Physics 116A Fall 2019

The complex logarithm, exponential and power functions

In these notes, we examine the logarithm, exponential and power functions, where
the arguments' of these functions can be complex numbers. In particular, we are
interested in how their properties differ from the properties of the corresponding
real-valued functions.

1. Review of the properties of the argument of a complex number

Before we begin, I shall review the properties of the argument of a non-zero
complex number z, denoted by arg z (which is a multivalued function), and the
principal value of the argument, Arg z, which is single-valued and conventionally
defined such that:

—m<Arg z <. (1)

Details can be found in the class handout entitled, The argument of a complex
number. Here, we recall a number of results from that handout. One can regard
arg z as a set consisting of the following elements,

argz = Argz+2mm, n=0,+1,4+2, 43, ..., -7 <Argz<m. (2)
One can also express Arg z in terms of arg z as follows:
1 argz
Argz = 27 | = — 3
rgz = arg z + w[2 27r} : (3)
where [ ] denotes the greatest integer function. That is, [x] is defined to be the

largest integer less than or equal to the real number x. Consequently, [z] is the
unique integer that satisfies the inequality
r—1<[z] <z, for real x and integer [z]. (4)

For example, [1.5] = [1] =1 and [—0.5] = —1. One can check that Arg z as defined
in eq. (3) does fall inside the principal interval specified by eq. (1).
The multivalued function arg z satisfies the following properties,

arg(z122) = arg z; + arg 2o, for z1, zo # 0, (5)

arg (ﬁ) = argz; — arg 2, for z1, 29 # 0, (6)
22
1 *

arg (—) =arg 2" =—argz, forz#0. (7)
2

!Note that the word argument has two distinct meanings. In this context, given a function
w = f(z), we say that z is the argument of the function f. This should not be confused with the
argument of a complex number, arg z.



Egs. (5)—(7) should be viewed as set equalities, i.e. the elements of the sets indicated
by the left-hand side and right-hand side of the above identities coincide. However,
the following results are not set equalities:Arg

arg z + argz # 2arg z, argz —argz # 0, (8)
which, by virtue of egs. (5) and (6), yield:
arg z® = argz + arg z # 2arg z, arg(l) = argz —argz #0. (9)

For example, arg(1) = 27n, for n =0+ 1,£2,.... More generally,

argz" = argz +argz +---argz #n argz. (10)

n

We also note some properties of the the principal value of the argument.
Arg (z129) = Argzy + Argzo + 27Ny, for 2y, 20 # 0, (11)
Arg(z1/29) = Argzy — Argzo + 27 N_,  for 21, 23 # 0, (12)

where the integers N, are determined as follows:

-1, if Argz +Argzy > 7,
Ny = 0, if —m<Argz £Argz <7, (13)
1, if Argz; +Argz, < —m.

If we set z; = 1 in eq. (12), we find that

Argz, iflmz=0 and 2 #£0,

: (14)
—Arg 2, if Im 2z #0.

Arg(1l/z) = Arg 2" = {

Note that for z real, both 1/z and z* are also real so that in this case z = z* and
Arg(1/z) = Arg z* = Arg z. In addition, in contrast to eq. (10), we have

Arg(2") =nArg z 4+ 27N,,, for z #0, (15)

where the integer N, is given by:

1 n
and | | is the greatest integer bracket function introduced in eq. (4).



2. Properties of the real-valued logarithm, exponential and power func-
tions

Consider the logarithm of a positive real number. This function satisfies a
number of properties:

et =g, (17)
In(e?) =a, (18)
In(zy) = In(x) + In(y) , (19)

In (g) = In(z) — In(y), (20)

In (1) = —In(z), (21)

Inz? =plnzx, (22)

for positive real numbers x and y and arbitrary real numbers a and p. Likewise,
the power function defined over the real numbers satisfies:

¢ = ealnx’ (23)
22’ = g (24)

x* a—>b

1

— =g 26

xo X ? ( )
([L’a)b — ZL’ab, (27)
(xy)* = a"y", (28)

) o

for positive real numbers x and y and arbitrary real numbers a and b. Closely
related to the power function is the generalized exponential function defined over
the real numbers. This function satisfies:

a® = eaclna7 (30)
a*a? = a*tv (31)

a®

_ — Ty

ay =a ) (32)
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(@) = a™, (34)
(ab)® = a®b”, (35)

(5) =amv. (36)

for positive real numbers a and b and arbitrary real numbers z and y.

