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Linear Vector Spaces

i U, U1, V2, €V
ii Field F'
V' is a linear vector space over the field F' given the following

definitions:

e Vector addition (+), Abelian operation such that
Ui—i-ﬁj =17j+171' eV
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Linear Vector Spaces

i 170,171,172,”- ev
ii Field F'
V' is a linear vector space over the field F' given the following
definitions:
e Vector addition (+), Abelian operation such that
Ui—i-ﬁj =17j+171' eV
e Scalar multiplication (-),c€ F,9€V —¢- 7€V
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Introduction and Definitions  Linear Algebras

Linear Algebra

A linear vector space V becomes a linear algebra g if we define the
vector product (x) such that

OﬁiX’t_)'ng

Closure

o Uy X (U; + Uj) = U X U; + Uk X Tj Distributive Property
Other potential properties of the vector product

° U X Uj = Uj X Commutativity

® Ui X Uj = —U; X Uj Anti-commutativity
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A linear vector space g over a field F' where we define the vector
product as a non-associative, alternating bilinear map g x g — g
denoted by the Lie Bracket [.,.] which obeys the Jacobi identity

o [z,[y, ]] [[z,9], 2] x,Y,2 €9 Non-Associative
o [r,z] = rTEY Alternating
o [ar + by, zl=alz,z]+bly,2] a,beF z,y,z€g Bilinearity
o [x,[y,2]] + [z [z, y]] + [y, [2,2]] =0  =,y,z€g  Jacobi Identity
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Lie Algebra

Bi-linearity and Alternativity imply anti-commutativity

[z +y,z+y]=[z,2] + [y, 2] + [z,y] + [y,y] =0
[z,y] + [y,2] =0

e Any Lie group gives rise to a Lie algebra

o Lie’s 3'4 Theorem shows that any finite dimensional Lie algebra
over R or C corresponds uniquely to a connected Lie group up to
covering

o The Lie algebra is often easier to deal with than the Lie Group, so
we can study the group through the associated algebra
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Graded Lie Algebras

A graded Lie algebra is a Lie algebra g endowed with a grading that
respects the Lie bracket.

g=Pa (2)

i€l

[9::85] € 9itj (3)
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a€sl(2)
tr(a) =0
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Graded Algebras Graded Lie Algebras

Graded Lie Algebra Example: sl (2,C)

aEs[()

tr(a) =0

We can write the generators in the Cartan-Weyl basis as X,Y, H
0 1
(1)
0 0
y = ( 00 ) (5)
1 0
=0 h)
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Graded Algebras

Graded Lie Algebra Example: sl (2,C)

Graded Lie Algebras

= (0 0) (1 0)-(V0) (5 0)
:<(1) _01>:H

=0 %) (0 0) (0 0) (o )
:<8 3):2){

m=(a 5)(10)-(10) (o )
:<_02 8)— 2y
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Graded Lie Algebra Example: sl (2,C)

Let g—1 = span (X), go = span (H), g1 = span (Y)

We can then write s[(2) =g_1 © go ® g1
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Graded Lie Algebra Example: su (3)

The Gell-Mann matrices are traceless Hermitian generators of su (3)

[Aas Ao] = 20 fapeAe, wherea,b,c=1,2,3,...,8 (8)
abc fabc abc fabc abc fabc
123 1 345 3 147 3
367 —i 156 -1 458 L3
246 678 ¥ 257 L

Table: Non-zero structure constants! fup. of su (3)

'The fape are antisymmetric under the permutation of any pair of indices.
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010 0 —i 0
M=|100 |, M=|14i 0 0],
000 0 0 0
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)\1: 1 00 s )\2: ] 0 0 s
0 00 0 0 O
1 0 0
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010 0 —i 0
=100, x=[i 0 0],
000 0 0 0
1 0 0 00 1
=0 -10], M=|o000],
0 0 0 100
00 —i
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010 0 —i 0
=10 0|, AQ(i 0o o0 |,
000 0 0 0
1 0 0 00 1
=0 -1 0], /\4(000,
0 0 0 100
00 —i 000 (9)
=00 0 |, )\6(001,
i 0 0 010
00 0
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010 0
M=[10 0 |, Ao=| i
00 0 0

1 0 0 0

=0 -1 0|, M=1[0

0 0 0 1

00 —i 0
=00 0 |, =1|0

i 0 0 0

00 0 1
M=00 —i |, X=+1]0

0 i 0 V8 0
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Graded Lie Algebra Example: su (3)

Defining

T,

DO | =

Aa

(Flk) = 01i0kj — !

y 3 Or10ij

the Gell-Mann matrices can be written in the Cartan-Weyl basis?

