Physics 251 Solution Set 3 Spring 2017

1. (a) A homomorphism from the vector space R? to the set of traceless Hermitian 2 x 2
matrices is defined by & — F-&. First, show that det(Z-&) = —|&|?>. Second, prove the
identity:

1

v, = 5Tr (-6 0;) .

This identity provides the inverse transformation from the set of traceless 2 x 2 Hermitian
matrices to the vector space R3.
Explicitly, we have

= x T, — 1%
ro= 3. ! 2) .
1+ 129 —T3

oy -y =l (1)

It follows that
det -0 = —x

To invert the transformation & — &-&, note that:
Tr [@-&)o;| = 2;Tx(0j0;) = 22,
after using Tr(c;0;) = 26;;. Hence, it follows that

(b) Let U € SU(2). Show that U &-& U~ = §-& for some vector 4. Using the results of
part (a), prove that an element of the rotation group exists such that ¥ = RZ and determine
an explicit form for R € SO(3). Display a homomorphism from SU(2) onto SO(3) and prove

that SO(3)= SU(2)/Zs.

We can evaluate U &-& U~! by writing U = exp(—iff-&/2) and using the results of part (c)
of problem 7 of Solution Set 2. It follows that:

UO_jU—l _ 6—2'9'?1.-6’/2 o ei@'fL-Ef/Z — R”(ﬁ,ﬁ) i
where R;; is given by
Rij ('fl, 9) = n;n; + (5U — n,-nj) cosf — €ijkTlk sinf . (2)

Thus,
UZ-cU " =z;R0,=Yy-0
' j4vij ’

where y; = R;;x;. Thus, we have explicitly identified the matrix R which is an orthogonal
3 x 3 matrix of unit determinant, i.e. R € SO(3).



Alternative derivation. To prove that a real vector ¥ exists such that

—- = —_ — —1
y-cg=Ux-dU ",

for any real vector &, it is sufficient to prove that UZ-U~! is a 2 x 2 traceless hermi-
tian matrix, since the most general 2 x 2 traceless hermitian matrix is always a real linear
combination of the three Pauli matrices. First, we note that

Tr(UZ-dU ) =Tr -6 =0.
Next, since Ut = U~! and &' = &, it follows that
Uzg-dU Y =U@Z&U=UzU",

where we have used the fact that the components of & are real. Hence, UZ-¢ U ! is a 2 x 2
traceless hermitian matrix.
We now use the results of part (a) to conclude that:

yj = %Tl"(g'a:)(f, = %Tr(Ua_:’&’U_laz) = %[L’jTI'(UO’jU_lUi) = Rijllfj,
which yields an expression for R;; in terms of the the SU(2) matrix U,
Rij = %TI'(UO']'U_IO'Z‘) . (3)

In fact, this definition coincides with eq. (49) of Solution Set 2, and we conclude that R;; is
given explicitly by eq. (2). Indeed R € SO(3) as expected.
However, one does not require an explicit calculation of eq. (3) to conclude that R € SO(3).
First, we note that
det -6 = det(UZ-dU ') = det E-& .

Using eq. (1), it follows that |g§]*> = |€|?>. Thus the linear transformation § = R& preserve the

length of the vector. This observation proves that R € O(3). To show that R € SO(3), we
simply note that R is continuously connected to the identity, corresponding to U = +I. At
this point, R;; = $Tr(0;0;) = &;;, which implies that det R = 1. Since SU(2) is a connected
group, det R cannot change discontinuously as we vary U € SU(2). Thus, we conclude that
det R =1 for all U € SU(2), which means that R € SO(3) as expected.

The homomorphism of SU(2) onto SO(3) is easily obtained. It consists of the mapping
of

{U,-U}— R, where U € SU(2) and R € SO(3).

To prove that this is a homomorphism, we must show that the group multiplication law is
preserved. If we define

then
U1U2£°6"(U1U2)_1 = 2’6", == Z= R(UlUQ)f
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However, egs. (4) and (5) yield
Z=R(U1)R(Uy)Z.

Since these equations hold for arbitrary vectors, it follows that
R(UUs) = R(Uy)R(Us) ,

which demonstrates that the group multiplication law is preserved.

From the explicit form for R;; given in eq. (3), it is clear that both U and —U correspond
to the same rotation R. Equivalently, the kernel of the homomorphism defined by eq. (3) is
Zy = {I, —I}, as these are the only two SU(2) matrices that are mapped onto the identity
element, R;; = 0;; of SO(3). Hence, the homomorphism defined by eq. (3) is a two-to-
one mapping (also called a double-valued homomorphism). Hence, one can introduce an
equivalence relation among SU(2) matrices such that Uy ~ Us if either Uy = U, or Uy = —Us.
It therefore follows that

SO(3) 2 SU(2)/Zs .

(c) The Lie group SU(1,1) is defined as the group of 2 x 2 matrices V' that satisfy
VasVT = o3 and det V = 1. (Note that V is not a unitary matrix.) The Lie group
SO(2,1) is the group of transformations on vectors & € R* (with determinant equal to one)
that preserves z? + 22 — z2. Display the homomorphism from SU(1,1) onto SO(2,1) and
compare with part (b).

First we work out the Lie algebra of SU(1,1). Expanding V' about the identity, we write
V ~ 1+ W. Then, using the definition of SU(1,1),

03 =~ (I + W)O'g(I + WT) s

To first order, it follows that
WO'g = —0'3‘/VJr . (6)

Moreover,
l=det(I4+W)~14+TrW,

yields TrIWW = 0. The latter implies that W is a complex linear combination of Pauli matrices,
W = wyoq + wyoy + w303 .
If we now impose eq. (6), it follows that
(w101 + weoe + w303)03 = —o3(wioy + Wi0e + Wi03)03)
Using 0,0, = 16;; + i€;;,0%, this condition simplifies to:

—iw109 + 1wyoy + w3l = —iwioy + iws0; — wsl.



