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Exterior Algebras

Construct an oriented geometric extent of any dim 1 < k < n:
Exterior product e;Nej=—ejNe;

Vector Oriented length (a = a;e; € R™)

Bivector Oriented area (aAb = a;bje; Nej € AR")
k-vector Oriented k-volume (e Aey A--- Aep € AV 1R?)

A vector space of dimension n equipped with the exterior product
generates an exterior algebra of dimension 2.

AR =Re&R"® AR"® AN’R"@®--- o NI R”

Volume element is an n-vector: dV = dz! Ada? A --- Ada”
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Clifford Algebras

Let V' be equipped with a symmetric inner product of the form
a-b=1(Q(a+b)—Q(a)— Q(b)) for some quadratic form Q.

Clifford product ab=a-b+aAb

Such an inner product space over a field K equipped with the
Clifford product generates a Clifford algebra C',,(K), which. ..

...is an exterior product space: C¥,(K) — @I A"V
...is a composition algebra: |ab|? = abba = |a|?|b|?
... has a set of privileged orthonormal bases

e;e; — Q(ei)l €;e; = —€,5€; ’ ) #]

Hodge dual: xa=al] ,e; (k<> n—k, cross product in 3D)
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Geometric Algebras: C'l3(R) and C/5(R)

A Clifford algebra over R" is called a geometric algebra.

Generic element of CZQ(R): a=ag+ a101 + ax092 + a120103

1 ‘ o1 09 0102
o1 1 0109 09
g9 —0109 1 —01

0102 —09 o1 —1

Cls (R) : {1,0102} — C Cl3 (R) : {1,0102,0003,0301} — H
Pauli matrices provide reps of Cla(R), Cl3(R): oo’ + it = 269

(01 (0 i /10
91=1{1 0/ 27\i o) 7 \o 41
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C'?3(R) in the Schrodinger-Pauli Equation

0 TR
za—f = %w + epyp = %(—iv —eA)%) + edtp

Dot product is not algebraic; “throws away geometric information.”
Promote vectors V and A to elements of C/3(R): V — @ = 0"0;.

oy 1

Grri %(—i@ —ef)* + edy)

Non-commuting components = non-vanishing exterior product

(i) + eA) - (i) + eA) = —V? +ie(§- A+ A-V) + ?A>
(i) + eA) A (i@ + eA) = —ec*(8;A;)op = —eB

Scalar fields: Swap j = 0 irrep of su(2): & — (0, 0, 0), o2 = 1.
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Spinors

Stereographic projection from the unit sphere:
C=x+iy=o/in Y1) + a5 =1

By (L0 ety
A ol 75y A R

T =1y +hive Yy = i1y +ibe) 2 = P — oty

Spinors (11,1)2) are elements of a complex projective space CP".
Projections Yigy = Troppld = @- €, for some &.

Transformation 751 transforms with SO(3). ¢ transforms with
Spin(3) = SU(2), the double cover of SO(3).
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Spin Groups

A spin group is a double cover of the corresponding SO(p, q).

Lie Group  Spin(p,q) = {s € Cl,,(R) | sTs =1, 55 = 1}

Lie Algebra Subspace of bivectors: S¥ = 1[o?, ¢/] =15 Ao
[S%, Sk = Gityik 1 Gikyit _ Gikpit _ Gityik

Rotations RPTY — RPT?: x — x/ = sx35

Spin(3) = SU(2)
Spin(4) 2 SU(2) ® SU(2) ‘.
Spin(1, 3) = SL(2,C)

Ross Greenwood Universities of California, Santa Cruz

Clifford Algebras in Physics



Algebra of Physical Space

To+x3 X1 — iZE2>

" = (1,+0) otr, =xg+2-=
K T1 + 1Ty To — T3

ot =(1,-0)
Lorentz Transformations SO(1,3) — Spin(1,3) = SL(2,C)
XTa“x“X — xtexp (—%w,ﬂ,S’“’) otz exp (%w,ﬂ,S’“’) X
Lie Algebra Subspace of biparavectors: S* = 1 (o/5"),,
S0 — —%ai =K' S = —%eijkak = el-ijk

Factorize (massless) K-G equation: 0"0,x =0 = o*J,x =0
Inequivalent representations o* and 5#: (1,0) and (0, 3)
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Spacetime algebra C'?; 3(C) and the Dirac Equation

—h20" 0 = m Y — iyt = i = map
Mass occupies scalar term; time becomes a vector component 7.

To mix positive and negative frequencies, we need (%,0) S5 (0 1).

’2

0 101 Q 0901 109 Q 0201 103 X 0207

SW,_} 101 ® 0109 0 —0109 ® Iy _UIU3®IZ

4 |ioco ® o109 —0901 ® Is 0 —0903 ® I
103 ® 0102 —0301 @Iy —0203R > 0

1 .
SWE§’7“/\7V — V' =hLoo, Y =in®o

Yo+ 9yt =2 I @ I
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