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Abstract

A pedagogical review on the diagonalization of fermion mass in quantum field theory
is given in a coherent and systematic way. This review is an abridged version of a longer

review that is currently in preparation.

1 Introduction

In scalar field theory, the diagonalization of the scalar squared-mass matrix M? is straight-
forward. First, consider a collection of real spin-0 fields, @;(x), where the flavor index 7 again
labels the distinct scalar fields of the collection. The corresponding free-field Lagrangian is
given by

L= %@@ 8“@ - %MZ@@ ) (1)
where ij is a real symmetric matrix, and there is an implicit sum over repeated indices.
We diagonalize the scalar squared-mass matrix by introducing mass-eigenstates ¢; and the
orthogonal matrix @ such that @; = Qy¢;, with M7Q#Qj¢ = midk (no sum over k). In

matrix form, the latter reads
QTM?Q = m? = diag(m?,m3,...). (2)

This is the standard diagonalization problem for a real symmetric matrix. The eigenvalues

m3 are real.!

Second, consider a collection of complex spin-0 fields, @,(x) The corresponding free-field
Lagrangian is given by
L= 0,900, — (M?);; 9,07, (3)

'Negative eigenvalues of M? imply that the naive vacuum is unstable. One should shift the scalar fields
by their vacuum expectation values and check that the resulting scalar squared-matrix possesses only non-

negative eigenvalues.



where M? is an hermitian matrix. We diagonalize the scalar squared-mass matrix by in-
troducing mass-eigenstates ®; and the unitary matrix W such that @Z = WP, with

(M?); ;W2 W;e = midge (no sum over k). In matrix form, the latter reads
WIM*W = M? = diag(m?,m3,...). (4)

This is the standard diagonalization problem for an hermitian matrix. The eigenvalues mj

are real.!

In spin-1/2 fermion field theory, the diagonalization of the fermion mass matrix does not
take any of the above forms. In this paper, we review the linear algebra theory relevant for the
matrix decompositions associated with the charged and neutral spin-1/2 fermion mass matrix
diagonalizations, following Appendix D of Ref. [1]. The diagonalization of the charged Dirac
fermion mass matrix employs the singular value decomposition? of a complex matrix, which
is treated in Section 2. The diagonalization of the neutral Majorana fermion mass matrix
employs Takagi diagonalization [4, 5] of a complex symmetric matrix, which is treated in
Section 3. The relation between these two different diagonalization procedures is explored
in Section 4. Sections 5 exhibits an explicit singular value decomposition of a complex 2 x 2
matrix, and Section 6 performs a Takagi diagonalization of a complex symmetric 2 x 2 matrix.

Finally, in Appendix A, an alternative algorithm for Takagi diagonalization is given.

2 Singular value decomposition

The diagonalization of the charged Dirac fermion mass matrix requires the singular value

decomposition of an arbitrary complex matrix M.

Theorem: For any complex [or real] nxn matrix M, unitary [or real orthogonal| matrices
L and R exist such that

L"MR = Mp = diag(my, ma, ..., my), (5)

where the m; are real and non-negative. This is called the singular value decomposition of
the matrix M (e.g., see refs. [2, 3]).

In general, the my are not the eigenvalues of M. Rather, the m, are the singular values
of the general complex matrix M, which are defined to be the non-negative square roots of

the eigenvalues of MTM (or equivalently of M MT). An equivalent definition of the singular

2For a discussion of the singular value decomposition of a complex matrix, see e.g. Refs. [2, 3].



values can be established as follows. Since MTM is an hermitian non-negative matrix, its
eigenvalues are real and non-negative and its eigenvectors, vy, defined by MTMuv, = miuvy,
can be chosen to be orthonormal.® Consider first the eigenvectors corresponding to the non-
zero eigenvalues of MTM. Then, we define the vectors wy, such that Muv, = miwy. It follows
that m2v, = MMy, = mkMTw};, which yields: MTw,’; = myv. Note that these equations
also imply that M MTw; = miw}. The orthonormality of the v, implies the orthonormality

of the wy,, and vice versa. For example,

(MTwﬂMTw};) = —

s s j

* mp *| ¥
(wj| MM wy) = —{wjlwg) (6)

O = (vjlug) = ;

which yields (wg|w;) = ;5. If M is a real matrix, then the eigenvectors v, can be chosen to

be real, in which case the corresponding w;, are also real.

If v; is an eigenvector of MM with zero eigenvalue, then 0 = vl MTMuv; = (Mu;|Mu;),
which implies that Mv; = 0. Likewise, if w} is an eigenvector of MM with zero eigenvalue,
then 0 = w] MMTw; = (M Tw;| M w;)*, which implies that M Tw; = 0. Because the eigen-
vectors of MM [MMT] can be chosen orthonormal, the eigenvectors corresponding to the
zero eigenvalues of M [MT] can be taken to be orthonormal. Finally, these eigenvectors
are also orthogonal to the eigenvectors corresponding to the non-zero eigenvalues of MM
[MMT]. That is, if the indices i and j Tun over the eigenvectors corresponding to the zero
and non-zero eigenvalues of MTM [M MT], respectively, then

1 1
(M} 03) = —— (w3 Mug) = 0, (7

(ko = o -
and similarly (w;|w;) = 0.