That is, w; and w, are real and ws is pure imaginary. It is convenient to define three matrices,
T = (ioy, 10y, 03) .

Then, we may choose {—1i7,} as a basis for the real Lie algebra of SU(1,1). That is, the
most general element of the real Lie algebra of SU(1,1) is

1

W = cr(—317%) where ¢, € R,

]

k=1
where the factor of % is conventional. The Lie group elements are obtained by exponentiation:

6_i0ﬁ'?/2 _ 60(n101+n202—in303)/2 c SU(I , 1) )

where 7 is a unit vector.
We now repeat the analysis of parts (a) and (b). Note that

I3 'i!L’l + T
Z7 = ,
1r1 — T2 —XT3

and
det &-7 = a7 + 235 — 73 .

If we define:

1,  fork=1,2,

Er =

+1, for k=3,

then,
Tr[(&-7)7] = 2 Tr 77 = 2ep24 (no sum over k).
hence,
x, = ey Tr[(&-T)m] - (7)

Next, we write:
g’,i—’:‘/f-?v_l’ where V € SU(171)7

from which it follows that
det -7 = det(VE-FV ') = det -7

Hence,
T+ ah —al =y h Y — Y5
This is equivalent to the statement that

v = Rijz;, where R € SO(2,1), (8)

since O(2, 1) transformations preserve the quadratic form z? + 3 —x2. Moreover, detR = 1,
since R is continuously connected to the identity. Thus, it follows that R € SO(2,1).
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Hence, egs. (7) and (8) yield
Rjk = %é?le"(VTkV_lTj), (9)
which is a homomorphism of SU(1,1) onto SO(2,1) that maps
{V,-V}—R, where V € SU(1,1) and R € SO(2,1).

As in part (b), it is easy to check that the multiplication law is preserved (the proof is
almost identical to the one previously given and will not be repeated here). From the
explicit form for R given in eq. (9), it is clear that both V and —V correspond to the
same SO(2,1) element R. Equivalently, the kernel of the homomorphism defined by eq. (9)
is Zy = {I, —I}, as these are the only two SU(1,1) matrices that are mapped onto the
identity element, R;; = d;; of SO(2,1). Hence, the homomorphism defined by eq. (9) is
a two-to-one mapping. Hence, one can introduce an equivalence relation among SU(1,1)
matrices such that V; ~ V, if either V; =V, or V; = —V,. It therefore follows that

SO(2,1) 2 SU(1,1)/Z, .

2. The Mobius group is defined as the set of linear fractional transformations:

b
M:{m(z):ZzZid’ ad—bc:l},

where a, b, ¢, d and 2z are complex numbers.

(a) Show that the mapping f : SL(2,C) — M defined by:

(8 ) me (10

Cc

is a group homomorphism.

To demonstrate the homomorphism, we first consider the group multiplication of SL(2, C),

<a2 62) (a1 bl) B <a2a1 + by ashy +b2d1)
co dy) \cy dy Coy + docy  coby +dady )
Compare this with the product of two linear fractional transformations. If we define
a1z + b
oz +dy]
then the composition of two successive linear fractional transformations is given by:
a1z + by
+ by

<clz+d1) _ag(arz 4+ by) + ba(crz + dy)
a1z + bl) rd  colarz +by) +dy(crz +dy)
c1z2 + dy

m1(2>

ma(my(2)) =
X

. (agal + bgcl)Z + a261 + b2d1
(02a1 + dgcl)Z + Cgbl + dgdl '
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Thus, the multiplication law of SL(2,C) is preserved. Moreover, the identity of SL(2,C),
denoted by I (the 2 x 2 identity matrix), corresponding to a = d = 1 and b = ¢ = 0 is
mapped to the identity linear fractional transformation m(z) = z. Finally, one can easily
verify that the inverse SL(2, C) matrix,’

(0 - () w

is mapped to the inverse linear fractional transformation,

dz—b

1 .
m=(2) = —cz+a’

since mm ™! (2) = z as shown by the following computation (which uses ad — bc = 1),

dz—b b
“NZezta _a(dz —b) + b(—cz + a)
C(dz—b)+d c(dz —=b) + d(—cz + a)

—cz+a

m(m~'(2)) =

Hence, the mapping specified by eq. (10) is a homomorphism. It is not an isomorphism
since for any T' € SL(2,C), the two elements T" and —7 are mapped into the same element
of M. The kernel of the mapping f is Zy = {I, —I}. We conclude that

M = SL(2,C)/Zs .

(b) Prove that M is not simply connected and identify its universal covering group.

M is not simply connected. Consider a path in the SL(2,C) manifold that starts at the
identity of the group manifold, I € SL(2,C), and ends at —I € SL(2,C). If we map this path
onto M it corresponds to a closed curve since I and —I are both mapped to the identity
of M. Hence, this is a closed path in M that cannot be contracted to a point. Hence, we
conclude that M is not simply connected. In fact, M is doubly connected just like SO(3).
The universal covering group of M is SL(2,C), which is a simply connected group.

To prove that SL(2,C) is simply connected, we shall employ the polar decomposition of
an invertible complex matrix S. Namely, S can be uniquely written as S = HU where H is
a positive definite hermitian matrix and U is unitary.? Note that |[detU| = 1 and det H > 0,
since the eigenvalues of H are all positive. Hence, it follows that any matrix 7' € SL(2,C),

In computing the inverse of the matrix in eq. (11), we have employed the relation ad — bc = 1.

2To prove this result, we first note that SST is a positive definite hermitian matrix. Thus, we define
H = (SST)/2, which is the unique positive definite hermitian square root of SST. One can now show that
U is unitary since U = H~'S, in which case UTU = STH='H~18 = §T(S5T)~19 = 1. For further details
(including a proof that the polar decomposition is unique), see e.g. Chapter 10 of Denis Serre, Matrices:
Theory and Applications, Second Edition (Springer Science, New York, 2010).



which by definition has unit determinant, can be uniquely expressed as the product T'= PU,
where U € SU(2) and P is a 2 x 2 positive definite hermitian matrix with unit determinant.
Moreover, one can uniquely write P = eX = exp{®-&} where £ € R3 and X is a 2 x 2
traceless hermitian matrix.® That is, the set of all 2 x 2 positive definite hermitian matrices
with unit determinant is topologically equivalent to R3.