2The requires us to complexify the su (3) algebra to sf(3,C)
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the Gell-Mann matrices can be written in the Cartan-Weyl basis?

A\ = F2+ Fy, Ao =—i(FE—Fy),
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[T37F12] = F127

(11)
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21 _ 2 17 1
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Graded Lie Algebra Example: su (3)

(T3, FE| = F2, (T3, Fy| = —F,
[Ts, F] =0, [Ts, F}] =0,
[T37F13]:%F137 [T37F31]:_%F317
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Graded Lie Algebra Example: su (3)

(T3, FE| = F2, (T3, Fy| = —F,

[Ts, F] =0, (T3, F3] =0,

[T3’F13] = %Flg’ [T37F31] = _%Ffﬂl7 (11)
[T&Flg] - §F137
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Graded Lie Algebra Example: su (3)

HEERE
e
w

J. F. Ulbricht
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= F2, (T3, Fy| = —F,
=0, [Ts, F}] =0,
=3F}, (B, Fj] =-1F},
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=—1F}, T3, F3] =3,
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Graded Algebras Graded Lie Algebras

Graded Lie Algebra Example: su (3)

[T, FY] = F, (T3, Fy] = —Fy,
[T5, F2] =0, [Ts, F3] =0,
[T, FY] = 3 1Y, T3, F5] = =3,
(1, Ff] = PF, [T, F] = -0 F,
[T, F3) = =315, [T5, Ff] = 3 F%,
[T87F23] = §F237
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Graded Lie Algebra Example: su (3)

We can write the commutation relations from the previous slide in a
more convenient notation
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Graded Algebras Graded Lie Algebras

Graded Lie Algebra Example: su (3)

We can write the commutation relations from the previous slide in a
more convenient notation

[Ti7 Fa] = aiFa (12)
Where i = 3,8 and F, = {F2, F}, F3, F}, F3, F2}.
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Graded Algebras Graded Lie Algebras

Graded Lie Algebra Example: su (3)

We can write the commutation relations from the previous slide in a
more convenient notation

[Ti7 Fa] = aiFa (12)
Where i = 3,8 and F, = {F2, F}, F3, F}, F3, F2}.

The root vectors «; are (excluding the 0 vectors)

w0 o (18), (8). (19). ()

D=
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Graded Algebras Graded Lie Algebras

Graded Lie Algebra Example: su (3)

We can write the commutation relations from the previous slide in a
more convenient notation

[Ti7 Fa] = aiFa (12)
Where i = 3,8 and F, = {F2, F}, F3, F}, F3, F2}.

The root vectors «; are (excluding the 0 vectors)

9. (49). (

And we can identify the Cartan subalgebra [T5, T3] = 0

(1L,0), (-1,0), (3.%). (- ey

D=
DN~
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Graded Algebras Graded Lie Algebras

Graded Lie Algebra Example: su (3)

We can now see how to decompose sl (3,C) into a graded Lie algebra.

We identify the subalgebras by the root vector (including the 0 vector)
associated with the subvector space.

Cartan Subalgebra

(13)
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We can now see how to decompose sl (3,C) into a graded Lie algebra.

We identify the subalgebras by the root vector (including the 0 vector)
associated with the subvector space.

8(0,0) = span (T3) © span (Tg), Cartan Subalgebra
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Graded Lie Algebra Example: su (3)

We can now see how to decompose sl (3,C) into a graded Lie algebra.

We identify the subalgebras by the root vector (including the 0 vector)
associated with the subvector space.

8(0,0) = span (T3) © span (Tg), Cartan Subalgebra

9(1,0) = span (Ff) )
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Graded Lie Algebra Example: su (3)

We can now see how to decompose sl (3,C) into a graded Lie algebra.

We identify the subalgebras by the root vector (including the 0 vector)
associated with the subvector space.

8(0,0) = span (T3) © span (Tg), Cartan Subalgebra

g(1,0) = span (F) g(-1,0) = span (Fy) ,
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Graded Algebras Graded Lie Algebras

Graded Lie Algebra Example: su (3)

We can now see how to decompose sl (3,C) into a graded Lie algebra.

We identify the subalgebras by the root vector (including the 0 vector)
associated with the subvector space.