Thus, we can define the singular values of a general complex n x n matrix M to be the
simultaneous solutions (with real non-negative my,) of:>

Muv, = mypwy,, wy M = mkv,T€ . (8)

The corresponding vy (wy,), normalized to have unit norm, are called the right (left) singular
vectors of M. In particular, the number of linearly independent v, coincides with the number

of linearly independent wj and is equal to n.

3We define the inner product of two vectors to be (v|w) = vfw. Then, v and w are orthonormal if
{(v|w) = 0. The norm of a vector is defined by |jv || = (v|v)/2.

4This analysis shows that the number of linearly independent zero eigenvectors of MTM [M MT] with zero

eigenvalue, coincides with the number of linearly independent eigenvectors of M [MT] with zero eigenvalue.
5One can always find a solution to eq. (8) such that the my are real and non-negative. Given a solution

where my, is complex, we simply write my, = |my|e?? and redefine wy — wre'® to remove the phase 6.



Proof of the singular value decomposition theorem: Eqgs. (6) and (7) imply that
the right [left] singular vectors can be chosen to be orthonormal. Consequently, the unitary
matrix R [L] can be constructed such that its kth column is given by the right [left] singular

vector vg [wg]. It then follows from eq. (8) that:
wy Mvy = My, (no sum over k). (9)

In matrix form, eq. (9) coincides with eq. (5), and the singular value decomposition is estab-
lished. If M is real, then the right and left singular vectors, v, and wy, can be chosen to be

real, in which case eq. (5) holds for real orthogonal matrices L and R.

The singular values of a complex matrix M are unique (up to ordering), as they correspond
to the eigenvalues of MM (or equivalently the eigenvalues of M MT). The unitary matrices

L and R are not unique. The matrix R must satisfy
RIMTMR = M3, (10)

which follows directly from eq. (5) by computing MEM p = M. That is, R is a unitary
matrix that diagonalizes the non-negative definite matrix MTM. Since the eigenvectors
of MTM are orthonormal, each v, corresponding to a non-degenerate eigenvalue of MTM

can be multiplied by an arbitrary phase e?*

. For the case of degenerate eigenvalues, any
orthonormal linear combination of the corresponding eigenvectors is also an eigenvector of
MTM. Tt follows that within the subspace spanned by the eigenvectors corresponding to
non-degenerate eigenvalues, R is uniquely determined up to multiplication on the right by
an arbitrary diagonal unitary matrix. Within the subspace spanned by the eigenvectors of
MTM corresponding to a degenerate eigenvalue, R is determined up to multiplication on the

right by an arbitrary unitary matrix.

Once R is fixed, L is obtained from eq. (5):
L=(M""RMp. (11)

However, if some of the diagonal elements of Mp are zero, then L is not uniquely defined.
Writing Mp in 2 x 2 block form such that the upper left block is a diagonal matrix with
positive diagonal elements and the other three blocks are equal to the zero matrix of the
appropriate dimensions, it follows that, Mp = MpW , where
110
W=1[--a---1, (12)
O | Wo



Wy is an arbitrary unitary matrix whose dimension is equal to the number of zeros that
appear in the diagonal elements of Mp, and 1 and O are respectively the identity matrix
and zero matrix of the appropriate size. Hence, we can multiply both sides of eq. (11) on the
right by W, which means that L is only determined up to multiplication on the right by an

arbitrary unitary matrix whose form is given by eq. (12).6

3 Takagi Diagonalization

A neutral Majorana fermion mass matrix is complex and symmetric. To identify the phys-
ical eigenstates, this matrix must be diagonalized. However, the equation that governs the
identification of the physical fermion states is not the standard unitary similarity transfor-
mation. Instead it is a different diagonalization equation that was discovered by Takagi [4],

and rediscovered many times since [2].7

Theorem: For any complex symmetric n X n matrix M, there exists a unitary matrix €2
such that:

QTM Q = Mp = diag(my, msa, ..., my,) . (13)

where the m;, are real and non—negative. This is the Takagi diagonalization® of the complex

symmetric matrix M.

