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Part I: Introduction
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Motivation

Many quantum field theories exhibit symmetry breaking patterns
from a group G to a subgroup H.

When a symmetry group is broken down to subgroup, the
observable degrees of freedom (DOF) will change.

By Goldstone’s theorem, we while find NG −NH Goldstone boson
after symmetry breaking.

In order to describe the observable DOF, a general method for
constructing Lagrangians made out of Goldstone bosons is needed.

The Coleman-Callan-Wess-Zumino (CCWZ) Construction
provides a systematic way to describe low-energy DOF.
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Chiral Symmetry Breaking
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Chiral Symmetry Breaking

In the Standard Model (SM) the QCD Lagrangian for light quarks
is

LQCD=− 1
4 Tr(GµνGµν)+i

(
q†RσµD

µqR+q†LσµD
µqL
)
+mass terms
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Chiral Symmetry Breaking

In the Standard Model (SM) the QCD Lagrangian for light quarks
is

LQCD=− 1
4 Tr(GµνGµν)+i

(
q†RσµD

µqR+q†LσµD
µqL
)
+mass terms

qR =

uRdR
sR

 qL =

uLdL
sL

 where uR =

uR,ruR,g
uR,b


R,L refer to right and left-handed particles
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Chiral Symmetry Breaking
In the Standard Model (SM) the QCD Lagrangian for light quarks
is

LQCD=− 1
4 Tr(GµνGµν)+i

(
q†RσµD

µqR+q†LσµD
µqL
)
+mass terms

qR =

uRdR
sR

 qL =

uLdL
sL

 where uR =

uR,ruR,g
uR,b


R,L refer to right and left-handed particles

u, d, s stand for the up, down and strange quark

Gaµν = ∂µA
a
ν − ∂νAaµ − gfabcAbµAcµ

Aaµ gauge fields (gluons)
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Chiral Symmetry Breaking
In the Standard Model (SM) the QCD Lagrangian for light quarks
is

LQCD=− 1
4 Tr(GµνGµν)+i

(
q†RσµD

µqR+q†LσµD
µqL
)
+mass terms

DµqR = ∂µ

uRdR
sR

− igAaµτa
uRdR
sR


Dµ is the covariant derivative,

τa are the generators of SU(3) which act on triplets uR, etc.,

and Aaµ are the gauge-fields (gluons)

uR,ruR,g
uR,b


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Chiral Symmetry Breaking

In the Standard Model (SM) the QCD Lagrangian for light quarks
is

LQCD=− 1
4 Tr(GµνGµν)+i

(
q†RσµD

µqR+q†LσµD
µqL
)
+mass terms

σµ = (12×2,σ) σµ = (12×2,−σ)
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Chiral Symmetry Breaking

In the Standard Model (SM) the QCD Lagrangian for light quarks
is

LQCD=− 1
4 Tr(GµνGµν)+i

(
q†RσµD

µqR+q†LσµD
µqL
)
+mass terms

QCD Lagrangian exhibits a global chiral symmetry:
G = SU(3)L ⊗ SU(3)R in the chiral (massless) limit:

qL→exp(iθaLτa)qL qR=

uRdR
sR

→exp(iθaRτa)

uRdR
sR


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Chiral Symmetry Breaking
In the Standard Model (SM) the QCD Lagrangian for light quarks
is

LQCD=− 1
4 Tr(GµνGµν)+i

(
q†RσµD

µqR+q†LσµD
µqL
)
+mass terms

QCD Lagrangian exhibits a global chiral symmetry:
G = SU(3)L ⊗ SU(3)R in the chiral (massless) limit:

qR→exp(iθaRτa)qR qL→exp(iθaLτa)qL

q†RσµD
µqR→

(
e
iθa
R
τaqR

)†
σµDµ

(
e
iθb
R
τbqR

)
= q†Re

−iθa
R
τaσµDµe

iθb
R
τbqR

= q†RσµD
µe
−iθa

R
τae

iθb
R
τbqR

= q†RσµD
µqR
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Chiral Symmetry Breaking