8(0,0) = span (T3) © span (Tg), Cartan Subalgebra
g(1,0) = span (F) 9(-1,0) = span (Fy) ,
. 13
9(1 @) :span(Ff), (13)
27 2
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Graded Algebras Graded Lie Algebras

Graded Lie Algebra Example: su (3)

We can now see how to decompose sl (3,C) into a graded Lie algebra.

We identify the subalgebras by the root vector (including the 0 vector)
associated with the subvector space.

8(0,0) = span (T3) © span (Tg), Cartan Subalgebra
g(10) = span (Ff) 9(-1,0) = span (Fy) ,
g<%§) = span (Ff) , g( ) @) = span (F31) , (13)

2
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Graded Algebras Graded Lie Algebras

Graded Lie Algebra Example: su (3)

We can now see how to decompose sl (3,C) into a graded Lie algebra.

We identify the subalgebras by the root vector (including the 0 vector)
associated with the subvector space.

8(0,0) = span (T3) © span (Tg), Cartan Subalgebra
g01,0) = span (Ff), g(-1,0) = span (Fy) ,
g< \/3) = span (Ff) , g( ) @) = span (F31) , (13)

3
9(_
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Graded Algebras Graded Lie Algebras

Graded Lie Algebra Example: su (3)

We can now see how to decompose sl (3,C) into a graded Lie algebra.
We identify the subalgebras by the root vector (including the 0 vector)
associated with the subvector space.

8(0,0) = span (T3) © span (Tg), Cartan Subalgebra
g(1,0) = span (F) g(-1,0) = span (Fy) ,
9(35) = span (£7), 9

9<_

(13)

[N

72

@) = span (F31) ,
2

72

\/g) = span (F23) , g( _@) = span (F32) ,

ol
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Graded Algebras Graded Lie Algebras

Graded Lie Algebra Example: su (3)

Let A be the set that contains the root vectors, e.g. (1,0) € A.
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Graded Lie Algebra Example: su (3)

Let A be the set that contains the root vectors, e.g. (1,0) € A.

The gradation of g = sl (3,C)

g:@ga

a€EA
Respects the Lie bracket [ga, 93] € ga+s
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Graded Lie Algebra Example: su (3)

Let A be the set that contains the root vectors, e.g. (1,0) € A.

The gradation of g = sl (3,C)

g:@ga

a€cA

Respects the Lie bracket [ga, 93] € ga+s
Just a couple to show off...
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Graded Lie Algebra Example: su (3)

Let A be the set that contains the root vectors, e.g. (1,0) € A.

The gradation of g = sl (3,C)

g:@ga

a€cA

Respects the Lie bracket [ga, 93] € ga+s
Just a couple to show off...

[FE, F3| = F},
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Graded Lie Algebra Example: su (3)

Let A be the set that contains the root vectors, e.g. (1,0) € A.

The gradation of g = sl (3,C)

g:@ga

a€cA

Respects the Lie bracket [ga, 93] € ga+s
Just a couple to show off...

1
29

[F2,F5] = F}, [g(l,m,g(
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Graded Lie Algebra Example: su (3)

Let A be the set that contains the root vectors, e.g. (1,0) € A.

The gradation of g = sl (3,C)

g:@ga

a€cA

Respects the Lie bracket [ga, 93] € ga+s
Just a couple to show off...

[F?,F3| = F}, [9(1,0)79<%’¢2§>] - 9<%7¢2§> = span (F})

[, F{] =0,
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Graded Algebras Graded Lie Algebras

Graded Lie Algebra Example: su (3)

Let A be the set that contains the root vectors, e.g. (1,0) € A.

The gradation of g = sl (3,C)

g:@ga

a€cA

Respects the Lie bracket [ga, 93] € ga+s
Just a couple to show off...

[FZ, F3] = F}, [g(m),g<%’3>] C g<%7 3) = span (F})
[FE, F}] =0, [9(1,0)79@7 23)] - 9(%’ 23) =0
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Graded Algebras Graded Lie Algebras

Graded Lie Algebras

In fact, any semisimple Lie algebra can be graded by the roots spaces
of its adjoint representation.
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Graded Lie Algebras

In fact, any semisimple Lie algebra can be graded by the roots spaces
of its adjoint representation.

So grading a Lie algebra is a pretty neat trick that will surely impress

even the most morose individual at the local pub, but what else is it
good for?
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Graded Algebras Graded Lie Algebras

Graded Lie Algebras

In fact, any semisimple Lie algebra can be graded by the roots spaces
of its adjoint representation.

So grading a Lie algebra is a pretty neat trick that will surely impress
even the most morose individual at the local pub, but what else is it
good for?