Thus, there is a continuous invertible map, T +— (U, &), from SL(2,C) to SU(2) x R3.
Using the fact that SU(2) ~ S (as shown in class), it follows that SL(2,C) is topologically
equivalent to the direct product space S x R3. Since both S® and R? are simply connected,
so is their direct product. Hence, SL(2,C) is simply connected.?

3. SO(3) can be represented by a ball of radius 7 with antipodal points identified. A point in
the SO(3) group manifold is specified by a vector € with |€] < 7. Thus, the SO(3) manifold
is parameterized by € = (£,0,0), where (0, ¢) are the spherical angles and ¢ is the magnitude
of the vector é’

[NOTE: This is equivalent to the angle-and-axis parameterization where the rotation angle
is € and the rotation axis, &, is specified by a polar angle § and an azimuthal angle ¢.]

(a) Show that the invariant integration measure of SO(3) is given by

dm:detcﬁﬂd@-,

—

where the matrix elements of ¢(§) are

=~ dR;;
( )”k 65”) &1 dgj

—

and R;; = R;;(€) is the SO(3) matrix given in problem 7(b) of problem set 2.

In class, we showed that the invariant measure is given by

—

dp(g) = det ¢(§) d&ydgs - - - d& (12)

where the the matrix elements cjk(g) are the coefficients of the Lie algebra element A~19A /¢,

—

with respect to some basis, and A(§) are elements of the corresponding Lie group that is

3The most general 2 x 2 traceless hermitian matrix can be written as #-6 for some real three-vector,
£ € R3. One can easily compute exp{#-&} = coshx + (¥-¢/x)sinhx, where x = |Z#|, and show that
this matrix is a positive definite hermitian matrix with unit determinant. In particular, the eigenvalues of
exp{Z-7} = exp{xf-&} are easily seen to be e and e~ (since the eigenvalues of 71-& are +1), which are
manifestly positive. Moreover, allowing & to range over all possible vectors in R? yields all possible positive
definite hermitian matrices with unit determinant, exp{&-&}. Hence there exists a map from P to ¥ that is
one-to-one and onto.

4For further details, see e.g. Brian C. Hall, Lie Groups, Lie Algebras. and Representations: An Elementary
Introduction (Springer Science, New York, 2003).



parameterized by the coordinates é’ That is, given an n-dimensional Lie group G and its
real Lie algebra g, an arbitrary Lie algebra element is given by real linear combination of
basis vectors A; € g. Then, we can write

0:):k ; cin(€)A; (13)

which defines the coefficients cjk(@ needed in the determination of the invariant measure.
We shall apply this procedure to determine the invariant measure of SO(3). The most
general element of the Lie group SO(3) is given in problem 7(b) of problem set 2 [cf. eq. (2)],

= 1 —cos sin
R;;(€) = dijcos & + & (5725) EijmEm g& ; (14)
where £ = (R and € = |§| The matrix generators of the SO(3) Lie algebra are defined by:
OR
A Dl

It suffices to consider infinitesimal &, in which case,

—

Rij(€) = bij — €ijmém + O(7).

Hence,
(Am)ij = —€ijm -

Using the above results, eq. (13) takes the following form:

dR;;

R_-l J

143 d&k

= —€0jmCmk(Z) .

Multiplying both sides of this equation by €/,; and using the identity, € €sjm = —20,,, one

obtains: AR,
C( )Nk eén]RE_z dg

—

(b) Evaluate the expression for du(€) obtained in part (a) and show that

—

dp(€) = 2(1 — cos &) sin dOdpde .

—

We now compute det c(€) given in eq. (15). Recall that [R(R, &)™ = R(—n, ). Using
£ = &h, it follows that R=(€) = R(—£). Hence,

RGE) = dyoosé 166 (50 )+ eumén g (1)
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It follows that:
—cosé sin &
£? £’

after employing the identity, €z j€rim = 0in0jm — 0ij0nm and summing over the repeated index
m. Next, we make use of the chain rule,

d&y 0&}, o€ 0& 0 £ 0¢
where in the the last step, we used & = (£ + €2 + £€2)Y/2 to compute

%_ & &
o (F+&+8)2 &

1
€tnj Ry = €injcos & + i, < ) + (0inéj — 0ijn) —— (17)

Hence, using eq. (14),

Ay (s yep (1m0os€) _ sin
d&k _(gl(sjk)_‘_fjélk)( 52 ) €ijk g

5 ing 2 § sing
; { 0ijsin € + &&; (SI; 52 (1 —cosf)) — €ijmém (% — Sl; )] . (18)

Multiplying egs. (17) and (18) and employing the relevant identities for the product of Levi-
Civita tensors, we obtain:

AR,
Egan_ RJ

o 1—cos§) +5Mcosgsmg ngngkcosg ((3085 B sinﬁ)

= L(€mr&i + €ns&s) cos € ( = . : : .
+ Jeemnée(1 = cosg) (1_—5) £ (BB — Gind) 16 (1 - »s)

£ § &
. B . 9
%(51 Ik +£j zk)(gj in gnéij)sngg (1 é_czosg) — %Enjké-j (Slg—2£)
15 sin § 1 sin [siné 2
) ij(gjém &n za)gk 52 + §€i§j€k(§j5m &n u) ez & - ?(1 — COS f) .