In the Standard Model (SM) the QCD Lagrangian for light quarks
is

LQCD=− 1
4 Tr(GµνGµν)+i

(
q†RσµD

µqR+q†LσµD
µqL
)
+mass terms

QCD Lagrangian exhibits a global chiral symmetry:
G = SU(3)L ⊗ SU(3)R in the chiral (massless) limit:

qL→exp(iθaLτa)qL qR→exp(iθaRτa)qR

G is broken down to the subgroup H = SU(3)V (θa = θb) due to
quark condensate: 〈Ω| q̄q |Ω〉 6= 0 below confinement scale ΛQCD.
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Chiral Symmetry Breaking

G is broken down to the subgroup H = SU(3)V (θa = θb) due to
quark condensate: 〈Ω| q̄q |Ω〉 6= 0 below confinement scale ΛQCD.

0 6= 〈Ω| q̄q |Ω〉 = 〈Ω| q†RqL + q†LqR |Ω〉

Since 〈Ω| q̄q |Ω〉 is invariant under SU(3)V (θa = θb) but not under
SU(3)A (θa = −θb)

SU(3)L ⊗ SU(3)R ∼= SU(3)V ⊗ SU(3)A → SU(3)V
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Goldstone’s Theorem
When a continuous symmetry group G is broken down to a sub-
group H ⊂ G in which the broken generators do not leave the
vacuum invariant, then there will be a massless scalar for every
broken generator called a Nambu-Goldstone Boson.
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High and Low-Energy DOF
Bellow the confinement scale, quarks are no longer the observable
DOF. The new DOF are Nambu-Goldstone bosons (NGB): pions,
kaons etc.

E

ΛQCD

π0, π±,K0, K̄0,K±, η

uL,R, dL,R, sL,R 3⊗ 3

8⊕ 1

Figure: Schematic diagram showing the relevant DOF as a function of
energy in QCD.
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NOTE
I have lied a bit. The actually symmetry group of the classical
Lagrangian is U(3)R⊗U(3)L∼=SU(3)R⊗SU(3)L⊗U(1)V ⊗U(1)A

The U(1)A is not good quantum symmetry, it is anomalous

The symmetry breaking pattern is actually
SU(3)R⊗SU(3)L⊗U(1)V→SU(3)V ⊗U(1)V

Due to the non-zero mass terms in the QCD Lagrangian:

LM=−
(
q†RMqL+q†LMqR

)
, M=diag(mu,md,ms)

the SU(3)V ⊗ SU(3)A symmetry is explicitly broken, but
approximately still present since mu,md,ms � ΛQCD.

The pions, Kaons, etc. are then called psuedo-Nambu-Golstone
bosons.
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Chiral Lagrangian

Since pions, kaon etc. are the correct DOF bellow the confinement
scale, we need a Lagrangian that describes their dynamics.

Need low-energy Lagrangian describing pions, etc. to obey the
high energy symmetries.

We will find that the correct way to parameterize the NGB is

Σ = exp
(
i
√

2
fπ

Πaλa

)

The Lagrangian describing the light mesons will be given by

L = f2
π

4 Tr
(
∂µΣ†∂µΣ

)
+ · · ·
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Chiral Lagrangian
Since pions, kaon etc. are the correct DOF bellow the confinement
scale, we need a Lagrangian that describes their dynamics.

Need low-energy Lagrangian describing pions, etc. to obey the
high energy symmetries.

We will find that the correct way to parameterize the NGB is

Σ = exp
(
i
√

2
fπ

Πaλa

)

Πa modes

We will find that the correct way to parameterize the NGB is

Σ = exp
(
i
√

2
fπ

Πaλa

)

The Lagrangian describing the light mesons will be given by

L = f2
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Chiral Lagrangian
Since pions, kaon etc. are the correct DOF bellow the confinement
scale, we need a Lagrangian that describes their dynamics.

Need low-energy Lagrangian describing pions, etc. to obey the
high energy symmetries.

We will find that the correct way to parameterize the NGB is
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2
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)

Πa are the NBG
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Chiral Lagrangian
Since pions, kaon etc. are the correct DOF bellow the confinement
scale, we need a Lagrangian that describes their dynamics.

Need low-energy Lagrangian describing pions, etc. to obey the
high energy symmetries.

