The Lorentz and Poincaré groups in relativistic

field theory

Eric Shahly

June 2019

Eric Shahly The Lorentz and Poincaré groups in relativistic field theory



Generalized orthogonal groups

m The orthogonal groups O(n), which preserve the norm of a vector
in R™, can be generalized to groups O(m,n) which preserve an
1, O
L)
m The defining relation for A € O(m,n) is

indefinite metric g = 1,, , = [

ATgA=yg
m For 7,77 € R™*" A € O(m,n), i = AZ implies

2 2 2 2 2 2 2
Yyit.. ‘+ym_ym+1_‘ T Ymgn = Tt AT =Tt~ ““Tmin
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Lorentz transformations

m In special relativity we are interested in Lorentz transformations
which preserve the lengths” of four-vectors in Minkowski
space,

X1 X, = g XUXY = (X0 — (X1)? = (X2)? — (X)?

where g, = diag(1, —1, —1, —1) is the Minkowski metric.

m Equivalently, a Lorentz transformation A must satisfy
ATg A = g. Thatis, A € O(1,3).
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The Lorentz group O(1,3)

m The defining relation A”g A = g implies that |detA| = 1 and
|A%]| > 1 for any A € O(1,3).

m O(1,3) has 4 connected components corresponding to different
possible signs of detA and A°,,.

m The component connected to the identity is a subgroup, often
called the proper orthochronous Lorentz group SO(1,3)*.

m We can think of the 4 components as a group:
{1, P,T,PT} = Zoy X Zo.
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Relativistic field theory

m To construct a relativistic field theory, we would like our
equations of motion for a particular field to hold true in all
reference frames. This means the action S = [ £(x)d*z should
be invariant with respect to any transformation A € SO(1,3)"

m The Lagrangian density £ transforms like a Lorentz scalar :

L(z) = LA z)
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Relativistic field theory

m Consider a multiplet field ¥, with n components. It must
transform as W, (z) — Map(A) Wy (A~ ), where My, (A) is an
nxn matrix. This requires us to construct an n-dimensional
representation of SO(1,3)™.
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The Lie algebra so(1, 3)

m Linearizing the defining relation about the identity, we find that
x € so(1,3) must satisfy zTg+ gr = 0. zis a4 x 4 matrix, and
this relation imposes 10 conditions on the elements of . We can
construct a basis a1, .. ., ag of the Lie algebra consisting of
matrices J; and K; fori = 1,2, 3.
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The Lie algebra so(1, 3)
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10
0 0
0 0

The J; are clearly the generators of the SO(3) subgroup. The
corresponding one-parameter subgroups are finite spatial rotations.
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The Lie algebra so(1, 3)

0 -1 0 0 0
1 0 0 0 0
Er=149 0o o of 2=
0 0 0 0 0

0 0 0 —1

0 00 0
Bs=109 00 o
100 0

The K; are the generators of Lorentz boosts.
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The Lie algebra so(1, 3)

In this basis, the algebra looks like :
[Ji, Jj] = €iji Ty
[Ji, Kj] = € Ky,

(K, K| = —€ijiJy
fori,7=1,2,3
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The Lie algebra so(1, 3)

m We can consider the complexification of the Lie algebra, denoted
by s0(1,3)c, in order to construct a basis that is equivalent to a
direct sum of Lie algebras (that is, the complexification so(1, 3)¢

is semi-simple)

m Define a new basis through complex linear combinations of the

original basis vectors :
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The Lie algebra so(1, 3)

This new basis satisfies the following commutation relations:

PANEIE
(T2, J7]) = ek gk

[JE 071 =0

In this basis, it is clear that so(1, 3)c = su(2)c € su(2)c. At the
group level we have SO(1,3)" = SL(2,C)/Zs.
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Finite dimensional reps. of SO(1, 3)*

m The previous result implies we can characterize a representation
of SO(1,3)* by a pair of half-integer numbers, (s1, s2) where
51,82 :0,%,1,...

m The dimension of this representation is (2s; + 1)(2s2 + 1).

m These representations define the possible types of fields which

can be described by our relativistically invariant field theory
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Finite dimensional reps. of SO(1, 3)*
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Spin % fields

m Note that there are two different 2-dimensional representations
which are appropriate for describing the transformations of a
spin % field : (%, 0) and (0, %)

m These representations describe Weyl fermions 7, and g of left
and right chirality respectively. 17, and ¢ are fundamentally
different degrees of freedom - see neutrinos, and electroweak
theory.