In general, the my are not the eigenvalues of M. Rather, the my are the singular values

of the symmetric matrix M. From eq. (13) it follows that:

n

QTMTMQ = M} = diag(m?,m3,...,m?). (14)

60f course, one can reverse the above procedure by first determining the unitary matrix L. Eq. (5)
implies that LTMMTL* = M?%, in which case L is determined up to multiplication on the right by an
arbitrary [diagonal] unitary matrix within the subspace spanned by the eigenvectors corresponding to the
degenerate [non-degenerate] eigenvalues of MMT. Having fixed L, one can obtain R = M~'L*Mp from
eq. (5). As above, R is only determined up to multiplication on the right by a unitary matrix whose form is
given by eq. (12).

"Subsequently, it was recognized in Ref. [3] that the Takagi diagonalization was first established for

nonsingular complex symmetric matrices by Autonne [5].
8In Ref. [2], eq. (13) is called the Takagi factorization of a complex symmetric matrix. We choose to refer

to this as Takagi diagonalization to emphasize and contrast this with the more standard diagonalization of
normal matrices by a unitary similarity transformation. In particular, not all complex symmetric matrices
are diagonalizable by a similarity transformation, whereas complex symmetric matrices are always Takagi-

diagonalizable.



If all of the singular values my are non-degenerate, then one can find a solution to eq. (13)
for © from eq. (14). This is no longer true if some of the singular values are degenerate.
For example, if M = (% %), then the singular value |m| is doubly—degenerate, but eq. (14)
yields QfQ = 15,5, which does not specify Q. That is, in the degenerate case, the physical
fermion states cannot be determined by the diagonalization of MTM. Instead, one must
make direct use of eq. (13). Below, we shall present a constructive method for determining

(2 that is applicable in both the non-degenerate and the degenerate cases.

Eq. (13) can be rewritten as MQ = Q*Mp, where the columns of €2 are orthonormal. If

we denote the kth column of €2 by v, then,
Mo, = myoy,, (15)

where the m,, are the singular values and the vectors v, are normalized to have unit norm.
Following Ref. [8], the vy are called the Takagi vectors of the complex symmetric n X n
matrix M. The Takagi vectors corresponding to non—degenerate non—zero [zero| singular
values are unique up to an overall sign [phase]. Any orthogonal [unitary]| linear combination
of Takagi vectors corresponding to a set of degenerate non-zero [zero| singular values is
also a Takagi vector corresponding to the same singular value. Using these results, one can
determine the degree of non—uniqueness of the matrix €. For definiteness, we fix an ordering
of the diagonal elements of Mp.? If the singular values of M are distinct, then the matrix
Q) is uniquely determined up to multiplication by a diagonal matrix whose entries are either
+1 (i.e., a diagonal orthogonal matrix). If there are degeneracies corresponding to non—zero
singular values, then within the degenerate subspace, {2 is unique up to multiplication on
the right by an arbitrary orthogonal matrix. Finally, in the subspace corresponding to zero

singular values, {2 is unique up to multiplication on the right by an arbitrary unitary matrix.

Proof of the Takagi diagonalization. To prove the existence of the Takagi diagonal-
ization of a complex symmetric matrix, it is sufficient to provide an algorithm for constructing
the orthonormal Takagi vectors v, that make up the columns of Q.1 This is achieved by
rewriting the n x n complex matrix equation Mv = mv* [with m real and non-negative| as

a 2n x 2n real matrix equation [6]:'!

Rew ReM —ImM Rew Rew
My =m , where m > 0. (16)
Imo —ImM —ReM Imo Imo

9Permuting the order of the singular values is equivalent to permuting the order of the columns of .
10An alternative algorithm for performing the Takagi diagonaization is given in Appendix A.
LA similar method of proof is outlined in Ref. [2], section 4.4, problem 2 (on pp. 212-213) and section 4.6,

problem 15 (on p. 254).




: _ T : — Re M —ImMY ; : i 12
Since M = M", the 2n x 2n matrix M, = (_ImM _RCM) is a real symmetric matrix.

In particular, M is diagonalizable by a real orthogonal similarity transformation, and its
eigenvalues are real. Moreover, if m is an eigenvalue of M, with eigenvector (Rev, Imwv),
then —m is an eigenvalue of M, with (orthogonal) eigenvector (—Imwv, Rev). Hence, My,
has an equal number of positive and negative eigenvalues and an even number of zero eigen-
values.’ Thus, eq. (15) has been converted into an ordinary eigenvalue problem for a real
symmetric matrix. Since m > 0, we solve the eigenvalue problem Mju = mu for the real
eigenvectors v = (Rewv, Imwv) corresponding to the non—negative eigenvalues of Mg, which
then yields the complex Takagi vectors, v. It is straightforward to prove that the total num-
ber of linearly independent Takagi vectors is equal to n. Simply note that the orthogonality

of (Revy, Imw;) and (—Imwvy, Rewvy) with (Rewvy, Imuwy) implies that UIU2 =0.