We would like to know which of these relations are satisfied when these functions
are extended to the complex plane. It is dangerous to assume that all of the above
relations are valid in the complex plane without modification, as this assumption
can lead to seemingly paradoxical conclusions. Here are three examples:

1. Since 1/(—1) = (-1)/1 = —1,

\E:%:\/?:%ﬂ (37)

Hence, 1/i =i or i = 1. But 4> = —1, so we have proven that 1 = —1.

2. Since 1 = (—1)(—1),
1=Vi=/(-1)(-1)=(-D(H-1)=i-i=—1. (38)

3. To prove that In(—z) = In(z) for all z # 0, we proceed as follows:

In(2%) = In[(—2)7],

Of course, all these “proofs” are faulty. The fallacy in the first two proofs can
be traced back to egs. (28) and (29), which are true for real-valued functions but
not true in general for complex-valued functions. The fallacy in the third proof
is more subtle, and will be addressed later in these notes. A careful study of the
complex logarithm, power and exponential functions will reveal how to correctly
modify eqgs. (17)—(36) and avoid pitfalls that can lead to false results.

3. Definition of the complex exponential function

We begin with the complex exponential function, which is defined via its power

series:
n

z
=3
n!

n=0



where z is any complex number. Using this power series definition, one can verify
that:

z1+22 Z1 %2

e = e"e™ for all complex z; and z . (39)

In particular, if 2 = x + 7y where x and y are real, then it follows that

e ="t =" e = e"(cosy +isiny).

One can quickly verify that eqgs. (30)—(33) are satisfied by the complex exponential
function. In addition, eq. (34) clearly holds when the outer exponent is an integer:

()" =€, n=0,+1,+2,.... (40)

If the outer exponent is a non-integer, then eq. (34) may fail. We will discuss this
case in more detail in Section 10.
Before moving on, we record one key property of the complex exponential:

¥ =1, n=0,+1,+2, £3,.... (41)

4. Definition of the complex logarithm

In order to define the complex logarithm, one must solve the complex equation:
z=e", (42)

for w, where z is any non-zero complex number. If we write w = u + v, then
eq. (42) can be written as

ele’ = |z|e'™e* (43)
Eq. (43) implies that:
|z| =e", v=argz.
The equation |z| = €" is a real equation, so we can write u = In |z|, where In|z| is
the ordinary logarithm evaluated with positive real number arguments. Thus,

w=u+iw=Inl|z|+iargz =1In|z| +i(Arg z +2mn), n=0, £1, £2, +£3, ...
(44)

We call w the complex logarithm and write w = In z. This is a somewhat awkward
notation since in eq. (44) we have already used the symbol In for the real logarithm.
We shall finesse this notational quandary by denoting the real logarithm in eq. (44)
by the symbol Ln. That is, Ln|z| shall denote the ordinary real logarithm of |z|.
With this notational convention, we rewrite eq. (44) as:

Inz = Ln|z| +iargz = Ln|z| +i(Arg z+27mn), n=0,+1, £2, £3,...| (45)

for any non-zero complex number z.



Clearly, In z is a multivalued function (as its value depends on the integer n). It
is useful to define a single-valued compler function, Ln z, called the principal value
of In z as follows:

Lnz = Ln|z| +iArg z, —m < Arg z <, (46)

which extends the definition of Ln z to the entire complex plane (excluding the
origin, z = 0, where the logarithmic function is singular). In particular, eq. (46)
implies that Ln(—1) = imw. Note that for real positive z, we have Argz = 0, so that
eq. (46) simply reduces to the usual real logarithmic function in this limit.