The first and last terms above vanish. Collecting the remaining terms, we find:

1ty = Ok [cosising + 311515 (1- COS€):| + Sennee {(1 _2)85)2 + Sizzg]

cos & ((3085 B sinﬁ) _sing (1 —cosﬁ) N sinzg]
§ § £ § £? &1

Simplifying the trigonometric factors, we end up with

(&) = Lewmi Ry, Cillzw - (5nk - ggf’f) sirgg + §g§k + €nnele (71 _gzosg) . (19)

9

GZWRZ_Z d§




The invariant measure is given by eq. (12). A direct evaluation of det ¢(€) seems ex-
tremely tedious without the help of algebraic computing software. Nevertheless, with a little
ingenuity, one can carry out this computation explicitly as shown in Appendix A. However,
one can simplify the computation of the determinant 81gn1ﬁcantly by making use of the fact
that the measure is invariant under rotations of the vector €. Hence, it follows that det c(€ )
only depends on the length £. To see this explicitly, consider a rotation &, — Ry;&;. Then
the elements of c,;, also transform,’

Cnk — RyjRpeci = (RCRT>nk . (20)

But, note that
det(RcR") = det(R" Rc) = det c,

since RTR = I. Hence, det ¢ is independent of the direction of é’
This means that we are free to choose the direction of £ in order to make the computation
of det ¢(&€) as simple as possible. Choosing & = £2, eq. (19) reduces to:

sin & 1 —cosé
3 3
c(€2) = _(1—0085) sin & 0
3 3
0 0 1

The determinant of this matrix is now easily computed,

2(1 — cos&)

det c(£2) = — [sin® € + (1 — cos§)?] = 2

52

(21)

Hence, the invariant measure of SO(3) is given by:S

= 2(1 —cosg)

du(€) = & d*¢ = 2(1 — cos €) sin 0dOdede .

(c) Compute the total volume of SO(3). Compare this with the total volume of SU(2).

To compute the volume of SO(3), we note that the parameters of the SO(3) manifold satisfies
0<0<m0<¢p<2rand 0 <& < m. Hence,

V(SO(3)) = Q/F dé(1 — cos§) /dQ =

°In obtaining eq. (20), we use the results of Appendix C of the class handout entitled, Properties of Proper
and Improper Rotation Matrices.

6In spherical coordinates, € = £(sinf cos ¢, sinfsin ¢, cos) and d3¢ = £2dEd) = £2dE sin 0dAdep.
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SU(2) and SO(3) are locally isomorphic groups and hence have the same invariant measure.
Globally, the two groups differ since the angle £ of the SU(2) manifold runs from 0 to
27. That is, in the angle and axis parameterization, the SU(2) manifold satisfies satisfies
0<0<m0<¢p<2rand0<¢ < 27w Hence,

V(SU(2) :2/2ﬂd§(1—cos£)/dQ: 1672

Thus, the volume of SU(2) is twice that of SO(3), which is not surprising given that SO(3) =
SU(2)/Z,.

4. Consider a Lie group of transformations G acting on a manifold M. That is, for every
g € G, we have gz = y for some z,y € M.

(a) Let H be the set of all transformations in G that map a given point x € M into itself.
Show that H is a subgroup. H has at least three names in the mathematical literature: the
little group, the isotropy group, or the stability group of the point x.

Suppose that h € H such that hx = x. First, we note that ex = x, so that e € H. If
hi, ho € H, then hihy € H, since hihox = hijx = x. Moreover, hx = x implies that
x = h™ 'z (by multiplication by h~! on both sides of the equation), so that h~! € H. Hence,
H is a group. Since H is a subset of G, we conclude that H is a subgroup of G.

(b) Consider the submanifold of M defined by {gz|g € G}, for fixed x € M. This is
called the orbit through = with respect to G. Show that there is a one-to-one correspondence
between the points of the orbit and the set of left cosets of H. Explain why we may conclude
that {gz | g € G} = G/H. Show that the coset space G/H is homogeneous.

The subgroup H is defined as the set of all h € H such that hx = x. This condition can be
rewritten as Hx = x. To show that there is a one-to-one correspondence between the points
in the orbit through = and the left cosets of H, consider the following result:

giHx = g;x, where ¢; € G'.

As g; varies over the group, g; H ranges over all left cosets of H and g;x ranges over all points
in the orbit through x. Thus, all be have to show is

gl =gH <+ gz=g7,

Note that ¢¢H = ¢oH = ¢ = ¢oh for some h € H. Hence, gix = g2hx = g¢o.
Likewise, g1 = g2 = g5 g1t = ¢ = g, g1 € H. Since HH = H (this is simply
the statement that the subgroup H is closed under group multiplication), it follows that
g g1H € H. Since two cosets that are not disjoint must coincide, g, g1 H = eH = H.
Multiplying both sides by g, then yields g1 H = g H.
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We conclude that the points of the orbit are in one-to-one correspondence with the
distinct left cosets of H. The set of left cosets is denoted by G/H. Hence,

G/H ={gx|g € G}, for a fixed x € M .

To prove that G/H is homogeneous, we must exhibit a homeomorphism ¢ that maps any
point of G/H to any other point. Given the points y,z € G/H such that y = gy and
2z = gox, consider the homeomorphism,

P(gz) = 9297 "9

For g = g1, we have ¢(y) = z. That is, the homogeneous property of G/H derives from the
homogeneous property of the Lie group G.

(c) Prove that S™~' =SO(n)/SO(n — 1) by considering the action of the rotation group
on the point (1,0,0,...,0) € R™.

Consider the action of the rotation group SO(n) on vectors in R™. Let us focus on the point
& € R™. The orbit through x under the group action SO(n) consists of all vectors ¢ € R"
such that |§| = 1. One can always find a rotation matrix that rotates the point & to the
point 4. Thus, the orbit is S”~!, i.e. the set of all unit vectors in R".