We will find that the correct way to parameterize the NGB is

Σ = exp
(
i
√

2
fπ

Πaλa

)

λa Gell-Mann matrices

We will find that the correct way to parameterize the NGB is

Σ = exp
(
i
√

2
fπ

Πaλa

)

The Lagrangian describing the light mesons will be given by

L = f2
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Chiral Lagrangian
Since pions, kaon etc. are the correct DOF bellow the confinement
scale, we need a Lagrangian that describes their dynamics.

Need low-energy Lagrangian describing pions, etc. to obey the
high energy symmetries.

We will find that the correct way to parameterize the NGB is

Σ = exp
(
i
√

2
fπ

Πaλa

)

fπ is a constant, called the pion decay constant. It is determined,
empirically, to be fπ ≈ 130.4 MeV.

We will find that the correct way to parameterize the NGB is

Σ = exp
(
i
√

2
fπ

Πaλa

)

The Lagrangian describing the light mesons will be given by

L = f2
π

4 Tr
(
∂µΣ†∂µΣ

)
+ · · ·
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Chiral Lagrangian
Since pions, kaon etc. are the correct DOF bellow the confinement
scale, we need a Lagrangian that describes their dynamics.

Need low-energy Lagrangian describing pions, etc. to obey the
high energy symmetries.

We will find that the correct way to parameterize the NGB is

Σ = exp
(
i
√

2
fπ

Πaλa

)

Σ will under SU(3)R ⊗ SU(3)L transform as
Σ→ RΣL†

for (R,L) ∈ SU(3)R ⊗ SU(3)L.

We will find that the correct way to parameterize the NGB is

Σ = exp
(
i
√

2
fπ

Πaλa

)

The Lagrangian describing the light mesons will be given by

L = f2
π

4 Tr
(
∂µΣ†∂µΣ

)
+ · · ·
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Chiral Lagrangian

Since pions, kaon etc. are the correct DOF bellow the confinement
scale, we need a Lagrangian that describes their dynamics.

Need low-energy Lagrangian describing pions, etc. to obey the
high energy symmetries.

We will find that the correct way to parameterize the NGB is
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i
√
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Part II
CCWZ Construction
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Construction of States from Vacuum
Consider a theory with a set of fields Φ(x) transforming under a
compact Lie group G.
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Construction of States from Vacuum
Consider a theory with a set of fields Φ(x) transforming under a
compact Lie group G.

Suppose these field acquire a non-zero expectation value
〈Ω|Φ |Ω〉 = F which is invariant under a subgroup H ⊂ G

H is the little group

e.g. G = SO(3)→ H = SO(2)
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Construction of States from Vacuum
Consider a theory with a set of fields Φ(x) transforming under a
compact Lie group G.

Suppose these field acquire a non-zero expectation value
〈Ω|Φ |Ω〉 = F which is invariant under a subgroup H ⊂ G

We want to identify the NGB, one for each broken generator. One
candidate is:

Φ(x) = exp
(
i
√

2
F0

ΘA(x)TA
)
F

TA generators of the Lie algebra of G

ΘA(x) potentially massless, scalar fields (have no potential since a
constant Θa yields an equivalent vacuum)

F0 constant with mass dimension [F0] = m1
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Identification of NGB
Define T a to be the unbroken generators (generators that leave
vacuum invariant) and T̂ â to be the broken generators

T aF = 0 and T̂ âF 6= 0

Little a index for unbroken generators

Little â index for broken generators
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Identification of NGB
Define T a to be the unbroken generators (generators that leave
vacuum invariant) and T̂ a to be the broken generators

A generic group element of g ∈ G can be written as
Fundamental formula of CCWZ

g = exp
(
iαAT

A
)

= exp
(
ifâ[α]T̂ â

)
exp(ifa[α]T a)
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Identification of NGB
A generic group element of g ∈ G can be written as

g = exp
(
iαAT

A
)

= exp
(
ifâ[α]T̂ â

)
exp(ifa[α]T a)

? Infinitesimal proof

exp
(
iαAT

A
)

= I + iαâT̂
â + iαaT

a +O(α2)
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Identification of NGB
A generic group element of g ∈ G can be written as

g = exp
(
iαAT

A
)