Thus, we have derived a constructive method for obtaining the Takagi vectors vy. If there
are degeneracies, one can always choose the v, in the degenerate subspace to be orthonormal.
The Takagi vectors then make up the columns of the matrix Q in eq. (13). A numerical
package for performing the Takagi diagonalization of a complex symmetric matrix is given

in ref. [7] (see also ref. [8, 9] for previous numerical approaches to Takagi diagonalization).

4 Relation between Takagi diagonalization and the sin-

gular value decomposition

The Takagi diagonalization is a special case of the singular value decomposition. If the
complex matrix M in eq. (5) is symmetric, M = MT, then the Takagi diagonalization
corresponds to 2 = L = R. In this case, the right and left singular vectors coincide (v, = wy)
and are identified with the Takagi vectors defined in eq. (15). However as previously noted,
the matrix Q cannot be determined from eq. (14) in cases where there is a degeneracy among

the singular values.!?

12The 2n x 2n matrix M, is a real representation of the n X n complex matrix M.
13Note that (—Imwv, Rewv) corresponds to replacing vy in eq. (15) by iv,. However, for m < 0 these

solutions are not relevant for Takagi diagonalization (where the my, are by definition non—negative). The case

of m = 0 is considered in footnote 14.
MFor m = 0, the corresponding vectors (Rev, Imv) and (—Imwv, Rev) are two linearly independent

eigenvectors of Mp; but these yield only one independent Takagi vector v (since v and iv are linearly

dependent).
15This is in contrast to the singular value decomposition, where R can be determined from eq. (10) modulo

right multiplication by a [diagonal] unitary matrix in the [non-]degenerate subspace and L is then determined

by eq. (11) modulo multiplication on the right by eq. (12).



) [with

0m
m 0
m assumed real and positive] can be obtained by choosing R = (§¢) and L = (9}), in

For example, one possible singular value decomposition of the matrix M = (

which case LTMR = (’g} 7?1) = Mp. Of course, this is not a Takagi diagonalization because
L # R. Since R is only defined modulo the multiplication on the right by an arbitrary 2 x 2
unitary matrix O, then at least one singular value decomposition exists that is also a Takagi
diagonalization. For the example under consideration, it is not difficult to deduce the Takagi

diagonalization: QTMQ = Mp, where

1 (1
Q:%<1 _Z_>O, (17)

and O is any 2 x 2 orthogonal matrix.

Since the Takagi diagonalization is a special case of the singular value decomposition, it
seems plausible that one can prove the former from the latter. This turns out to be correct;
for completeness, we provide the proof below. Our second proof depends on the following

lemma:

Lemma: For any symmetric unitary matrix V', there exists a unitary matrix U such that
V=U"U.

Proof of the Lemma: For any n xn unitary matrix V', there exists an hermitian matrix
H such that V = exp (iH) (this is the polar decomposition of V). If V.= VT then H = HT =
H* (since H is hermitian); therefore H is real symmetric. But, any real symmetric matrix can
be diagonalized by an orthogonal transformation. It follows that V' can also be diagonalized
by an orthogonal transformation. Since the eigenvalues of any unitary matrix are pure phases,
there exists a real orthogonal matrix Q such that QTVQ = diag (1, €%, ... | e). Thus,
the unitary matrix,
U = diag (/2 e%2/2 . /2 QT (18)

satisfies V = UTU and the lemma is proved. Note that U is unique modulo multiplication

on the left by an arbitrary real orthogonal matrix.

Second Proof of the Takagi diagonalization. Starting from the singular value de-
composition of M, there exist unitary matrices L and R such that M = L*MpR', where Mp
is the diagonal matrix of singular values. Since M = MT = R*MpL', we have two different
singular value decompositions for M. However, as noted below eq. (10), R is unique modulo
multiplication on the right by an arbitrary [diagonal] unitary matrix, V', within the |[non-

|degenerate subspace. Thus, it follows that a [diagonal] unitary matrix V' exists such that



L = RV. Moreover, V = VT. This is manifestly true within the non-degenerate subspace
where V' is diagonal. Within the degenerate subspace, Mp is proportional to the identity
matrix so that L*RT = R*L!. Inserting L = RV then yields VT = V. Using the Lemma

proved above, there exists a unitary matrix U such that V = UTU. That is,
L=RU'U, (19)

for some unitary matrix U. Moreover, it is now straightforward to show that
MpU* = U*Mp, . (20)

To see this, note that within the degenerate subspace, eq. (20) is trivially true since Mp is
proportional to the identity matrix. Within the non-degenerate subspace V' is diagonal; hence
we may choose U = UT = V2 so that eq. (20) is true since diagonal matrices commute.

Using egs. (19) and (20), we can write the singular value decomposition of M as follows
M = L*MpR" = R*UTU*MpR' = (RUT)*MpU*R" = Q*MpQ' (21)

where Q = RUT is a unitary matrix. Thus the existence of the Takagi diagonalization of an

arbitrary complex symmetric matrix [eq. (13)] is once again proved.