To determine the little group, we must find the subgroup of SO(n) that leaves & invariant.
In the case of £ = (1,0,0,...,0), the little group is the subgroup of SO(n) that leaves the
x1-axis fixed, namely SO(n — 1). This can be seen explicitly as follows:

110 0 --- 0 1 1
0 0 0
01 SO(n —1) 0l =19],
0 0 0

where the matrix block obtained by eliminating the first row and column is an SO(n — 1)
matrix. Thus, using the results of part (b), we conclude that:

SO(n)
Sl 2 22
SO(n —1) (22)
Remark: In general, the little group H is not an invariant subgroup of G, in which case
the manifold G/H is not a Lie group. In light of eq. (22), this last remark is consistent with
the theorem mentioned in class that S"~! is not a group manifold for all positive integers n
(excluding the special cases of n = 1,2 and 4).

(d) Prove that S*»~! =U(n)/U(n — 1) by considering the action of the U(n) matrices on
the point (1,0,0,...,0) € C™.
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Consider the action of U(n) on vectors in C". We repeat the analysis give in part (c¢) almost
verbatim. Focus on the point @ = (1,0, 0, ..., 0) € C". The orbit through @ under the
action of U(n) consists of all complex vectors Z € C" such that |z|* + |2+ -+ |z.]* = 1.
Writing z; = x; + 1y; where x; and y; are real numbers, it follows that

ATy sty =1,

This is the equation for the (2n—1)-dimensional sphere, S*"~1. To determine the little group,
we must find the subgroup of U(n) that leaves W invariant. In the case of w = (1,0,0,...,0),
the little group is the subgroup of U(n) that leaves the complex wj-axis fixed, namely
U(n —1). This can be seen explicitly as follows:

1{0 0 --- 0 1 1

0 0
0l Un-1) Of =107,
0 o/ \o

where the matrix block obtained by eliminating the first row and column is an U(n — 1)
matrix. Thus, using the results of part (b), we conclude that:

U(n)

S2n—1 o~ )
U(n —1)

(e) Complex projective space CP"™ is defined as the space of complex lines in C**! through
the origin. That is, CP" consists of the set of vectors in C"*! (omitting the zero vector) where
we identify (2o, 21,...,2n) ~ A(20, 21, - - -, 2 ) , for any nonzero complex number A. Without
loss of generality, we can restrict our considerations to vectors in C"*! of modulus 1. Show
that U(1) ® U(n) is the little group of the point z = (1,0,0,...,0) € CP", and that CP" is
the orbit through z with respect to U(n + 1). Conclude that CP" = U(n +1)/U(1) ® U(n).

A complex line through the origin is an equivalence relation of points in C"**! given by:
(20,21, -y 2n) ~ NMz20, 21, -+, Zn) s where A € C*, (23)

where C* = C — {0} is the set of nonzero complex numbers and (zy, 21, ... , 2,) € C*L.
Without loss of generality, we can restrict our considerations to vectors in C"*! of modulus
1. This means that we impose the condition

n n

dolalP =) @+ =1, (24)

=0 =0

where we have written z; = z; +iy; where x; and y; are real numbers. Eq. (24) is an equation
for the (2n + 1)-dimensional sphere, S?"*!. When eq. (24) is imposed, the complex number
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A in eq. (23) must satisfy [A\| = 1. Hence, A = ¢? where 0 < § < 27, which is in one-to-one
correspondence with a one-dimensional circle, S'. Thus, complex projective space CP" can
also be described as:

CP"™ = {points on S*"*! with a circle of phases S' identified as equivalent} .

This definition of CP™ is mathematically written as:
Cp" = §# /st

Consider the action of U(n + 1) on CP"™ C C"™! . Pick the point in CP" corresponding
to the (n 4+ 1) dimensional vector, z = (1,0,0,...,0). Note that as a point in CP",
2 is equivalent to all (n + 1)-dimensional vectors in C"*! of the form (e, 0,0, ..., 0). It
is easy to prove that any point in CP" can be obtained by the action of some element of
U(n + 1) on z, since one can always find an element of U(n + 1) to map z to an arbitrary
(n + 1)-dimensional vector of C"™! of unit modulus.

To determine the little group, consider the following mapping,

1o 0 -+ 0 1 et
0 0 0
0 U(n) 0l=10 (25)
0 0 0

Since the following (n + 1)-dimensional vectors are equivalent,
(e®,0,0,...,0) ~(1,0,0,...,0),

eq. (25) implies that the little group consists of all (n + 1) X (n 4 1) matrices of the form

e?10 0 0

0

0 U(n) € U(1)® U(n), (26)
0

where the matrix block obtained by eliminating the first row and column is a U(n) matrix.
The matrices specified in eq. (26) constitute the group U(1)®U(n). Hence, using the results
of part (b), it follows that:

CpP" =

(f) Real projective space RP" can be defined analogously to CP" of part (e) by replacing
the field of complex numbers with the field of real numbers. What coset space can be
identified with RIP™?

14



A real line through the origin is an equivalence relation of points in R™*! given by:

where A € R*| (27)

where R* = R — {0} is the set of nonzero real numbers and (z¢, 71, ..., z,) € R""L
Without loss of generality, we can restrict our considerations to vectors in R™*! of unit
length. This means that we impose the condition

n

2 _
E x; =1,
i=0

which is an equation for the n-dimensional sphere, S™. When eq. (28) is imposed, the
real number A in eq. (27) must satisfy A> = 1. Hence, A = 41, which is in one-to-one
correspondence with the discrete group Zs Thus, real projective space RP" can also be
described as:

, ) ~ AMxo, T, o, T,),

(ZL’Q,ZL’l,...

(28)

RP"™ = {points on S" with antipodal points identified as equivalent} .