= exp
(
ifâ[α]T̂ â

)
exp(ifa[α]T a)

? Infinitesimal proof

exp
(
iαAT

A
)

= I + iαâT̂
â + iαaT

a +O(α2)

exp
(
ifâ[α]T̂ â

)
exp(ifa[α]T a) = I + ifâT̂

â + ifaT
a +O(fâfa, f2

â , f
2
a )
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Identification of NGB
A generic group element of g ∈ G can be written as

g = exp
(
iαAT

A
)

= exp
(
ifâ[α]T̂ â

)
exp(ifa[α]T a)

? Infinitesimal proof

exp
(
iαAT

A
)

= I + iαâT̂
â + iαaT

a +O(α2)

exp
(
ifâ[α]T̂ â

)
exp(ifa[α]T a) = I + ifâT̂

â + ifaT
a +O(fâfa, f2

â , f
2
a )

Thus,

fâ[α] = αâ +O(α2)
fa[α] = αa +O(α2)
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Identification of NGB
Define T a to be the unbroken generators (generators that leave
vacuum invariant) and T̂ a to be the broken generators

A generic group element of g ∈ G can be written as

g = exp
(
iαAT

A
)

= exp
(
ifâ[α]T̂ â

)
exp(ifa[α]T a)

Since T a leaves the vacuum invariant, we can write Φ as

Φ(x) = exp
(
i
√

2
F0

ΘAT
A

)
F = exp

(
i
√

2
F0

ΠâT̂
â

)
exp(iξ(x)T a)F

= exp
(
i
√

2
F0

ΠâT̂
â

)
F

Since exp(iξ(x)T a)F = exp(0)F = F
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Identification of NGB
Define T a to be the unbroken generators (generators that leave
vacuum invariant) and T̂ a to be the broken generators

A generic group element of g ∈ G can be written as

g = exp
(
iαAT

A
)

= exp
(
ifâ[α]T̂ â

)
exp(ifa[α]T a)

Since T a leaves the vacuum invariant, we can write Φ in terms of
the Goldstone boson matrix
Goldstone Boson Matrix

Φ(x) = U [Π]F where U [Π] ≡ exp
(
i
√

2
F0

ΠaT̂
a

)

Πa are the NBGs, one for each broken generator.
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Transformations Properties of Fields under G
We would like to determine how U [Π] transforms under a generic
group element g ∈ G
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Transformations Properties of Fields under G
We would like to determine how U [Π] transforms under a generic
group element g ∈ G

Using the decomposition of a generic group element into broken
and unbroken generators, we find

gΦ(x) = gU [Π]F = U [Π(g)]h[Π, g]F = U [Π(g)]F
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Transformations Properties of Fields under G
We would like to determine how U [Π] transforms under a generic
group element g ∈ G

Using the decomposition of a generic group element into broken
and unbroken generators, we find

gΦ(x) = gU [Π]F = U [Π(g)]h[Π, g]F = U [Π(g)]F

We thus find that the Π fields transform as

gU [Π] = U [Π(g)]h[Π, g] =⇒ U [Π(g)] = gU [Π] (h[Π, g])−1
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Transformations Properties of Fields under G
We would like to determine how U [Π] transforms under a generic
group element g ∈ G

Using the decomposition of a generic group element into broken
and unbroken generators, we find

gΦ(x) = gU [Π]F = U [Π(g)]h[Π, g]F = U [Π(g)]F

We thus find that the Π fields transform as

gU [Π] = U [Π(g)]h[Π, g] =⇒ U [Π(g)] = gU [Π] (h[Π, g])−1

This obeys the group multiplication law.
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Transformations Properties of Fields under G
This obeys the group multiplication law. Transforming by g1g2

g1g2Φ = g1g2U [Π]F = g1U [Π(g2)]h[Π, g2]F
= U [Π(g1g2)]h[Π(g2), g2]h[Π, g2]F
= U [Π(g1g2)]h[Π, g1g2]F
= U [Π(g1g2)]F

With h[Π, g1g2] = h[Π(g2), g1]h[Π, g2] and

U [Π(g1g2)]=g1g2U [Π]h[Π,g2]−1h[Π(g2),g1]−1=g1g2U [Π]h[Π,g1g2]−1

U [Π] is called a non-linear realization of G (called a realization
instead of representation since it is non-linear)

