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Introduction

The Quantum Harmonic Oscillator

For our discussion, we will deal with the harmonic oscillator in 1 dimension!

The Hamiltonian
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Minimal Uncertainty States

Minimal Uncertainty States

For the QHO, lets calculate AXAP.

Show AXAP =

Starting with:
pS h
X=4/— (a+af
2;77,:) ( ) (4)
A~ _ [0} A~ _ AT
P=—j > (a a )
With this we have:
Axap = \/(n| X2|n) — (n| X M2/ (n| B2 |n) — (n| P|n)? (5)
h
=5 (2n+1) (6)

We see that n = 0 saturates the Heisenberg Uncertainty relation: AxAp > g
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Minimal Uncertainty States

Another Minimal Uncertainty State

Lets define the following state:
2 Lz
z)y=e72""Y" “_|n); zecC @)

This state is exciting because 2|z) = z|z). Also (z|z) = 1. lts good to note that |z)
can also be written as: A
|2) = e~ 212+23|0) ®)

It is worth noting that there is a yet unmentioned way to write |z) that will be discussed
shortly
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Another Minimal Uncertainty State Continued

As mentioned, |z) is a minimal uncertainty state. To see this:

Proof that |z) is a minimal uncertainty state.

Starting with:
(2| X|2) = \/%(<2|é|z>+ (z|at |z>) _ \/@(ZJFZ*)
(2 Ple) =~y (2~ 2%) .
@12 = [ (@2 +1)
(@ P212) = sart ™7 (2~ 272~ 1)
With this:
Axtp= (10)
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The Displacement Operator

The Translation Operator

Let us define the following operator, called the Heisenberg-Weyl Translation operator.

T(z) = et (PQ=3P) (mwg +ip) € C (11)

1
T V2hmw
This operator can also be written in terms of creation and annihilation operators:
T(z)= e "2 (12)
This last version is the one most commonly seen in discussions about coherent states.

|
We will go back and explore the Heisenberg-Weyl group in greater depth when we talk
about general coherent states
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The Displacement Operator

The Action of 7(z) on Q and P

We are after T(2)QT~1(z) and T(2)PT-1(2).

Start with T(z)aT—1(z2).

>

(13)
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The Displacement Operator

|z) from D(z)

Earlier | mentioned that there was another way to write |z) and that is as:

|z) = D(z) |0) (14)

Some Quick Observations

If we let ¢, be the position wavefunction of |z) then:

m T(0)|0) = |0) = T(0)py = do Where ¢y is the groundstate wavefunction of the
harmonic oscillator. In other words, the groundstate is a coherent state.

[ ]
T(2)s0(x) = e 25 PenPao(x —q) 5)
T(2)Flol(k) = e~ 2znPer ¥ Flgo](k — p)

Where F[¢o](k) is the Fourier transform of ¢¢. Here, we see that |z) is now
localized at Q@ = g and P = p in phase space.
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The Displacement Operator

Time Evolution!

The time evolution of T(z) is given by:
T(z) = e Hol/ T (zg)eMhot/h (16)
With this, the time evolution of a coherent state is given by:

e Mol |z0) = |2(1)), 2(t) = €'z (17)

Time Evolution of (Q) and (P)

(2(1)] Q|2(1)) = posin(wt) — go cos(wt)

. (18)
(z(t)| P|z(t)) = —qo sin(wt) — py cos(wt)
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Definition

Definition of General Coherent State

Let G be an arbitrary Lie group and T be an irreducible representation acting on a Hilbert
space H. Pick a vector |¢)g) € H, then the coherent state system {T,|v¢y)} is the set

{l¥) e st [v) =T(9) [¥o) 9 € G}

Now, we will want to look at a subgroup H = {g € Gs.t. T(g) [spo) = €@ |y} }. His
the isotropy group of |yg).

