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Exterior Algebras

Construct an oriented geometric extent of any dim 1 ≤ k ≤ n:

Exterior product ei ∧ ej = −ej ∧ ei

Vector Oriented length (a = ai ei ∈ Rn)

Bivector Oriented area (a ∧ b = aibj ei ∧ ej ∈
∧
Rn)

k-vector Oriented k-volume (e1 ∧ e2 ∧ · · · ∧ ek ∈
∧k−1Rn)

A vector space of dimension n equipped with the exterior product
generates an exterior algebra of dimension 2n.

Λ(Rn) = R⊕ Rn ⊕
∧
Rn ⊕

∧2Rn ⊕ · · · ⊕
∧n−1Rn

Volume element is an n-vector: dV = dx1 ∧ dx2 ∧ · · · ∧ dxn
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Clifford Algebras

Let V be equipped with a symmetric inner product of the form
a · b = 1

2 (Q(a + b)−Q(a)−Q(b)) for some quadratic form Q.

Clifford product ab = a · b + a ∧ b

Such an inner product space over a field K equipped with the
Clifford product generates a Clifford algebra C`n(K), which. . .

. . . is an exterior product space: C`n(K)→
⊕n

i=0

∧i V

. . . is a composition algebra: |ab|2 = abb̄ā = |a|2|b|2

. . . has a set of privileged orthonormal bases

eiei = Q(ei)1 eiej = −ejei | i 6= j

Hodge dual: ?a = a
∏n
i=1 ei (k ↔ n− k, cross product in 3D)
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Geometric Algebras: C`2(R) and C`3(R)
A Clifford algebra over Rn is called a geometric algebra.

Generic element of C`2(R): a = a0 + a1σ1 + a2σ2 + a12σ1σ2

1 σ1 σ2 σ1σ2
σ1 1 σ1σ2 σ2
σ2 −σ1σ2 1 −σ1
σ1σ2 −σ2 σ1 −1

C`+2 (R) : {1, σ1σ2} 7→ C C`+3 (R) : {1, σ1σ2, σ2σ3, σ3σ1} 7→ H

Pauli matrices provide reps of C`2(R), C`3(R): σiσj +σjσi = 2δij

σ1 =

(
0 1
1 0

)
σ2 =

(
0 −i
i 0

)
σ3 =

(
1 0
0 −1

)
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C`3(R) in the Schrodinger-Pauli Equation

i
∂ψ

∂t
=
π̂ · π̂
2m

ψ + eφψ =
1

2m
(−i∇− eA)2ψ + eφψ

Dot product is not algebraic; “throws away geometric information.”
Promote vectors ∇ and A to elements of C`3(R): ∇ → /∂ = σi∂i.

i
∂ψ

∂t
=

1

2m
(−i/∂ − e/A)2ψ + eφψ

Non-commuting components =⇒ non-vanishing exterior product

(i/∂ + eA) · (i/∂ + eA) = −∇2 + ie(/∂ ·A + A · ∇) + e2A2

(i/∂ + eA) ∧ (i/∂ + eA) = −eεijk(∂iAj)σk = −e /B

Scalar fields: Swap j = 0 irrep of su(2): ~σ → (0, 0, 0), σ2i = 1.
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Spinors

Stereographic projection from the unit sphere:

ζ = x+ iy ≡ ψ2/ψ1 ψ1ψ
∗
1 + ψ2ψ

∗
2 = 1

ψ′2
ψ′1

= (1+ iθ)
ψ2

ψ1
=

(1 + iθ/2)ψ2

(1− iθ/2)ψ1
→ e+iθ/2 ψ2

e−iθ/2 ψ1

x = ψ1ψ
∗
2 + ψ∗1ψ2 y = i(ψ1ψ

∗
2 + ψ∗1ψ2) z = ψ1ψ

∗
1 − ψ2ψ

∗
2

Spinors (ψ1, ψ2) are elements of a complex projective space CPn.

Projections ψ†/aψ = Trψψ†/a = ~a · ξ̂, for some ξ̂.

Transformation ψ†~σψ transforms with SO(3). ψ transforms with
Spin(3) ∼= SU(2), the double cover of SO(3).
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Spin Groups

A spin group is a double cover of the corresponding SO(p, q).

Lie Group Spin(p, q) = {s ∈ C`p,q(R) | s†s = 1, s̄s = 1}
Lie Algebra Subspace of bivectors: Sij = 1

4 [σi, σj ] = 1
2 σ

i ∧ σj

[Sij , Sk`] = Si`ηjk + Sjkηi` − Sikηj` − Sj`ηik

Rotations Rp+q → Rp+q : x→ x′ = sxs̄

Spin(3) ∼= SU(2)

Spin(4) ∼= SU(2)⊗ SU(2)

Spin(1, 3) ∼= SL(2,C)
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Algebra of Physical Space

σµ ≡ (1,+~σ)
σ̄µ ≡ (1,−~σ)

σµxµ ≡ x0 + ~x · ~σ =

(
x0 + x3 x1 − ix2
x1 + ix2 x0 − x3

)
Lorentz Transformations SO(1, 3) 7→ Spin(1, 3) ∼= SL(2,C)

χ†σµxµχ→ χ† exp
(
− i

2ωµνS
µν
)
σµxµ exp

(
i
2ωµνS

µν
)
χ

Lie Algebra Subspace of biparavectors: Sµν = 1
2 〈σ

µσ̄ν〉V

S0i = −1
2σ

i = Ki Sij = − i
2εijkσ

k = εijkJ
k

Factorize (massless) K-G equation: ∂µ∂µχ = 0 =⇒ σµ∂µχ = 0

Inequivalent representations σµ and σ̄µ:
(
1
2 , 0
)

and
(
0, 12
)
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Spacetime algebra C`1,3(C) and the Dirac Equation

−~2∂µ∂µψ = m2ψ → iγµ∂µψ = i/∂ψ = mψ

Mass occupies scalar term; time becomes a vector component γ0.

To mix positive and negative frequencies, we need
(
1
2 , 0
)
⊕
(
0, 12
)
.

Sµν =
1

4


0 iσ1 ⊗ σ2σ1 iσ2 ⊗ σ2σ1 iσ3 ⊗ σ2σ1

iσ1 ⊗ σ1σ2 0 −σ1σ2 ⊗ I2 −σ1σ3 ⊗ I2
iσ2 ⊗ σ1σ2 −σ2σ1 ⊗ I2 0 −σ2σ3 ⊗ I2
iσ3 ⊗ σ1σ2 −σ3σ1 ⊗ I2 −σ2σ3 ⊗ I2 0


Sµν ≡ 1

2
γµ ∧ γν =⇒ γ0 = I2 ⊗ σ1, γk = iσk ⊗ σ2

γµγν + γνγµ = 2ηµνI2 ⊗ I2
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