Logan A. Morrison (UCSC) CCWZ Construction June 14, 2017 14 / 28



Transformation Properties of Fields Under H
To determine how U [Π] transforms under H, we need the
commutation relations between generators: T a, T̂ â
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Transformation Properties of Fields Under H
To determine how U [Π] transforms under H, we need the
commutation relations between generators: T a, T̂ â

The commutation relations are[
T a, T b

]
= ifabc T

c + ����
ifabĉ T̂

ĉ ≡ T c (tAd
a) b
c

fabĉ = 0 since H is a subgroup

tAd is adjoint representation of H generators
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Transformation Properties of Fields Under H
To determine how U [Π] transforms under H, we need the
commutation relations between generators: T a, T̂ â

The commutation relations are[
T a, T b

]
= ifabc T

c + ����
ifabĉ T̂

ĉ ≡ T c (taAd) b
c[

T a, T̂ b̂
]

= �
���

ifab̂c T
c + ifab̂ĉ T̂

ĉ ≡ T̂ ĉ (taπ) b̂
ĉ

fab̂c = 0 since fabĉ = 0 and f is totally anti-symmetric

taπ is some yet unknown representation we call rπ
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Transformation Properties of Fields Under H
To determine how U [Π] transforms under H, we need the
commutation relations between generators: T a, T̂ â

The commutation relations are[
T a, T b

]
= ifabc T

c + ����
ifabĉ T̂

ĉ ≡ T c (taAd) b
c[

T a, T̂ b̂
]

= ����
ifab̂cT c + ifab̂ĉ T̂

ĉ ≡ T ĉ (taπ) b̂
ĉ[

T̂ â, T̂ b̂
]

= if âb̂c T
c + if âb̂ĉ T̂

ĉ
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Transformation Properties of Fields Under H
To determine how U [Π] transforms under H, we need the
commutation relations between generators: T a, T̂ â

The commutation relations are[
T a, T b

]
= ifabc T

c + ����
ifabĉ T̂

ĉ ≡ T c (taAd) b
c[

T a, T̂ b̂
]

= ����
ifab̂cT c + ifab̂ĉ T̂

ĉ ≡ T ĉ (taπ) b̂
ĉ[

T̂ â, T̂ b̂
]

= if âb̂c T
c + if âb̂ĉ T̂

ĉ

Next, we note the following identity:

exp(iαaT a)T̂ â exp(−iαaT a) = T̂ b̂ [exp(iαataπ)] â
b̂
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Transformation Properties of Fields Under H
Next, we note the following identity:

exp(iαaT a)T̂ â exp(−iαaT a) = T̂ b̂ [exp(iαataπ)] â
b̂

? Infinitesimal proof

exp(iαaT a)T̂ â exp(−iαaT a) = (I + iαaT
a) T̂ â (I − iαaT a) +O(α2)
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Transformation Properties of Fields Under H
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b̂

? Infinitesimal proof
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]
+O(α2)
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Transformation Properties of Fields Under H
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â
)

= gH

(
I + cΠâT̂
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Transformation Properties of Fields Under H
The NGB transform under H as
NGB Transformation Under H

(
Π(gH)

)
b̂

= [exp(iαataπ)] â
b̂

Πâ
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Transformation Properties Under G/H
For a general group G, it is not possible to obtain a closed form
expression for how Π transforms under the broken group element
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Transformation Properties Under G/H
For a general group G, it is not possible to obtain a closed form
expression for how Π transforms under the broken group element

We can obtain an infinitesimal expression

Consider an infinitesimal element of G/H,
gG/H = 1 + iαâT̂

â

Under gG/H, U [Π] transforms as

gG/HU [π] = 1 + i
√

2
F0

T̂ â
(

Πâ + F0√
2
αâ

)
+ · · ·

Therefore, Π transforms as a shift
NGB Transformation Under G/H

Πâ → Πâ + F0√
2
αâ + · · ·
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Construction of Invariants
To describe the dynamics of the NGB, we need to construct a
Lagrangian which is invariant under G
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Construction of Invariants
iU−1∂µU transforms as

iU−1∂µU = ihU−1 (∂µU)h−1 + ih∂µh
−1

In terms of dµ and eµ, this is

dµ + eµ = h (dµ + eµ)h−1 + ih∂µh
−1
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−1 + h (eµ + i∂µ)h−1
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Logan A. Morrison (UCSC) CCWZ Construction June 14, 2017 17 / 28