m Under infinitesimal Lorentz transformations,
v — (1-i6-5/2— (- &/2)yy

vp— (1—i0-3/2+C-&/2)g

m In the massless limit, a state of definite chirality is also a state of
definite helicity.
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Spin % fields

m In QED, one often uses four component Dirac spinors which mix
¢r and YR
m This corresponds to the (0, 1) (3, 0) representation. The

generator S are ‘
0i _1 O'Z O ‘
57 = 2 (0 —JZ>

1. (% 0
ij _ — ijk
s 726 <O 0k>

fori,7=1,2,3.
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Finite dimensional reps. of SO(1, 3)

m One can show that the Klein-Gordon equation,
(0% + m?)®(z) = 0 is invariant under the transformation
d(z) = ®(A 1)

m Similarly, the Dirac equation (iv*0u —m)y(x) = 0 is invariant
under the transformation ¢ (z) — exp(—w,, S* )ih(A~ )

® And, the Weyl equations ic# 9,41, = 0 and ic" 0,1 r = 0 are
invariant under transformations of vy, and g under the
2-dimensional fundamental / anti-fundamental reps. of SU(2)
respectively.
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Finite dimensional reps. of SO(1, 3)*

Important note : SO(1,3) is non-compact. This means that the
finite-dimensional representations are not unitary - we can see this by
looking at the boost component of the general transformation. In a
quantum theory we need unitary representations. Basis states of the
Hilbert space of a quantum field theory transform under unitary
infinite-dimensional representations of the full Poincaré group.
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Poincaré group

m The Poincaré group is also known as the inhomogeneous Lorentz
group, or ISO(1,3). This group contains all of SO(1,3) as a
subgroup, with 4 additional generators P* that generate
translations in spacetime.

m We can outline the strategy for classifying the
infinite-dimensional unitary representations of the Poincaré

group.
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Infinite dimensional reps. of the Poincaré group

m Consider the abelian invariant subgorup 7 of ISO(1,3) (the
translation group in four dimensions).

m Basis vectors of our representation are built out of eigenvectors
of the generators of this group (P*), plus those of commuting
operators from the Lie algebra of the little group.

m Basis vectors are characterized by their eigenvalues with respect
to quadratic Casimir operators : C1 = P, P* (eigenvalue
¢1 =mass) and Cy = Wy W?, where

W = eAWUJWPU/Z

is called the Pauli-Lubanski vector.
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Infinite dimensional reps. of the Poincaré group

m Four possible cases :
E ¢, = 0,p" = 0 (vacuum)
B ¢; > 0 (massive particle)
m ¢; = 0, p" # 0 (massless particle)
mc <0
m Each case leads to a different little group of the factor group
SO(1,3). Each irreducible unitary representation of the little
group then induces an irreducible unitary representation of the
full Poincaré group.
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Casel: ¢ =0,p" =0

The little group is the subgroup of the factor group
I150(1,3)/T, = SO(1, 3) which leaves the test vector invariant. In

this case, the little group is the full homogeneous Lorentz group
SO(1,3).
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For a massive particle, we can always boost to a rest frame where
p* = (M,0,0,0). In this case the little group is just the rotation
group, SO(3). The basis vectors we will choose will satisfy:

Pr0A) = p*[0A)

J2|0)) = s(s+1)|0N)

J3|0X\) = A|0N)

Here, O is labeling the three-momentum p’ = 0.
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By acting on these basis vectors with elements of SO(1,3) not in the
little group, we can obtain a general state |pA). The result is a
representation of the Poincaré group labeled by (M, s) that is
irreducible, unitary and infinite-dimensional.
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Case 3: ¢; =

This corresponds to a massless particle moving with some momentum
w, so we can write the four-momentum as p* = (w, 0,0,w). The little
group is even smaller: SO(2). The main difference is that in this case,
the helicity A is Lorentz invariant.
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Infinite dimensional reps. of the Poincaré group

Result:

m Massless states are identified with basis vectors of
infinite-dimensional irreps. labeled by a momentum ' and a
helicity A. There are two distinct possible states corresponding to

e1ther)\—sor)\——sforsomes—O,Q, Yoo

m Massive states are identified with basis vectors of
infinite-dimensional irreps labeled by a mass M, a momentum

P, and a helicity A = — .,sforsomes=0,1,1,...
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