The Lie algebra is defined by the Lie bracket of its generators (vector
product), which is anti-commutative. In Supersymmetry (SUSY) we
introduce fermionic generators, which are defined using an extension of
the Lie bracket {.,.} which is commutative.
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Graded Algebras Graded Lie Algebras

Graded Lie Algebras

In fact, any semisimple Lie algebra can be graded by the roots spaces
of its adjoint representation.

So grading a Lie algebra is a pretty neat trick that will surely impress
even the most morose individual at the local pub, but what else is it
good for?

The Lie algebra is defined by the Lie bracket of its generators (vector
product), which is anti-commutative. In Supersymmetry (SUSY) we
introduce fermionic generators, which are defined using an extension of
the Lie bracket {.,.} which is commutative.

In order to define a closed SUSY algebra we need to relax the
Alternativity of the Lie bracket, but we still want a subalgebra to be
defined with the regular Lie bracket = Graded Lie Algebra
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Supersymmetry  Lie Superalgebras

Lie Superalgebras

In SUSY we want a space-time symmetry that connects bosonic states
|¢) to fermionic states |¢))
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Lie Superalgebras

In SUSY we want a space-time symmetry that connects bosonic states
|¢) to fermionic states |¢))

Qly) o [¢)  Qlo) o [¢)
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Supersymmetry  Lie Superalgebras

Lie Superalgebras

In SUSY we want a space-time symmetry that connects bosonic states
|¢) to fermionic states |¢))

Qly) o [¢)  Qlo) o [¢)

It is obvious from the above statement that the generators of the
symmetry must be spin—% objects.
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Supersymmetry  Lie Superalgebras

Lie Superalgebras

In SUSY we want a space-time symmetry that connects bosonic states
|¢) to fermionic states |¢))

Qly) o [¢)  Qlo) o [¢)

It is obvious from the above statement that the generators of the
symmetry must be spin—% objects.

Introduce a Lie Superalgebra: A Z, graded algebra g = go @ g1 that
satisfies generalized Lie algebra axioms
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Lie Superalgebras

g=00Dg1
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Lie Superalgebras

g=00Dm
° [z,y] =— (_1)‘90”‘@‘ ly, x| Superskew Symmetry

o (=) a, [y, 2] + (=) [y, [z, 2]) + (=1) W [z, [z, y]] = 0
Super Jacobi Identity
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Lie Superalgebras

g=00Dm
° [z,y] =— (_1)‘90”‘@‘ ly, x| Superskew Symmetry

o (=) a, [y, 2] + (=) [y, [z, 2]) + (=1) W [z, [z, y]] = 0
Super Jacobi Identity

Where x € gg or x € g1 and y € go or y € g; etc...
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Supersymmetry  Lie Superalgebras

Lie Superalgebras

g=00Dg1

° [z,y] =— (_1)‘90”7;‘ ly, x| Superskew Symmetry

o (=) a, [y, 2] + (=) [y, [z, 2]) + (=1) W [z, [z, y]] = 0
Super Jacobi Identity

Where x € gg or x € g1 and y € go or y € g; etc...

And |z, |y|, |z|] € {0,1} is called the degree of x (even or odd)
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Supersymmetry  Lie Superalgebras

Lie Superalgebras

The Super Jacobi Identity on the previous slide can be written in a
more compact form

{z.{y, 2]l £ {y, {z 2] £ {z,{z,y]] = 0 (16)
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Supersymmetry  Lie Superalgebras

Lie Superalgebras

The Super Jacobi Identity on the previous slide can be written in a
more compact form

{z.{y, 2]l £ {y, {z 2] £ {z,{z,y]] = 0 (16)

Where the brackets {,] are either commutators or anticommutators
depending on the degree of z,y, and z. The signs are determined by
the odd elements. If the odd elements are in a cyclic permutation of
the first term, the sign is positive; it not, it is negative.
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Lie Superalgebras

The Super Jacobi Identity on the previous slide can be written in a
more compact form

{z.{y, 2]l £ {y, {z 2] £ {z,{z,y]] = 0 (16)

Where the brackets {,] are either commutators or anticommutators

depending on the degree of z,y, and z. The signs are determined by
the odd elements. If the odd elements are in a cyclic permutation of
the first term, the sign is positive; it not, it is negative.

If x € go, |x| = 0. go is an ordinary Lie algebra, and its elements are
even.
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Supersymmetry  Lie Superalgebras

Lie Superalgebras

The Super Jacobi Identity on the previous slide can be written in a
more compact form

{z.{y, 2]l £ {y, {z 2] £ {z,{z,y]] = 0 (16)

Where the brackets {,] are either commutators or anticommutators
depending on the degree of z,y, and z. The signs are determined by
the odd elements. If the odd elements are in a cyclic permutation of
the first term, the sign is positive; it not, it is negative.