This definition of RP" is mathematically written as:

RP" = 5" /7, . (29)

Consider the action of O(n + 1) on RP™ C R*™! . Pick the point in RP" corresponding

to the (n + 1)-dimensional vector, & = (1, 0,0, ...,0). Note that as a point in RP", &
is equivalent (—1,0,0, ..., 0). It is easy to prove that any point in RP" can be obtained

by the action of some element of O(n + 1) on &, since one can always find an element of
O(n+ 1) to map & to an arbitrary (n + 1)-dimensional vector of R™*! of unit length.
To determine the little group, consider the following mapping,

+1(0 0 --- 0 1 +1
0 0 0
0 O(n) 0l=1|0 (30)
0 0 0
Since (1,0,0,...,0) ~ (=1,0,0, ..., 0), the little group consists of all (n+1) x (n+1)
matrices of the form
+1(0 0 --- O
0
01 On) € 0(1) ® O(n), (31)
0

where the matrix block obtained by eliminating the first row and column is an O(n) matrix.
Note that the orthogonal group, O(1)= {+1, —1}, which implies that the matrices of eq. (31)
constitute the group O(1) ® O(n). Hence, using the results of part (b), it follows that:

O(n+1)

R = S om)

(32)
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Remark: By a computation that is nearly identical to the one given in part (c), one can
prove that S™ 22 O(n + 1)/0(n) . Hence, it follows from eq. (29) that:
RP" & O(n+1)/0(n) .
Lo

It is tempting to claim that this result immediately implies eq. (32) in light of the fact
that O(1) & Z,, but this last step is not well-defined until one specifies the nature of the
equivalence relation implicit in eq. (32) as well as the precise embedding of the groups. Thus,
one cannot use this shortcut to derive eq. (32).

(g) In parts (c)—(f), check that dim(G/H) = dim G — dim H.

In part (c), dim S"' = n—1, dim SO(n) = in(n—1) and dim SO(n—1) = (n—1)?. Hence,
we check that

inn=1)—in-1n-2)=4in-1)n—-(n-2)]=n-1. v
In part (d), dim $*"!' = 2n — 1, dim U(n) = n? and dim U(n — 1) = 3(n — 1)(n — 2).
Hence, we check that
n—m-1>%*=2n-1. v
In part (e), dim CP" = 2n, dim U(n + 1) = (n + 1)? and dim U(n)®@U(n) = 1 + n?.
Hence, we check that
n+1?—1-n*=2n. v
In part (f), dim RP" =n, dim O(n + 1) = in(n + 1) and dim O(1) ® O(n) = 3n(n — 1),
since the discrete group O(1) = Z, does not contribute the dimension. Hence, we check that

snn+1)—3snn—1)=n. v

In all cases above, dim refers to real dimensions (sometimes denoted by dimg). In par-
ticular, since U(n + 1) is not a complex manifold, it does not make sense to employ complex
dimensions in the case of part (e). Note that CP" is a complex manifold of n complex
dimensions, so that dimg CP" = 2n as stated above.

(h) CP" is a manifold of n complex (or 2n real) dimensions. CP' is homeomorphic to
which well-known two-dimensional real manifold?

CP*' consists of all complex 2-vectors such that (zg, 21) ~ A(zg, 21) for all A € C*. Thus, we
can express CP' as the union of two sets:

{all vectors equivalent to (zp, z1), 20 7# 0} U {all vectors equivalent to (0, 2z;1),2; # 0} .

If zo # 0, then (zp, 2z1) ~ (1, 21/20) = (1, 2), where z ranges over all numbers in the finite
complex plane (including z = 0). Likewise, (0, z1) ~ (0,1) for all 2y € C*. Hence, we
conclude that:

CP'=~C U {(0,1)}.

In words, CP"' is isomorphic to the union of the finite complex plane and a single point.
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This should remind you of the representation of the extended complex plane as the union
of the finite complex plane and the point of infinity. This representation is topologically
equivalent to the stereographic projection of the two-dimensional sphere (called the Riemann
sphere). In particular, we represent C = R? 2 S? — {north pole} by the mapping illustrated
in the figure below.

The south pole of the Riemann sphere is tangent to the complex plane. A straight line is
drawn from the north pole (which lies above the complex plane) to the complex plane. This
line intersects the sphere (i.e. the surface of the ball) once and intersects the complex plane
once.

Thus, this establishes a one-to-one correspondence between the finite complex plane and
S? — {north pole}. The north pole itself maps onto the point of infinity. Hence,

S? = C U {point of infinity},

as a topological homeomorphism. Thus, using the stereographic projection, we have a one-
to-one onto map between CP' and the Riemann sphere. It follows that:

CP! =~ 52,

That is, one can introduce a complex structure on the two-dimensional sphere and realize it
as a complex manifold of one complex dimension. Indeed, this manifold is CP'.

5. Let A be an even-dimensional complex antisymmetric 2n x 2n matrix, where n is a positive
integer. We define the pfaffian of A, denoted by pf A, by:

1
onp)| Z (_1>p AilizAi3i4 o 'Ai2n—1i2n ) (33>
' p€S2n

pf A=

where the sum is taken over all permutations

(1 2 - 2n
P= i iy o o
and (—1)? is the sign of the permutation p € Sy,. If A is an odd-dimensional complex

antisymmetric matrix, the corresponding pfaffian is defined to be zero.
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(a) By explicit calculation, show that”

det A = (pf A)?,

for any 2 x 2 and 4 x 4 complex antisymmetric matrix A.

The most general 2 x 2 antisymmetric matrix is:
0 a
A (_a O) |
By definition of the pfaffian given in eq. (33),

pfA=1la—(—a)=a,

and det A = a?. Hence, det A = (pf A)%.. v
The most general 4 x 4 antisymmetric matrix is:

0 Q12 13

| —are 0 23
A=

—a13  —a3 0

—Q14 —A24 —Q34

a14
A24

a34
0

Consider the 24 elements of the permutation group Ss. Using the definition of the pfaffian
given in eq. (33), three of the terms that appear in the sum are:

_ 1
pf A = ¢ [a12a34 — a13a94 + a14023 + -]

(35)

where we have noted that (123 1) is an odd permutation and (1 %3 4) is an even permutation.
It is clear that the other 21 terms that appear in the sum just reproduce the same three
terms displayed in eq. (35) with the same signs. Hence, we conclude that

pf A = aiza3s — a13a24 + 14023 .