5 Singular value decomposition of a 2 X 2 complex ma-
trix

The singular value decomposition of a general 2 x 2 complex matrix can be performed fully
analytically. The result is more involved than the standard diagonalization of a 2 x2 hermitian

matrix by a single unitary matrix. Let us consider the complex matrix:

we(21). @

where either ¢ or ¢ is non-vanishing. In general we can parameterize two 2 x 2 unitary matrices

L and R in Eq. (5) by

0 9L sin @ —iar 0
L=up = U oTERI) e o (23)
—e L gind, cos 0z, 0 e L

0 5 sin 6 e
R:URPR: ( COSUR & SInUvRr ) ( & ) ’ (24)

—e ®rginfyp  cosfp 0 e
where 0 < 0 r <7/2,0< ¢rr <2rand 0 < ap g, Br.r < 27. However, as only the sums
ar, + ar and (1, + Br are fixed, there is a freedom to set ay = ag = a and B, = fr =

without loss of generality.



If two singular values m;» of the matrix M is non-degenerate, then one can determine
them by taking the positive square root of the non-negative eigenvalues, miQ, of the hermitian
matrix MTM:

1 _ - -
miy = 5 |l + (b2 + el + |2 F /(TaPP = [OP + [ = [eP)? + dlac” + b'eP
1 ~ - =
= 3 [lal2 + (6% + [ef? + [e* F v/ (Jal? + [ + |2 + [¢]2)? — 4]ab — CClz} (25)
with 0 < my < my by definition. Two eigenvalues become identical only when |a| = [b], |¢| =

|¢| and ac* 4 b*¢ = 0 are satisfied, and the smaller one is vanishing when detM = ab—c¢ = 0.

Explicitly performing the diagonalization of MM by R and M*M? by L enables us to

compute the rotation angles, 61 r, and the phases, e*%.%:

A b2_ 2:|: =2 2 A_b2 2 ~2:|: 2
O L A NP S U R T

with A = [(|af? + |b]2 + |c|2 + &%) — 4|ab — ¢¢|?]"/?, which is identical to the difference m, —
my, and
0 — 7@*? *bc and PR — 7&*0 il bé* : (27)
la*¢ + be| la*c + bex|

The final step of the computation is to determine the angles « and 3, inserting Eqs. (26) and
(27) into Eq. (5), we end up with:

1
o = carga(A+ b — ) — a(|ef + |of?) — 26°ed]

1
B = 5 arg [b(A + 1612 — |a|*) + b(|c|* + &) + 2@*05] ) (28)

As pointed out before, the smaller singular value m; is vanishing for detM = 0. In this case,

the angle « is undefined while all the other angles are uniquely determined.

We end this subsection by treating the case of degenerate (non-zero) singular values,
which arises when |a| = |b], |c| = |¢| and ac® = —b*¢. Reexpressing b in terms of a,c and ¢,

one can cast the mass matrix in the form:
|a| e |c| et
M = , .

¢i%a/2 0 |al || eita/2 0
| | . (29
0 6Z(¢E_¢a/2) |C| _|a| 0 el(¢c—¢a/2)

The two 2 x 2 diagonal phase matrices in Eq. (29) can be absorbed by redefining the unitary
matrices Uy = diag(e™%e/2 e7#%=%4/2)) O and Uy = diag(e "¢/, e7#¢=%/2)) O in terms

10



of an orthogonal matrix O. This orthogonal matrix O, along with a diagonal phase matrix
P, = Pgr = P = diag(i, 1), leads to the diagonalization of the remaining real and symmetric

matrix as

My = PTOT< fal el )()P
e[ —lal
B i 0 cosf —sind la] || cosf sind i 0 (30)
01 sinff  cosé le| —|al —sinf cosf 01

with the degenerate singular value m = y/|a|? 4 |c|? and the rotation angle 6 of the orthogonal
matrix O satisfying
1-— 1
Vizld/m g sing = VT la/m (31)
V2 V2

We note that in this degenerate case the unitary matrices L and R can be multiplied by any

cosf =

orthogonal matrix to the right while preserving the relation (30).

6 Takagi diagonalization of a 2 X 2 complex symmetric

matrix

The Takagi diagonalization of a 2 x 2 complex symmetric matrix can be performed analyt-
ically.! The result is somewhat more complicated than the standard diagonalization of a
2 x 2 hermitian matrix by a unitary similarity transformation. Nevertheless, the correspond-
ing analytic formulae for the Takagi diagonalization will prove useful in Appendix C in the

treatment of nearly degenerate states. Consider the complex symmetric matrix:

(7). .

where ¢ # 0 and, without loss of generality, |a| < [b]. We parameterize the 2 x 2 unitary
matrix U in Eq. (13) by [10]:

cosf €' sin 0 et
U=VP = , . (33)
—e ®ginf  cosf 0 eih

where 0 <0 < 7/2and 0 < o, 3, ¢ < 2m. However, we may restrict the angular parameter

space further. Since the normalized Takagi vectors are unique up to an overall sign if the

16The main results of this subsection have been obtained, e.g., in Ref. [7]. Nevertheless, we provide some

of the details here, which include minor improvements over the results previously obtained.