If x € go, |x| = 0. go is an ordinary Lie algebra, and its elements are
even.

If x € g1, || = 1. g1 is a linear representation of gg and there exists a
symmetric go-equivariant linear map {.,.} : g1 X g1 — go
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Supersymmetry Superspace

Superspace

@ Space time coordinates x* are bosonic, i.e. they commute
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Superspace

@ Space time coordinates x* are bosonic, i.e. they commute

[zH, "] = ata” — 2"zt =0 (17)
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Supersymmetry Superspace

Superspace

@ Space time coordinates x* are bosonic, i.e. they commute

[zH, "] = ata” — 2"zt =0 (17)

@ Introduce new fermionic coordinates 8%, 0, that anticommute
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Supersymmetry Superspace

Superspace

@ Space time coordinates x* are bosonic, i.e. they commute

[zH, "] = ata” — 2"zt =0 (17)

@ Introduce new fermionic coordinates 8%, 0, that anticommute

{ea,eﬂ} - {9}1,56} - {ea,éﬁ} ~0 (18)

a,é € {1,2}
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Supersymmetry Superspace

Superspace

@ Space time coordinates x* are bosonic, i.e. they commute

[zH, "] = ata” — 2"zt =0 (17)

@ Introduce new fermionic coordinates 8%, 0, that anticommute

{ea,eﬂ} - {9}1,56} - {ea,éﬁ} ~0 (18)
a,a € {1,2)

@ Fermionic coordinates also commute with bosonic coordinates
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Supersymmetry Superspace

Superspace

@ Space time coordinates x* are bosonic, i.e. they commute

[zH, "] = ata” — 2"zt =0 (17)

@ Introduce new fermionic coordinates 8%, 0, that anticommute

{ea,eﬂ} - {9}1,56} - {ea,éﬁ} ~0 (18)
a,a € {1,2)

@ Fermionic coordinates also commute with bosonic coordinates

[z#,6%] = [2*,04] =0 (19)
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Supersymmetry Superspace

Superspace

e Anticommutation of Grassman-valued coordinates 8¢, 0, gives us
a convenient property
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Supersymmetry Superspace

Superspace

e Anticommutation of Grassman-valued coordinates 8¢, 0, gives us
a convenient property

0°0° = —6°9~
0l = —040a (20)
= (0% = (8a)° =0
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Supersymmetry Superspace

Superspace

e Anticommutation of Grassman-valued coordinates 8¢, 0, gives us
a convenient property

0°0° = —6°9~
0l = —040a (20)

= (092 = (8a)* =0

e This allows us to expand any function f of a Grassman variable 6
as a Taylor series that terminates after linear terms in 6
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Supersymmetry Superspace

Superspace

e Anticommutation of Grassman-valued coordinates 8¢, 0, gives us
a convenient property

0°0° = —6°9~
0af = 6404 (20)
= (0°)* = (04)" =0

e This allows us to expand any function f of a Grassman variable 6
as a Taylor series that terminates after linear terms in 6

£(0) =a+0b (21)
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Supersymmetry Superspace

Superspace

e We also define the invariant antisymmetric matrices €,3 and o
that raise and lower spinor indices
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Supersymmetry Superspace

Superspace

e We also define the invariant antisymmetric matrices €,3 and o

that raise and lower spinor indices

_ B8
0o = €apl
6 — g,
B
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Supersymmetry Superspace

Superspace

e We also define the invariant antisymmetric matrices €,3 and B
that raise and lower spinor indices

Oo = €apt’
go — By,
¢ =¢ 95
@ For the remainder of this presentation I will work with the metric

n= dZCLg (_15 1,1, 1)

(22)
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Supersymmetry Superspace

Superspace

e We also define the invariant antisymmetric matrices €,3 and B
that raise and lower spinor indices

Oo = €apt’

& __ _afp.
0% = ¢ 95

@ For the remainder of this presentation I will work with the metric
n = diag (—1,1,1,1)
e We will also need to pick a basis for our o matrices.

(22)
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Supersymmetry Superspace

Superspace

e We also define the invariant antisymmetric matrices €,3 and o
that raise and lower spinor indices

Oo = €apt’
9% — 4By, (22)
=€ 4

@ For the remainder of this presentation I will work with the metric
n = diag (—1,1,1,1)
e We will also need to pick a basis for our o matrices.