Then a general coherent state |1g) = g |¢o) is determined by a point x = x(g) in the
coset space G/H such that |1g) = &) |x).
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Looking at the Heisenberg - Weyl Group

They algebra of the Heisenberg-Weyl group in n dimensions (denoted as W, is generated
by l, 01 5 On and P1 s Pn
[Qhoj] [PI7P] —[I,Q,]:[I,P/]ZO

[Q,', /'] = (5,'/'71/ (19)

The Lie Algebra b, is generated by | — i1, @ — iQ and P — iP. Thus, any element of
hn can be written as:

T (000 B = i1 1o (5.0 P) s — () e B
W=t (pr@-q-P) = 24502, L2)=(p-Q qP),Z—(qvp)(ezoﬂﬁ
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Some Properties of T

The product of T(z) and T(2').
T(2)T(2) = e 2 (@ P ) Tz 4+ 2) e W, @1)

The identity operator is eW(t=0,2=0) and for a given state |1), the isotropy group is given
by Hn = {10} = u(1).

The set of coherent operators is Wn/Hn =
{T@.2=(a.p er2}
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Heisenberg-Weyl Group

So Back to the Harmonic Oscillator

If we go back to the harmonic oscillator, we had a ground state |0), The group we are
considering is W;, the isotropy group is still {eW(':O’Z:O} =~ U(1). Thus coherent
states of the Heisenberg-Weyl group are generated by T(z),z = (g, p) € R2.
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Heisenberg-Weyl Group

A Few More Notes on the Harmonic Oscillator

= The set {?(z) |0>} is complete but not necessarily orthogonal:

(Z12) = (0| T-(Z)T(2) 0) (22)
= (0| T(~2")T(2)|0) (23)
eg*’(q P—p’q) <0| 7-(2/ + Z) |0> (24)

[ ' )2 /)2
~ e [Q'E (o pra) - @U@ =D ] o5
#0 (26)

This last part comes from the fact (0| T(z) |0) = exp ( s p2> This implies
{T z) |O>} is in fact overcomplete.
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Coherent Spin States

Minimal Uncertainty States

Let |j, m) be a state of spin j and z projection m. Then J3|j,m) = m]|j, m) and
J|j,m)y = j(j + 1) |j, m). The uncertainty relation AJd; Adp > % (J3).

A1 Ay = % (j(j +1) - m2) 27)

States of minimal uncertainty are given by m = =+j.
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Coherent Spin States

Sooo, whats G and H?

Our Lie group for this system is G = SU(2). With this, we can go back to our definition
of a general coherent state. The isotropy group is U(1) and thus the phase space is
SU(2)/U(1) which is topologically equivalent to S2.

Now! Lets construct them!
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Coherent Spin States

Gonstrueting-Spin-Goherent-States Defining Some Ladder Operators

Lets start by defining:

Ladder Operators!

Jiy =3 £ids (28)
where .
Jrlimy=ViFm@Em+1)|jm=1) (29)
and

—

Ja, :/:i:] =+J;
(30)
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Coherent Spin States

Ok, Now Start to Construct Spin Coherent States

We begin by defining an operator:
D) = ¢, g = —tan (g) e (31)
Then, in a similar fashion as earlier, a coherent state is defined as:

j ,
© =D~ = 3 [t

m=—j

} A eRy gt m (@)
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Coherent States in Optics

The Squeeze Operator

The squeeze operator is defined as:

S(¢) = e% (4*32,@12)7 ¢ = re®

X,
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Coherent States in Optics

Why are These Useful?

m Optical Communication: Helps improve signal to noise ratio
= Interferometry: LIGO!
= Some weird quantum information stuff
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Coherent States in Superfluids

Coherent States of Fields

Superfluids are discussed in terms of bosonic fields. So with that in mind, lets define:

(34)

|2) = e~ 21° Z
vl

Where ny is the number of states in the k' mode of the field. We have the completeness
relation:

; / dzi 24) (2] = 1 (35)

The set of all states of the form [, |z¢) form a complete set of states.
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Coherent States in Superfluids

Free Energy of |{z})

The free energy of |[{z}) is given by:
0) _ N
Fz) = —keln [<{z}| exp (—H”"N> |{z}>] (@)
b

Which to first order goes like:

lhw—u
_2 - =
F{"}{z}:—ka(e |zk|2) (37)

k

This is a good approximation for a Bose-Einstein condensate. Adding a quadratic
interaction term to 36 will approximate the free energy of a superfluid because it allows
the BEC to "flow".
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