Construction of Invariants
iU−1∂µU transforms as

iU−1∂µU = ihU−1 (∂µU)h−1 + ih∂µh
−1

Thus, dµ and eµ transform under an arbitrary group element g ∈ G
as

dµ → h[Π, g]dµh−1[Π, g]
eµ → h[Π, g] (eµ + i∂µ)h−1[Π, g]

dµ transforms in the rπ representation even under a full group
transformation

dµ,â → exp [iξa[Π, g] (taπ)] b̂â dµ,b̂

eµ transforms like a gauge field with H being a local gauge group
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Lowest Order Lagrangian
Since dµ transforms for a general group element g ∈ G as
dµ → h[Π, g]dµh−1[Π, g], we can see that

Tr(dµdµ)
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â + · · ·
)

Logan A. Morrison (UCSC) CCWZ Construction June 14, 2017 18 / 28



Lowest Order Lagrangian
Since dµ transforms for a general group element g ∈ G as
dµ → h[Π, g]dµh−1[Π, g], we can see that

Tr(dµdµ)

Expanding iU−1∂µU , we find, letting c =
√

2/F0

iU−1∂µU = i
(
I − icΠâT̂
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The lowest order Lagrangian is thus

L(2) = F 2
0

4 Tr(dµdµ) = 1
2 (∂µΠâ) (∂µΠâ) + · · ·
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Part III
Chiral Perturbation Theory

(ChPT)
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Goldstone Boson Matrix
Symmetry group is G = SU(3)L ⊗ SU(3)R which is broken down to
H = SU(3)V
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g = (L,R) L ∈ SU(3)L, R ∈ SU(3)R

An element h ∈ H can be written as

h = (V, V ) V ∈ SU(3)V

Note that a generic element of B

This is similar to ei
√

2ΘaTa/F0 = U [Π]h[Π, g]

RL† = Goldstones!

g can be written as

g = (L,R) = (L,RL†L) = (1, RL†)(L,L)

Logan A. Morrison (UCSC) CCWZ Construction June 14, 2017 20 / 28



Goldstone Boson Matrix
Symmetry group is G = SU(3)L ⊗ SU(3)R which is broken down to
H = SU(3)V
We can write generic element g ∈ G as

g = (L,R) L ∈ SU(3)L, R ∈ SU(3)R

An element h ∈ H can be written as

h = (V, V ) V ∈ SU(3)V

Note that a generic element of g can be written as

g = (L,R) = (L,RL†L) = (1, RL†)(L,L)

We identify the Goldstone matrix as Σ = RL† ∈ SU(3)
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Goldstone Matrix
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π0 : Neutral pion

π± : Charged pions
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Goldstone Matrix
The Goldstone matrix is

Σ = RL† = exp
(
i
√

2
fπ
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)
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

K0, K̄0 : Neutral Kaon and anit-neutral Kaon

K± : Charged Kaons
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Goldstone Matrix
The Goldstone matrix is

Σ = RL† = exp
(
i
√

2
fπ

Πaλa

)

Πaλa is
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Transformations Properties
Under a generic group element g = (L̃, R̃), Σ transforms as
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Transformations Properties
Under a generic group element g = (L̃, R̃), Σ transforms as

Σ→ R̃ΣL̃†

Under h = (V, V ) ∈ H, Σ transforms as
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Transformations Properties
Under h = (V, V ) ∈ H, Σ transforms as (c =

√
2/fπ, τa = λa/2)

Σ→ V ΣV †
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Transformations Properties
Under h = (V, V ) ∈ H, Σ transforms as (c =

√
2/fπ, τa = λa/2)

Σ→ V ΣV †

= V exp(icΠaλa)V † + · · ·
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Transformations Properties
Under h = (V, V ) ∈ H, Σ transforms as (c =

√
2/fπ, τa = λa/2)