-1 0 0 1
0 _ 1 _
P 5) =)

0 —i 10
2 _ 3
(1) 2= )
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Supersymmetry Superspace

Superspace

Spinors transform under Lorentz transformations as
W, = M, s U =M P,
—1 a B T cy _ * —1.(54 7B
$ =My g = ()7

This implies that the Pauli rnatrices must have mixed spinor indices
(one dotted and one undotted) o/ ., n=0,1,2,3
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Supersymmetry Superspace
Superspace

Spinors transform under Lorentz transformations as

v =M, g B = M50
—1 a B TG w—1 & 73
$ =My g = ()7
This implies that the Pauli rnatrices must have mixed spinor indices
(one dotted and one undotted) o/ ., n=0,1,2,3

The conjugate four-vector for the Pauli matrices is constructed using
the e-tensor .

=poa . af af _p )

o e s
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Supersymmetry Superspace

Superspace

Spinors transform under Lorentz transformations as

v =M, g B = M50
—1 a B TG w—1 & 73
$ =My g = ()7
This implies that the Pauli rnatrices must have mixed spinor indices
(one dotted and one undotted) o/ ., n=0,1,2,3

The conjugate four-vector for the Pauli matrices is constructed using
the e-tensor .

=poa . af af _p )

o e s

And the familiar Dirac y-matrices in the Weyl-basis

0 ot
wo_
*=(0 %)
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Supersymmetry  Supersymmetry Algebras

Supersymmetry Algebras

[P, PY] =
[Mum Byl =
(M, Mo
[PIM aL]
[ MWQ&L}

[ /w’QaL]
{Qa", Qanr}
{@u"Q"} =«

j=

{Qar. Qs

Il Il Il ([
—_ 5
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SUSY Representations

Of particular interest to us are the anticommutation relations

{Q.", Qan} =20, Pusyy
{@. QM) =0
{QaL,QBM} =0
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SUSY Representations

Of particular interest to us are the anticommutation relations
{QaL7 Qan} = 20 5" Pudiy
{Qu"0,M} =0 (24)
{QaL, QBM} =0

We introduce the fermion number operator Ny so that (—1)NF takes
the value +1 for bosonic states and —1 for fermionic states.
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SUSY Representations

Of particular interest to us are the anticommutation relations
{QaL7 Qan} = 20 5" Pudiy
{Qu"0,M} =0 (24)
{QaL, QBM} =0

We introduce the fermion number operator Ny so that (—1)NF takes
the value +1 for bosonic states and —1 for fermionic states.

From the definition of the supersymmetry generators

(_1)NF Qoz = _Qa (_1)NF (25)
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SUSY Representations

For a finite dimensional representation® we can take the trace of the
N _
operator (—1)"'F {QQA, QBB}

T [0V {0 Q] = T [0 (@@ + Q)]
= T [0 QuAQs | + T (1Y Q0]

= =Tr @ (1) Q] + Tr [Qu? (-1)VF Q]

=0

(26)

3The trace is undefined for infinite dimensional representations
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SUSY Representations

Using the anticommutation relations of the @, Q we can also show

Tr [(—1)NF {QO/‘, QBBH =20 35Ty [(—1)NF PM}
=0

(27)
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SUSY Representations

Using the anticommutation relations of the @, Q we can also show

Tr [(—1)NF {QQA, QBBH =20 35Ty [(—1)NF PM}

(27)
=0
For fixed non-zero momentum this requires
Tr [(—1)“} =0 (28)

= Representations of supersymmetry must contain an equal number of
bosonic and fermionic states.
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Raising and Lowering Operators

Boost to the rest frame such that for a massive, one-particle state
PH = (—M,0,0,0)
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Raising and Lowering Operators

Boost to the rest frame such that for a massive, one-particle state
P, =(-M,0,0,0)
The SUSY algebra in this frame takes the form

{Qu*, Qap} = 205,56%5
{00, = {Qan @y} =0
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Raising and Lowering Operators

Boost to the rest frame such that for a massive, one-particle state
P, =(-M,0,0,0)
The SUSY algebra in this frame takes the form

{Qu*, Qap} = 205,56%5

{QaAjQﬁB} _ {QdA,QgB} 0 (29)

The indices A and B run from 1 to N, where N is the number of
supersymmetries.
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Constructing Massive Representations