11



7

corresponding singular values are non—degenerate and non-zero,'” one may restrict o and 3

to the range 0 < o, f < 7 without loss of generality. Finally, we may restrict § to the range
0 < 6 < m/4. This range corresponds to one of two possible orderings of the singular values

in the diagonal matrix Mp.

Using the transformation (33), we can rewrite eq. (13) as follows:
0
R RV , (34)
c b 0 09

o1 = my e, and oy = my 2P (35)

where

with real and non—negative my. Multiplying out the matrices in Eq. (34) yields:

o1 = a—ce Uty =be % — ce‘i¢t9_1 , (36)

gy = b+cey =ae? + cei‘z’t@_l ) (37)

where tp = tanf. Using either Eq. (36) or (37), one immediately obtains a simple equation
for tan 20 = 2(t,' — t5)~:

2c

Since tan 26 is real, it follows that bc* e~ — ac* €' is real and must be equal to its complex

conjugate. The resulting equation can be solved for e%¢:
, bc* +a*c

= 39

b*c 4+ ac*’ (39)

or equivalently

i b ta'c

S 40
|bc* + a*c| (40)

The (positive) choice of sign in Eq. (40) follows from the fact that tan2 > 0 (since by
assumption, 0 < § < 7/4), which implies 0 < ¢*(be™ — ae'®) = |¢|*(|b]* — |a]?) after

inserting the results of Eq. (40). Since |b| > |a| by assumption, the asserted inequality holds

as required.

7In the case of a zero singular value or a pair of degenerate of singular values, there is more freedom in
defining the Takagi vectors as discussed below Eq. (15). These cases will be treated separately at the end of

this subsection.

12



Inserting the result for e back into Eq. (38) yields:

2|bc* + a*c|

One can compute tan @ in terms of tan 20 for 0 < 0 < 7 /4:
1
tanf = [\/ 1+ tan?20 — 1]
tan 26
o = P + /TPE o A+ P "
B 2|bc* + a*c| ’
2 b * *
B |bc* + a*c| (13)

B2 = lal* + /(b2 — [a]?)? + 4Jbc* + a*c]?

Starting from Egs. (36) and (37), it is now straightforward, using Eqs. (40) and (42), to

compute the squared magnitudes of oy:

1
mi = Jonl? = 3 [lal? + o] + 2lef? F /(P = [aP)? +4loc” +acP] | (44)

with |o1| < |og|. This ordering of the |oy| is governed by the convention that 0 < 6 < 7/4
(the opposite ordering would occur for 7/4 < 6§ < 7w/2). Indeed, one can check explicitly that
the |o4|? are the eigenvalues of MTM, which provides the more direct way of computing the

singular values.

The final step of the computation is the determination of the angles o and g from Eq. (35).
Inserting Eqgs. (40) and (43) into Egs. (36) and (37), we end up with:

= garg{a(|p]? — o1 ") = b*?}, (45)
= Larg{b(|oa|* — |a|*) + a**}. (46)

If det M = ab— ¢* =0 (with M # 0) , then there is one singular value which is equal to
zero. In this case, it is easy to verify that oy = 0 and |oy|? = Tr (MTM) = |a|? + |b]® + 2|c|?.
All the results obtained above remain valid, except that « is undefined [since in this case, the
argument of arg in Eq. (45) vanishes]. This corresponds to the fact that for a zero singular
value, the corresponding (normalized) Takagi vector is only unique up to an overall arbitrary

phase [cf. footnote 17].

We provide one illuminating example of the above results. Consider the complex sym-

1
M:(i_l). (47)

metric matrix:



The eigenvalues of M are degenerate and equal to zero. However, there is only one linearly
independent eigenvector, which is proportional to (1, 4). Thus, M cannot be diagonalized
by a similarity transformation [2]. In contrast, all complex symmetric matrices are Takagi-
diagonalizable. The singular values of M are 0 and 2 (since these are the non—negative square
roots of the eigenvalues of MTM), which are not degenerate. Thus, all the formulae derived
above apply in this case. One quickly determines that § = /4, ¢ = 7/2, f = 7/2 and «
is indeterminate (so one is free to choose @ = 0). The resulting Takagi diagonalization is
UTMU = diag(0, 2) with:

(1 10 1 (11
UZE(z’ 1)(0 —z‘)zﬁ(z‘—z‘)’ (48)