Σ→ V ΣV †

= V exp(icΠaλa)V †

= (I + iαaτa)
(
I + icΠbτb

)
(I − iαcτc) + · · ·
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Transformations Properties
Under h = (V, V ) ∈ H, Σ transforms as (c =

√
2/fπ, τa = λa/2)

Σ→ V ΣV †

= V exp(icΠaλa)V †

= (I + iαaτa)
(
I + icΠbτb

)
(I − iαcτc) + · · ·

= I + icΠbτb − cαaΠbτaτb + cαaΠbτbτa + · · ·
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Transformations Properties
Under h = (V, V ) ∈ H, Σ transforms as (c =
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Σ→ V ΣV †
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Transformations Properties
Under h = (V, V ) ∈ H, Σ transforms as (c =

√
2/fπ, τa = λa/2)

Σ→ V ΣV †

= V exp(icΠaλa)V †

= (I + iαaτa)
(
I + icΠbτb

)
(I − iαcτc) + · · ·

= I + icΠbτb − cαaΠbτaτb + cαaΠbτbτa + · · ·
= I + icΠbτb − cαaΠb[τa, τb] + · · ·
= I + icΠbτb − icαaΠbfabcτc + · · ·

= I + icτc
(
Πc − fabcαaΠb

)
+ · · ·
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Transformations Properties
Under a generic group element g = (L̃, R̃), Σ transforms as

Σ→ R̃ΣL̃†

Under h = (V, V ) ∈ H, Σ transforms under adjoint!

Πc h→ Πc − fabcαaΠb
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Transformations Properties
Under a generic group element g = (L̃, R̃), Σ transforms as

Σ→ R̃ΣL̃†

Under h = (V, V ) ∈ H, Σ transforms as
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Under an element of the coset space (I,RL†), Σ transforms as
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Transformations Properties
Under an element of the coset space (I,RL†), Σ transforms as

G/H = {(L,R)H}
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Transformations Properties
Under an element of the coset space (I,RL†), Σ transforms as

G/H = {(L,R)H}

Typical element in (L,R)H can be written as

(L,R)(V, V ) = (LV,RV ) = (LV,RL†LV ) = (I,RL†)(LV,LV )
= (I,RL†)(V ′, V ′)
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Transformations Properties
Under an element of the coset space (I,RL†), Σ transforms as

G/H = {(L,R)H}

Typical element in (L,R)H can be written as

(L,R)(V, V ) = (LV,RV ) = (LV,RL†LV ) = (I,RL†)(LV,LV )
= (I,RL†)(V ′, V ′)

Thus, (1, RL†)(V ′, V ′) = (L,R)(V, V ), hence

(1, RL†)H = (L,R)H
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Transformations Properties
Under a generic group element g = (L̃, R̃), Σ transforms as

Σ→ R̃ΣL̃†

Under h = (V, V ) ∈ H, Σ transforms as

Πc → Πc − fabcαaΠb

Under an element of the coset space (I,RL†), Σ transforms as

Σ→ RL†Σ
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Transformations Properties
Under a generic group element g = (L̃, R̃), Σ transforms as

Σ→ R̃ΣL̃†

Under h = (V, V ) ∈ H, Σ transforms as

Πc → Πc − fabcαaΠb

Under an element of the coset space (I,RL†), Σ transforms as

Σ→ RL†Σ
Σ→ (I + iαaτa)(I + icΠaτa) + · · ·
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Transformations Properties
Under a generic group element g = (L̃, R̃), Σ transforms as

Σ→ R̃ΣL̃†

Under h = (V, V ) ∈ H, Σ transforms as

Πc → Πc − fabcαaΠb

Under an element of the coset space (I,RL†), Σ transforms as

Σ→ RL†Σ
Σ→ (I + iαaτa)(I + icΠaτa) + · · ·

= I + icτa

(
Πa + 1

c
αa
)

+ · · ·
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Transformations Properties
Under a generic group element g = (L̃, R̃), Σ transforms as

Σ→ R̃ΣL̃†

Under h = (V, V ) ∈ H, Σ transforms as

Πc → Πc − fabcαaΠb

Under an element of the coset space (I,RL†), Σ transforms as a
shift!

