate calculate
(J5' (@) Ju(y)J* (2))

INfOMY ﬁ r ui y_ b a5 Vi u# a 5;-

It is easy to think this as the sum of two 1-loop diagrams.

apy __ d*k
M= / orp?

k2(k + q2)%(k — q1)2 E2(k + q1)*(k — g2)?

Tr [k (K+ ) vy (K—gi)] | Tr [k (K +q1) v (K = q/z)]}
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Loops Diagrams

Changing notation to mach Schwartz, we want to calculate calculate
(J5' (@) Ju(y)J* (2))

INfOMY d47k r ui y_ b a5 Vl- u# a 5;-

It is easy to think this as the sum of two 1-loop diagrams.

apy __ d*k
M= / orp?

We can calculate our goal, which is, po, M **” but first lets confirm
that the Ward identity works (a.k.a g, M**=0).

k2(k + q2)%(k — q1)2 E2(k + q1)*(k — g2)?

Tr [k (K+ ) vy (K—gi)] | Tr [k (K +q1) v (K = q/z)]}
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Loops Diagrams

Changing notation to mach Schwartz, we want to calculate calculate
(J5' (@) Ju(y)J* (2))

INfOMY d47k r ui y_ b a5 Vl- u# a 5;-

It is easy to think this as the sum of two 1-loop diagrams.

apy __ d*k
M= / orp?

We can calculate our goal, which is, po, M **” but first lets confirm
that the Ward identity works (a.k.a g, M**=0).

Tr [y ¥y (K+g) v (K—g)] | Tr [y (F+ 1) v*7° (= o))
k2(k 4+ q2)2(k — q1)? k2(k 4+ q1)?(k — q2)?

gLMOr = 4ieaypa/(d4k {(k—ql)’)(k+Q2)" (k’—qz)”(kJrql)”}

2m)? [(k—q)?(k+q2)? (k= q2)?(k +a1)?

Changing variables in the first integral K — k+ ¢, and k — k 4+ ¢; in
the second one.
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Linear divergent integral

Let's consider the one-dimensional integral

Aa)= [ dalfe+a) - fa)
If the function f(z) is integrable we conclude that A(a) = 0. To see
that

Aa) = /Z do [af’(x) + a;f”(x) ..

2

= a[f(00) = f(=o0)] + 5 [f'(00) = f'(=00)] + ..

If the integral f_oooo dxf(x) converges (or is at most logarithmic
divergent f(x) & 1/x) then f(+o0) = f'(£o0) = f”(+£o0) =0

Shifting the integration variable changes the value of a linearly
divergent integral! In this case, shifting the integration variable
changes the value of the integral. Such contribution is called a
"surface term”
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Part of the integral it is quadratically divergent, but we don't need to
worry because e*P?kPk? = 0, then we only have a linear divergent
integral (Four dimensional case).

4
AC :/(37:“)4 (F°Tk + a] — F[k])
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Part of the integral it is quadratically divergent, but we don't need to
worry because e*P?kPk? = 0, then we only have a linear divergent
integral (Four dimensional case).

A = (Flk 4+ a] — F*[k])
(2m)t
Doing a Wick rotation and Taylor expanding

W[ dRe [ 0 1,,0 0 .
A z/(2ﬁ) { o (F*kg]) + aawaku (F [kE])}
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Part of the integral it is quadratically divergent, but we don't need to
worry because e*P?kPk? = 0, then we only have a linear divergent
integral (Four dimensional case).

a d4k 1Y o
A _/(%) (F°k + a] — FOk])

Doing a Wick rotation and Taylor expanding

aoi [ ke Lot oo (Pl + o o o (Pl }

(2m)4 okl ok'y, OkY,
Taking the limit of |kg| — oo We have that :
kO&
lim Fkg] = A2
k:EILnOO [kE] k4E
And integrating by the surface element:
A = Ag®

3272

Linear divergent integrals that we shift are finite, proportional to the
shift.
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auv 1 QVO'
IM/J«:47T Pq1q27§0
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So we get that

auv 1 QVO'
IM/J«:47T Pq1q27§0

We have problem!!!!
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For the first term we have shifted k from the second by a” = ¢ — ¢f

v - _aupo (ql +qw)pka - _avpo kP
FY = 43P Uit 20k T 0)° — —4ie*? (Qf‘i‘qg)ﬁ

So we get that

1
qu MO = €7 q7q # 0
We have problem!!!l The solution of this is that the equation depend
of the choice of the shift of k&
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Dilemma

The most general shift
K — EH 4 blqiL + qug

This will change the results to
1
q}LMWV ) €"7q7q5 (1 — by + b2)
77
and for the axial current

v 1 vpo g
Pa M = RGM P7q7q5 (b — ba)
Thus if we take b; = by
auv auv 1 QV g
pa M =0 g MM = 57 g8

So axial current is conserved but the vector one is not.
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Dilemma

The most general shift
K — EH 4 blqiL + qug

This will change the results to
1
q}LMWV ) €"7q7q5 (1 — by + b2)
T
and for the axial current