The computation of the determinant of A is straightforward.

—Q12 A3 A —a12 0 au —a1
det A = —ajodet | —ags 0 asq | +azdet | —ai3 —ass  ass | — apdet | —ags
—Q14 —A34 0 —Q14 —Q24 0 —a14

= —012024013034 + 012034(012034 + 023014) — 113012024034 + a13a24(a13a24 - a14a23)

+a14Q12023034 — CL14CL23(CL13CL24 - CL14CL23)

2 2 2 2 2 2
= Q74093 + A7309y + 19034 — 2CL12(L13(L24CL34 + 2a12a14a23a34 — 2@13&14&23@24

2
= (a12a34 — a13a24 + ay4a93)°~ .

Once again, we see that det A = (pf A)?. v

0 923
—ass 0
—Q24 —Q34

"Eq. (34) holds for all complex antisymmetric 2n x 2n matrices, where n is any positive number. A
general proof is provided in a class handout entitled, Antisymmetric Matrices and the Pfaffian.
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(b) Prove that the determinant of any odd-dimensional complex antisymmetric matrix
vanishes. As a result, the definition of the pfaffian in the odd-dimensional case is consistent
with the result of eq. (34).

Starting with A = —AT and taking the determinant of both sides of this equation,
det A = det(—A") = (=1)"det AT = (—1)"det A,
where n is the dimension of the matrix A. If n is odd, then (—1)" = —1, in which case,
det A= —det A,
from which we conclude that det A = 0.
(c) Given an arbitrary 2n x 2n complex matrix B and complex antisymmetric 2n x 2n
matrix A, use eq. (34) to prove the following identity:
pf (BABT) = pf A det B. (36)

Using eq. (33),

1
pf (BABT> = anl Eiljligjz---injn (BilklAklfl Bj1£1>(Bi2k2Ak2£2 Bj252) e (anknAannB]nzn)

1
- 2”’)’[,' €i1j1i2j2"'i7lj7LBi1k1 leél BiZkZBjQZZ T B’ink)nBjnénAk‘lflAkﬁfz U Ak)nfn 9
after rearranging the order of the matrix elements of A and B. We recognize the definition
of the determinant of a 2n x 2n-dimensional matrix,

det B €hrb1kolsknly — € Bj e, By, Bjaes + - 'Bz’nknBj (37)

ioko nln -

11719272 *inJn Bi1k1

Inserting eq. (37) into the expression for pf (BABT) yields

1
pf (BABT) = o1 et B €ppitnnne, At Aay  Aryr, = PEA det B

(d) A complex 2n x 2n matrix S is called symplectic if STJS = J, where ST is the

transpose of S and
J:(—]ln (Dn)7 (38)

where 1,, is the n x n identity matrix and O,, is the n X n zero matrix. Prove that the set of
2n x 2n complex symplectic matrices, denoted by Sp(n,C), is a matrix Lie group® [i.e., it is
a topologically closed subgroup of GL(2n, C)].

8Warning: many authors denote the group of 2n x 2n complex symplectic matrices by Sp(2n, C).
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Consider the set,

Sp(n,C) = {S € GL(2n,C) | STJS = J},

where J is defined in eq. (38). To prove that this is a subgroup of GL(2n, C), we first verify
the closure property. If ST.JS; = J and S3 JS; = J, then

(S195)TJ(518,) = S 81 JS1Sy =808 =J.
Next, we note that the identity matrix 15, € GL(2n,C) is an element of Sp(n, C), since
1, J10, =J.
Finally, we check that if S € Sp(n,C) then S=! € Sp(n, C), by verifying that
(S HTIS = (s HT(STIS)S =1,

where we have used STJS =J. V

Note that Sp(n,C) is a closed subgroup of GL(2n,C) by virtue of the theorem given in
class that states if f and g are two functions that map Hausdorff spaces X — Y, then
the set {x € X| f(z) = g(x)} is closed. We apply this theorem to the current problem by
choosing f(S) = STJS and g(S) = J.

(e) Prove that if S is a symplectic matrix, then det S = 1.

Since S is symplectic, J = STJS. Taking the determinant of this equation and noting that
det(ST) = det 3, it follows that,

det J = det(STJS) = [det S]*det J . (39)
A simple computation gives det J = 1. Hence, eq. (39) implies that [det S]? = 1, and it
follows that det S = +1.

To prove that det S = 1 for all S € Sp(n, C), we shall make use of part (c¢). In particular,
using det(ST) = det S and eq. (36),

pf(STJS) = pfJdet S. (40)
Since S is symplectic, STJS = J, which when inserted into eq. (40) gives
pfJ =pfJdetS. (41)

Using the definition of the pfaffian given in eq. (33), it follows that pf J = 1. Thus, it is
permissible to divide eq. (41) by pf J, which immediately yields

det S =1,

for all complex symplectic matrices S.
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First alternative derivation. Another way to show that there are no symplectic matrices
with det S = —1 is to prove that Sp(n,C) is a connected group.” Thus, all elements of
Sp(n,C) are continuously connected to the identity element. Since 1,, € Sp(n,C) is a
matrix with determinant equal to 1, it follows by continuity that all elements of Sp(n,C)
must have unit determinant.

Second alternative derivation. In Anthony Zee, Group Theory in a Nutshell for Physi-
cists, another proof that the determinant of a symplectic matrix is equal to one is provided.
However, this proof provided is not complete. Here, I will provide Zee’s argument and then
show how to complete the proof.

Zee examines the characteristic polynomial, P(z), of the symplectic matrix S, which can
be manipulated as follows.