This example clearly indicates the distinction between the (absolute values of the) eigenvalues
of M and its singular values. It also exhibits the fact that one cannot always perform
a Takagi diagonalization by using the standard techniques for computing eigenvalues and

eigenvectors.'®

We end this subsection by treating the case of degenerate (non-zero) singular values,
which arises when bc* = —a*c. Special considerations are required since not all the formulae
derived above are applicable to this case [cf. footnote 17]. The condition be* = —a*c implies
that |a| = |b], so that |o1]* = |o2|> = [b]* + |c|*. After noting that a/c = —b*/c*, Eq. (38)
then yields:

tan 20 = [Re (b/c) cs + Im (b/c) sy, (49)

where ¢, = cos¢ and sy = sin¢. The reality of tan2¢ imposes no constraint on ¢; hence,
¢ is indeterminate [a fact that is suggested by Eq. (40)]. The same conclusion also follows
immediately from Eq. (13). Namely, if Mp = mlyyo, then (UO)TM(UO) = OTMpO = Mp
for any real orthogonal matrix O. In particular, ¢ simply represents the freedom to choose
O [see, e.g., Eq. (54)]. Since ¢ is indeterminate, Eq. (49) implies that 6 is indeterminate as
well. In practice, it is often simplest to choose a convenient value, say ¢ = 0, which would
then fix 6 such that tan 20 = [Re (b/c)]~!. For pedagogical reasons, we shall keep ¢ as a free

parameter below.

Naively, it appears that a and [ are also indeterminates. After all, the arguments of

arg in both Egs. (45) and (46) vanish in the degenerate limit. However, this is not a correct

8For real symmetric matrices M, one can always find a real orthogonal V such that VT MV is diagonal. In
this case the Takagi diagonalization is achieved by U = V P, where P is a diagonal matrix whose kk element
is 1 [4] if the corresponding eigenvalue my, is positive (negative). Of course, this procedure fails for complex

symmetric matrices [such as M in Eq. (47)] that are not diagonalizable.
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conclusion, as the derivation of Eqgs. (45) and (46) involves a division by |bc* + a*c|, which
vanishes in the degenerate limit. Thus, to determine a and S in the degenerate case, one
must return to Eqgs. (36) and (37). A straightforward calculation [which uses Eq. (49)] yields:

09 o]
S 50
2_ % (50)
which implies
oz—l—ﬁzargc:tz. (51)

2

Note that separately, a and S depend on the choice of ¢ (although ¢ drops out in the sum).
Explicitly, we have

0 = —cei® {\/1 + [C¢Re (b/c) + s4Im (b/c)}2 —l—i[s¢ Re (b/c) — ¢y Im (b/C)}} . (52)

oy = ce” {\/1 + [y Re (b/c) + sy Im (b/cﬂ2 —i[ssRe (b/c) — cpIm (b/c)}} . (53)

One easily verifies that Eq. (50) is satisfied. Moreover, using Eq. (35), a and  are now

separately determined.

We illustrate the above results with the classic case of M = (). In this case MTM =
19y2, so U cannot be deduced by diagonalizing MTM. Setting a = b =0 and ¢ = 1 in the
above formulae, it follows that § = 7/4, 01 = —e~* and 0y = €, which yields a = —(¢=47)/2
and § = ¢/2. Thus, Eq. (33) yields:

oo L L +ie'? 0 R = e
V2 =1 0 e | 2\ Fiei0l2 emiol

1 i1 +cos(¢/2)  sin(¢/2)
V2 < —i 1) <:Fsin(¢>/2) cos(6/2) ) ’ (54

which illustrates explicitly that in the degenerate case, U is unique only up to multiplication

on the right by an arbitrary orthogonal matrix.
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Appendix A: Takagi diagonalization revisited

In order to perform the Takagi diagonalization of a complex symmetric matrix M, one must

construct the unitary matrix €2 such that:
QM Q = Mp = diag(my, ma, ..., m,), (A.1)

where the my, are real and non-negative. In this appendix, we provide an alternate algorithm
for constructing €2. Equivalently, we seek a method for determining the orthonormal singular
vectors vy [eq. (15)] that make up the columns of Q2. The algorithm depends on the following

lemma:

Lemma 1: Consider the eigenvalue problem MMy = m?y, where y is an eigenvector
normalized to unity corresponding to the eigenvalue m?2. Let m be the positive square root
of m2. Then, the vector

u= M"Yy +my (A.2)

satisfies:
Mu = mu”*. (A.3)

Proof of Lemma 1: Noting that a symmetric matrix satisfies MT = M*, and
M My = M*My = m?y, (A.4)
eq. (A.3) follows after multiplying eq. (A.2) on the left by M.

Algorithm for Takagi diagonalization: Consider one of the solutions to the eigenvalue
problem MMy, = m?2y;, where y; is normalized to unity. Using Lemma 1, is is easy to

construct the corresponding solution to
Muvy = myoy, (A.5)

where m; is the positive square root of m? and v; is normalized to unity.!® One can then
construct n — 1 orthonormal vectors sy, s, ..., S,_1, each of which is orthogonal to w;.