1
PaM = =577 q1q5 (b — bs)
Thus if we take b; = by
1
PaMO =0 GO = e ghqg

So axial current is conserved but the vector one is not. Alternatively, if
we choose by — by =1

1
PalM = 5P qlgg = 0 g M =0
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would be a complete disaster to lose the Ward identity. We conclude

Two Different
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the SM

vector current conservation. The best choice of regulator is the one
which keeps the maximum number of symmetries of the classical
action.
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What is an

anomaly? Peskin has a nice alternative way (Section 19.1) to derive 9,,5%"

Gz Defining the current by two fermion fields separate by a distance ¢ and
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QED:

Schwinger i . — IS s z+te/2 X £

model j¥ = symm lim {w(x + 2)yuyle e emern ARy (g f)}

Current Matrix e—0 2 2

Elements

Two Different Where the symmetrical limit is define:
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he S 3 . ere

he it symm hm =0  symmlim = —g"
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The Axial Vector Current Operator Equation (2-d)

Peskin has a nice alternative way (Section 19.1) to derive 9,,5%"
Defining the current by two fermion fields separate by a distance ¢ and
the taking the limit as the two field approach each other.

g . — € 5 —ie ;”j'://; dz-A(z) € }
Js = symm lim {w(x +3)wre ¥z = 3)

Where the symmetrical limit is define:

et ghe? 1
symm hr% { = } =0 symmalii%{ = } = EQW

Computing the divergence of the axial current:

xz+te/2 £

N . — i —ie [ 07, dz-A (z) <

0, J5 = symm lim { (6,@(1: + 2)) Yu'e /2 Y(x 2)
— 5 —ie fT+://2 dz-A(z) _ E

Bla+ Sy T A (g - )

Bla+ ) (i 0 Au @) e — )
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The Axial Vector Current Operator Equation (2-d)

Using the equation of motions:

Oudla +5) = ie(x + 2) Au(a + 2)
3 3

Opib(x — %) = —ieA,(x — 5)1/1(:0 — 5)

and by expanding A, (z £ €/2) and the Wilson line (Schwartz 25.45)
contributions in powers of

A(x£e/2)=A,(x) £"0, A, () + ...
L rote/2  u
et Sl A AE) Z iec” A, ()
ote/2 g

aue_ie omef2 YA, (2z) — _ie(g”@HA,,(l‘)

Summing the 3 terms:

) . (= v, . Y €
Oujs = symm lim {w@: +3) [—iex"e” (0, Ay — 0, AV Y (x + 5)}
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Anomaly in 2-d cautious because the contraction of the fermion fields.
Sci?\‘nger N N . Z P}/ o N
Y+ )Tz + 5) = =Tr [ “F} :
Elementts’\mt § 2 2 27T 82

Two Different
Approaches

Because the contraction is singular, we have that:
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0,Jt = symm hm {Qﬂ_T’/‘ [ = %yt } (— zes”ﬂw)}

In two dimensions T'r [7 YHy ] = 2e**. Thus,

€
it = QGWFW
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left right

Where d®®¢ is define as:

dobe = o2Tr[T*{T", T°}]
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Su@3)

u(

SUQ)

SUB3) SUB)
SU@3) u()
SUB3)

SU@2) u)

u()
sUQ)
u(l)

u

SuUQ2)

u

SuU3)

SuUQ2)

SuU2)

u(ny

u(l)

SU@3)
SU2)
SU2)
u()
SuU2)

SU(?))QCD X SU(Q)Weak X U(l)y




What is an
ELI

Current
Conservation

Anomaly in 2-d
QED: 2
Schwinger SUG) Su@) u() SUGB)
model
SU@3) SuU@3) SuU@3) SuU2)
Current Matrix
Elements
SU@3) u() SU2) SuU2)
Two Different
Approaches
u() SU@3) SuU@2) u()
Gauge
anomalies in
the SM SU@2) u() SuUR2) SuU2)
u(n) u(n
Su(@2) u(t)
u(n) un

QCD is non-chiral, there are not SU(3)? anomalies J
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The generators of SU(3) and SU(2) are traceless J
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SUB3)

Su@3)
SU3)
SuU@3)

u()
SU@2)

Su@3)
SuUQ2)
SuU@)
u(n
SU@3)
un
u(n
SuU2)
u(l)

‘ -
Su@2)

SuU(2)

SuUR)

We have 3 possible anomalies

Su@2)

SuU2)
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o SUR) < SU@) < Uy ~2) Y — > Vg

model

1 2 1
—3x2x (6) _3x (3) 3% (—3>

Two Different
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Lepton do not contribute. For:

SU(2)weak X SU(Qweak x U(L)y ~ vz = Quarks 4+ Leptons

e ()2 ()

=0



Gauge Anomaly Free
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QED: . )
o And finally:

model

@ Matrix

T Uy x Uy xU(1)y ~

Two Different 1 1 3 2 3
Approaches — 3 X 2 X - 2 X __ _ 3 X -
Gauge 6 + 2 3

anomalies in

the SM 1 3
—3x (=2) — (=13
( 3) (1)

So all gauge anomalies cancel!
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