We can rescale the SUSY generators

1
A A
a A= ———Q
“VeM T
PR
0.")' = ———Quu
(a.7) VoMt
J. F. Ulbricht Graded Lie Algebras and SUSY

June 14, 2017

36 / 50



Representations of Supersymmetry Algebras  Constructing Massive Representations

Constructing Massive Representations

We can rescale the SUSY generators

(30)
Q

These operators obey the following anticommutation relations in the
rest frame

{aaA, (aaB)T} =0, 045
{aaA,aﬁB} = {(aof‘)T , (aﬁB>T} =0
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Constructing Massive Representations

We now recognize the algebra of QaA and Q 4B 88 being isomorphic to

the algebra of 2N fermionic creation and annihilation operators a,*
and (aaB )T
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Constructing Massive Representations

We now recognize the algebra of QaA and Q 4B 88 being isomorphic to

the algebra of 2N fermionic creation and annihilation operators a,*
and (aaB )T

The representations can therefore be built up from the Clifford
“vacuum” ) as they normally are in ordinary quantum field theories.
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Constructing Massive Representations

We now recognize the algebra of QaA and Q 4B s being isomorphic to

the algebra of 2N fermionic creation and annihilation operators a,*
and (aaB )T

The representations can therefore be built up from the Clifford
“vacuum” ) as they normally are in ordinary quantum field theories.

Define the vacuum Q through the condition a,4Q =0

J. F. Ulbricht Graded Lie Algebras and SUSY June 14, 2017 37 / 50



Representations of Supersymmetry Algebras  Constructing Massive Representations

Constructing Massive Representations

We now recognize the algebra of QaA and Q 4B s being isomorphic to
the algebra of 2N fermionic creation and annihilation operators a,*

and (aaB)T

The representations can therefore be built up from the Clifford
“vacuum” ) as they normally are in ordinary quantum field theories.

Define the vacuum Q through the condition a,4Q =0
And build up states through successive application of the creation

operator (aa“‘)T

n)ajas...an 1
Q( ) 1A21A2...An = T (aalAl)T (aOézA2)Jf (aanAn)TQ (32)
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Constructing Massive Representations

Because the (aaA)T anticommute, Q(n)aliigjf 4, ust be

antisymmetric under the exchange of a pair of indices a; A; < a; A;.
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Constructing Massive Representations

Because the (aaA)T anticommute, Q(n)aliigf 4, ust be

antisymmetric under the exchange of a pair of indices a; A; < a; A;.

The o’s take values from 1 to 2, and the A’s take values from 1 to IV,
there are therefore 2N unique values for each pair of indices «A. We
cannot construct a totally antisymmetric tensor if n > 2N. As an
example let N = 1, the state

Ql21111 = —9121111 (33)

Having switched the first and third pair of indices, implies Q'21,,; =
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Constructing Massive Representations

For any n there are M;TNLn)' different states. Summing over all n gives
the size of the representation
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Constructing Massive Representations

For any n there are M;TNLn)' different states. Summing over all n gives

the size of the representation

2N
B IN Y\ on
d-Z( . >_2
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Constructing Massive Representations

For any n there are M;TNLn)' different states. Summing over all n gives
the size of the representation

d:ié(?):zm (34)

Therefore fundamental irreducible massive multiplet Q%2 :*2",  has
142...4A2N

dimension 22V and contains 22V~! fermionic states and 22V 1 bosonic
states.
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Constructing Massive Representations

For any n there are M;TNLH)' different states. Summing over all n gives
the size of the representation

2N
2N
d:Z( . ):2” (34)
n=0
a2...02N

Therefore fundamental irreducible massive multiplet Q%2 :*2",  has
142...4A2N

dimension 22V and contains 22V~! fermionic states and 22V 1 bosonic
states.

The highest spin state comes from symmetrizing as many spin indices

as possible while antisymmetrizing in the other index. This leads to a
maximum spin of %
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N = 1 Massive Supersymmetry Representations

For N =1 the fundamental representation is of dimension 4, and
consists of the massive, one-particle states

Q

(GQ)TQ (35)

1

L (40 (ap) 02 = ~ e @) ()10

V2
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N = 1 Massive Supersymmetry Representations

For N =1 the fundamental representation is of dimension 4, and

consists of the massive, one-particle states

Q

(aa)TQ
¢1§ (a0) (a)' 0 = _;ﬁeaﬂ (@) (ay)' 0

There are two states with spin 0 and one state of spin—%.
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Massive Supersymmetry Representations