Define the unitary matrix V; whose columns are given by:
‘/1:(’111,81,82,...,$n_1). (A6)

Using eq. (A.5) and the fact that M is symmetric, it is straightforward to compute:

my ! 0
T o
Vi MV, = | , (A.7)
0 M2
9Tf u; = 0, then My; = —my*, and we choose v; = iy;. If u; # 0, then we choose v1 = uy /| u1]].
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where the boldface zero above (below) the horizontal dashed line represents n — 1 columns
(rows) of zeros and M, is a symmetric (n — 1) x (n — 1) matrix whose matrix elements are
given by

(My);; = s; Ms; . (A.8)

Thus, we next consider one of the solutions to the eigenvalue problem M2T Myzy = m3zy, where

29 18 normalized to unity. Using Lemma 1, we again construct the corresponding solution to
Mawy = mawy , (A.9)

where my is the positive square root of m3 and wy is normalized to unity. One can then
construct n — 2 orthonormal vectors t;, to, ..., t,_2, each of which is orthogonal to ws.

Define the n x n unitary matrix V5 by:

1 0 0 e 0
0 (w2 (t1)1 s (ta2h

‘/2 = 0 (w2)2 (tl)g s (tn_g)g . (AlO)
0 (wa)p-1 (t1)n—1 -+ (tn—2)n-1

The columns of the matrix product Vi V5, are given by:

n—1 n—1
Vl‘/g = <1)1, V2 , Z(tl)kslm cee Z(tn—Z)k5k> s (A.ll)

k=1 k=1
where 1
vy =Y (wn)sk - (A.12)
k=1

Using eq. (A.9) and the fact that M, is symmetric, it is straightforward to compute:

mq 0O o0
(ViVe) " M(ViVp) = [ 0 map O (A.13)
0 0 M

where the boldface zeros above (below) the horizontal dashed line represent n — 2 columns
(rows) of zeros and Mj is a symmetric (n — 2) x (n — 2) matrix whose matrix elements are
given by

(Mz);; = t] Myt; . (A.14)

Indeed, eq. (A.13) implies that:
Muvy = myvs . (A.15)
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Iterating the above procedure produces n unitary matrices V7, Vo, ..., V,, such that
VIMV = diag (my, mg, ..., my) , (A.16)

where V' = Vi V5 -+ -V, and the m; are the singular values of M. Thus, we have established
the Takagi diagonalization of an arbitrary complex symmetric matrix M. Indeed, the above
procedure succeeds even if some of the singular values are zero and/or degenerate.

Note that singular vectors corresponding to two unequal singular values are orthogonal,

since any symmetric matrix M satisfies:
(M™% |og) = (vj|[Muy) . (A.17)

Using eq. (15), it follows that (vj|vg) = 0 for m; # my,. The singular vectors corresponding
to non-degenerate singular values are unique up to multiplication by an overall sign. This
corresponds precisely to the multiplication of {2 on the right by an arbitrary diagonal orthog-

onal matrix (within the non-degenerate subspace).

Application: As a simple example, consider M = ((1) (1)) If we apply the above procedure
to compute the Takagi factorization of M, we may choose y; = ((1)) Computing u; using
eq. (A.2) and normalizing it yields v; = % ( i) Choosing the vector orthogonal to v; to be

s1 = (_i) determines the matrix V4, and the final step of the iteration yields V5:

1 (11 10
Vl:ﬁ(l —1)’ V2:<0 z) (A-18)

Hence, V' = V1 V5, which is unique up to multiplication on the right by an arbitrary 2 x 2
orthogonal matrix O. We conclude that QTMQ = I,, where Q = VO, which reproduces the
result of eq. (17).

If the singular values of M are non-degenerate, then the Takagi factorization of M is
particularly simple. In particular, if MMy = m?y, where m? is a non-degenerate eigenvalue
of MTM, then

My = ay*, (A.19)

for some complex number «. That is, My and y* are linearly dependent. To prove this, we
examine u defined in eq. (A.2). If w = 0, then My = —my* (i.e, « = —m). If u # 0, then
multiplying eq. (A.3) on the left by M yields MTMu = m?u. It then follows that u = By
for some non-zero complex number 3. Inserting this result back into eq. (A.2), one obtains
eq. (A.19) with a = * —m. From eq. (A.19), it follows that:

m?y = MMy = M*My = |a|?y. (A.20)
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Hence, we can write: o = me® with m real and non-negative, which implies that v = e

—i€/2y

is a singular vector (normalized to unity) that satisfies eq. (15). Thus, in the non-degenerate

case, the columns of €2 consist of the eigenvectors of MM, normalized to unity with overall

phases chosen such that the singular values are non-negative.
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