P(2) = det(S — 214,) = z*"det (2718 — 19,) = z*" det Sdet(z 1y, — S71). (42)

Since S is symplectic, we have J = STJS, which implies that S™' = —JSTJ, after making
use of J~! = —J. Hence, it follows that

P(z) = 2*"det Sdet(z 1y, + JSTJ) = 2*"(det J)* det S det(ST — 271y, .
As previously noted, det J = 1. Hence,
P(z) = 2*"det Sdet [(S — 27'1,) "] = 2" det S det(S — 27 1s,) = 2*"(det S)P(z7"). (43)
That is, we have proved that the characteristic equation for a symplectic matrix S satisfies,
P(z) = 2*"(det S)P(z71). (44)

The eigenvalues of S are obtained by solving the equation P(z) = 0. Since S is invertible,
S does not possess any zero eigenvalues. Hence, P(z) = 0 implies that P(z7') = 0. We
conclude that if X is an eigenvalue of S then A~! is also an eigenvalue of S. That is, the
eigenvalues of S come in pairs, {\, A™*}. Moreover, if A # +1, then it follows that the
multiplicity of the eigenvalues A and A~! are the same. This latter result follows after taking
r derivatives of eq. (44) with respect to z, where r is the multiplicity of the eigenvalue A,
and then setting z = \ .

What happens when A = A\~! or equivalently when \ = +1? Zee does not consider this
possibility, but it is critical for the argument, because the determinant of S is a product of
its eigenvalues. It then follows that

det S = (—1)¢, (45)

where d is the multiplicity of the eigenvalue —1. We shall now argue that d must be even.
Suppose that —1 is an eigenvalue of S, in which case 15, + S is not invertible. However,

9The proof is a generalization of the proof that SL(2, C) is simply connected given in part (b) of problem 2.
In this proof, one shows that Sp(n,C) is topologically equivalent to U(n) x R™"+1) which is a connected
space. We do not present this proof here; for further details, see e.g. Chapter 10 of Denis Serre, Matrices:
Theory and Applications, Second Edition (Springer Science, New York, 2010).
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it is possible to perturb the matrix S — S, in such a way that it remains symplectic such
that 1, + S, is invertible, implying that —1 is not an eigenvalue of S..!% If the perturbation
is small, then S, will possess an eigenvalue A\ with multiplicity r that is very close to —1.
But, using the results obtained above, S, will possess a second eigenvalue A~! with the same
multiplicity r that is also very close to —1. In the limit of ¢ — 0 where the perturbation is
removed, the eigenvalues A and A\~! coalesce, resulting in a degenerate eigenvalue —1 with
multiplicity 2r.1! We conclude that d = 2r in eq. (45), and it follows that det S = 1.

(f) Using the results of parts (d) and (e), prove that the matrix Lie groups Sp(1,C) and
SL(2, C) are isomorphic.

Consider an arbitrary complex 2 x 2 symplectic matrix,

S = (CCL Z) € Sp(1,C),

where a, b, c,d € C. Imposing the condition ST.JS = .J, we require

Ca ) o))

Multiplying the matrices on the left hand side of the above equation yields

0 ad —bc\ 0 1
bc — ad 0 -1 0/

Thus, we conclude that ad — bc = 1, which implies that det S = 1. Hence, S is a complex
matrix of unit determinant, which means that S € SL(2,C). The analysis above also implies
that any SL(2,C) matrix automatically satisfies ST.JS = J. Hence, we have proven that

Sp(1,C) = SL(2,C).

Of course, this result is consistent with the general result that all symplectic matrices have
unit determinant. For 2 x 2 symplectic matrices, the determinental constraint is the only
constraint imposed on a complex 2 x 2 matrix. For values of n > 1, the condition STJS = J
imposes additional constraints beyond that of det S = 1.

Remark: For n = 2, one can prove the isomorphism Sp(2,C) = SO(5,C). For values of
n > 3, Sp(n,C) is not isomorphic to any of the other classical groups, and thus must be
considered as an independent family of simple Lie groups.

0Details are given in Israel Gohberg, Peter Lancaster and Leiba Rodman, Indefinite Linear Algebra
and Applications (Birkh&user,Basel, Switzerland, 2005) pp. 64-66. In particular, see Lemma 4.8.6 of this
reference, which was inspired by an appendix on symplectic matrices that appears in Peter D. Lax, Linear
Algebra and its Applications, 2nd edition (John Wiley & Sons, Inc., Hoboken, NJ, 2007) pp. 308-312.

1By a similar argument, the multiplicity of the eigenvalue +1 must also be even.

22



APPENDIX: A simple method for evaluating the determinant of eq. (19)

Consider the following 3 x 3 hermitian matrices:

? 5 Bnk = 52 ) an = ZEnkZE )

where the indices n and k run over 1,2,3 and £ is the magnitude of the vector 5 It is easy
to verify that these matrices satisfy the following relations:

A*=A, B*=B, C*=C, AC=CA=C, AB=BA=BC=CB=0.
We now define three projection matrices:

By =YA+C), E=YA-C), E=B, (46)

Ank - 5nk -

which satisfy:

2

3
El = E; E,E; = 6;;E; (nosum over i), and Z E =1,
i=1

where I is the 3 x 3 identity matrix. Using the spectral decomposition of linear algebra, any
diagonalizable complex 3 x 3 matrix can be written in the form

M =Y \Ei, (47)

where the \; are the eigenvalues of M and the F; are a projection operators that project
vectors of R? to the one-dimensional linear subspace spanned by the corresponding eigenvec-
tor ¥;, respectively. In particular, E;¥; = ¥;0;; (no sum over ¢), which implies [after using
eq. (47)] that Mv; = \;7;, as expected. The determinant of M is then given by:

det M = )\1)\2)\3 .

We now use the above results to evaluate the determinant of eq. (19), which can be
rewritten in the following form,

(&) = 512§A+B—¢<$)0.

One can re-express c¢(£) in terms of the projection operators defined in eq. (46),

6 [ () e [ ()

—

Comparing with eq. (47), we can read off the eigenvalues of ¢(§),

Hence,

det C(_‘) = )\1)\2)\3 = é [Sin2£ + (1 — COS£)2:| =

which reproduces the result obtained in eq. (21).

2(1 — cos &)
& ’
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