Spin Qo Q; Ql Q§ Spin QO Ql Ql
2 2 2
0 1 0 ) 4 1
1 2 1 ;|4 6 4
1 1 2 1 1 1 4 6
3 12 3 1 4
2 2
2 1 2 1
Table: N =1 Massive Table: N = 2 Massive
Supersymmetry representations Supersymmetry representations
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Massive Supersymmetry Representations

Spin | Qo Q% Spin | Qg
0 14 14 0 42
1
3 |14 20 5 |48
1 6 15 1 27
3
5|16 b
2 1 2 1
Table: N = 3 Massive Table: N = 4 Massive
Supersymmetry representations Supersymmetry representations
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Massless Supersymmetry Representations

To construct the massless representations (P? = 0) we first boost to a
fixed light-like reference frame P, = (—F,0,0, E)
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Massless Supersymmetry Representations

To construct the massless representations (P? = 0) we first boost to a
fixed light-like reference frame P, = (—F,0,0, E)

The SUSY algebra in this frame takes the form

{02} = () o )5

o (36)
{Qu%Q,"} = {Qan Qap} =0
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Massless Supersymmetry Representations

To construct the massless representations (P? = 0) we first boost to a
fixed light-like reference frame P, = (—F,0,0, E)

The SUSY algebra in this frame takes the form

= 4F 0
a7BB: AB
(ot = (7 0 )

0

(36)
{QaA7Q5B} = {QdAvQBB} =0
Once again, rescaling the Q and Q
= oA
T \f N @7
A __
im0 = (o)
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Massless Supersymmetry Representations

The algebra in this frame consists of N creation and annihilation
operators, al 4 and a* which obey the anticommutation relations

{aA, aTB} = 5AB

{aA,aB} = {aTA,aTB} =0
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Massless Supersymmetry Representations

The algebra in this frame consists of N creation and annihilation
operators, al 4 and a* which obey the anticommutation relations

{aA, aTB} = 5AB

{aA,aB} = {aTA,aTB} =0 (3)

Because QQA and QQ 4 totally anticommute they must be identically 0.
We therefore lose the spinor index, and the representations are
antisymmetric in only the A and B indices. The a“ operator
annihilates the state of lowest helicity A

ay =0 (39)

J. F. Ulbricht Graded Lie Algebras and SUSY June 14, 2017 44 / 50



Representations of Supersymmetry Algebras Constructing Massless Representations

Massless Supersymmetry Representations

The states are built in the same way as in the massive case, by

successive application of the creation operator al 4 on the Clifford
vacuum 2y
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Massless Supersymmetry Representations

The states are built in the same way as in the massive case, by

successive application of the creation operator al 4 on the Clifford
vacuum 2y

(n) _ b f
Q At+5,A142.. Ap T ﬁa A Apy @ A19>\ (40)
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Massless Supersymmetry Representations

The states are built in the same way as in the massive case, by

successive application of the creation operator al 4 on the Clifford
vacuum 2y

(n) b i
Q A+%7A1A2ATL - \/ma Ana An—l'“a AIQA (40)

Because we now lack a spinor index to differentiate between states we

have 2% states with a n,(+in), degeneracy.
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Massless Supersymmetry Representations

The states are built in the same way as in the massive case, by
successive application of the creation operator al 4 on the Clifford
vacuum 2y

o™ a', (40)

1
M2 A Ag Ap haTA“A_--‘
AT 5 ,A142...An n] n n—1

Because we now lack a spinor index to differentiate between states we

have 2% states with a n,(+in), degeneracy.

The antisymmetry in the A index requires the highest helicity to be
A=A+%
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Constructing Massless Representations

hel.

N[ =

ONI- oW DN

= =Nl

Table: N =1 Massless Supersymmetry representations
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Massless Supersymmetry Representations

A
3 1 1
hel. | -2 -3 -1 -1 o 1 1
2 1
3
g 1 2
1 1 2 1
1
: 1 1
0 1 2 1
1
-1 12 1
101 2 1
3
312 1
-2 | 1

Table: N = 2 Massless Supersymmetry representations
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Massless Supersymmetry Representations

hel.

ONI- oW DN

— W W =
_ W W =
= W W~
_ W W

_ W W

= W W N

Constructing Massless Representations

Table: N = 3 Massless Supersymmetry representations
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Massless Supersymmetry Representations

A

3 1
hel. | -2 -3 -1 -1 0
2 1
3
3 1 4
1 1 4 6
: 1 4 6 4
0|1 4 6 4 1
314 6 4 1
-1]6 4 1
3
-3 4 1
-2 | 1

Constructing Massless Representations

Table: N = 4 Massless Supersymmetry representations
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