Πa g
G/H
→ Πa + fπ√

2
αa

Logan A. Morrison (UCSC) CCWZ Construction June 14, 2017 22 / 28



Chiral Lagrangian
To compute the lowest order chiral Lagrangian, we need to
compute iΣ†∂µΣ. Turns out that iΣ†∂µΣ = dµ
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Chiral Lagrangian
To compute the lowest order chiral Lagrangian, we need to
compute iΣ†∂µΣ. Turns out that iΣ†∂µΣ = dµ

To lowest order, dµ is

dµ = −
√

2
fπ
∂µΠaτa + · · ·

The lowest order chiral Lagrangian is

L(2) = f2
π

4 Tr(dµdµ)
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Chiral Lagrangian
To compute the lowest order chiral Lagrangian, we need to
compute iΣ†∂µΣ. Turns out that iΣ†∂µΣ = dµ

To lowest order, dµ is

dµ = −
√
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fπ
∂µΠaτa + · · ·

The lowest order chiral Lagrangian is

L(2) = f2
π

4 Tr(dµdµ)

Note that

dµd
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)
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(
∂µΣ†

)
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∂µΣ†

)
+ total derivative
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Chiral Lagrangian
To compute the lowest order chiral Lagrangian, we need to
compute iΣ†∂µΣ. Turns out that iΣ†∂µΣ = dµ

To lowest order, dµ is

dµ = −
√

2
fπ
∂µΠaτa + · · ·

The lowest order chiral Lagrangian is
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π
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π
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Quark Masses and Symmetry Breaking
Chiral symmetry is not exact. The quark masses break chiral
symmetry.
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Quark Masses and Symmetry Breaking
Chiral symmetry is not exact. The quark masses break chiral
symmetry.

Can modify chiral Lagrangian to include symmetry breaking
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π
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πB0
2 Tr

(
ΣM † +MΣ†

)
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field)
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Quark Masses and Symmetry Breaking
Chiral symmetry is not exact. The quark masses break chiral
symmetry.

Can modify chiral Lagrangian to include symmetry breaking

L(2) = f2
π

4 Tr
(
∂µΣ∂µΣ†

)
+ f2

πB0
2 Tr

(
ΣM † +MΣ†

)

Treat M as a field which transforms as M → RML† (Spurion
field)

H symmetry is broken by the expectation value of M

〈M〉 = diag(mu,md,ms)

Logan A. Morrison (UCSC) CCWZ Construction June 14, 2017 24 / 28



Gauging Global Symmetry and Gauge Bosons
It is possible to describe gauge interactions using chiral Lagrangian
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Gauging Global Symmetry and Gauge Bosons
It is possible to describe gauge interactions using chiral Lagrangian

To do so, the ordinary derivative is replaced with a covariant one

L(2) = f2
π

4 Tr(DµΣDµΣ) + f2
πB0
2 Tr

(
ΣM † +MΣ†

)
where

DµΣ = ∂µΣ− irµΣ + iΣlµ
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where
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Gauging Global Symmetry and Gauge Bosons
It is possible to describe gauge interactions using chiral Lagrangian

To do so, the ordinary derivative is replaced with a covariant one

L(2) = f2
π

4 Tr(DµΣDµΣ) + f2
πB0
2 Tr

(
ΣM † +MΣ†

)
where

DµΣ = ∂µΣ− irµΣ + iΣlµ

Gauge bosons are described by rµ and lµ.

This can be done for a general group G by modifying the
Maurer-Cartan form. iU−1∂µU is replaced with

Āµ = U [Π]−1 (Aµ + i∂µ)U [Π] = dµ + eµ
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Summary
When we have a theory invariant under a Lie group G which is
broken down to a subgroup H, need a method to describe
dynamics of the NBG

Found that a smart way to parameterize the NBG was through

exp
(
i
√

2
F0

ΠâT̂
â

)

Can construct a term dµ from Maurer-Cartan form iU [Π]−1∂µU [Π]
which transformed under g as

dµ → h[Π, g]dµh[Π, g]−1

Lowest order Lagrangian can be constructed using

L(2) = F 2
0

4 Tr(dµdµ)
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The End
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