The relation between In z and its principal value is simple:

Inz=Lnz+2mn, n=0,+1,+2, +£3,....

5. Branches of the complex logarithm

The material of this section is not essential for the remainder of these notes.
Feel free to peruse this section at a later time at your leisure.

Some books generalize the concept of the principal value of the complex loga-
rithm by defining a single-valued function Iny, 2 as follows:2

Ing 2 = Lnz 4 2wik, for a fixed integer k. (47)

In the notation of eq. (47), the the principal value of the complex logarithm is Lnz =
Ing z. Different values of k correspond to different branches of the multivalued
complex logarithm.

To better understand the branches of a multivalued function, consider a path
in the complex plane that starts on the positive real axis at the point z, > 0.
Let us choose argz, = 0, in which case the complex logarithm is given initially
by Inz = Ln z5. We shall evaluate how the complex logarithm changes along a
continuous path that circumnavigates the complex z-plane in a counterclockwise
direction around the origin. Following this path, arg z increases continuously and
monotonically. Likewise, In z increases continuously along this path. As we follow
the path at the beginning of the journey, we note that In z = Ing 2 = Ln z along the
path until one crosses the negative real axis. At this point, Argz jumps discontin-
uously from 7 to —m. However, once below the negative z-axis, since In z changes
continuously, it follows that

| {lno z=1In|z| +iArgz, for z just above the negative real axis,
nz=

In; 2z = Ln|z| + i(Arg z + 27), for z just below the negative real axis,

after employing eqgs. (46) and (47). The discontinuous jump in Arg z has been
compensated by the additive factor of 27 in the definition of In; z, which ensures
that In z changes continuously as one passes through the negative real axis.

2Do not confuse the notation Iny z with logy (x). The latter corresponds to the real logarithm
base k, whereas the k in Inj refers to the kth branch of the multivalued complex logarithm.
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Thus, after passing through the negative real axis, we are now on a new branch of
the multivalued complex logarithm. Continuing on a path that circumnavigates the
complex plane counterclockwise around the origin, In z = In; 2z remains valid until
one passes the negative real axis for a second time. Indeed on the kth pass across
the negative real axis, the value of the continuously varying multivalued complex
logarithm changes from In;_; z to Ing 2. Each time passing across the negative
real axis (in a counterclockwise direction) changes the branch of the multivalued
complex logarithm.? Since the path described above winds around the origin, one
says that the origin is a branch point of the complex logarithm.*

However, in these notes, we will focus primarily on the principal value when we
want to restrict the discussion to a single-valued version of a multivalued function.

6. Properties of the complex logarithm

We now consider which of the properties given in eqs. (17)—(22) apply to the
complex logarithm. Since we have defined the multi-value function Inz and the
single-valued function Ln z, we should examine the properties of both these func-
tions. We begin with the multivalued function Inz. First, we examine eq. (17).
Using eq. (45), it follows that:

elnz _ eLn|z|eiArg ze2m'n — ‘Z|€iArg 2= (48)

Thus, eq. (17) is satisfied. Next, we examine eq. (18) for z = = + iy:
In(e*) = Ln|e®| +i(arg €*) = Ln(e®) +i(y + 2nk) = x + iy + 2wik = z + 27ik,

where k is an arbitrary integer. In deriving this result, we used the fact that
e* = e®e", which implies that arg(e®) = y + 2wk.> Thus,

In(e®) = z + 2mik # =z, unless k = 0. (49)

This is not surprising, since In(e?) is a multivalued function, which cannot be equal
to the single-valued function z. Indeed, eq. (18) is false for the multivalued complex
logarithm.

As a check, let us compute In(e'?) in two different ways. First, using eq. (48),
it follows that In(e'™?) = Inz. Second, using eq. (49), In(e™*) = In z + 27ik. This
seems to imply that Inz = In z + 27ik. In fact, the latter is completely valid as a
set equality in light of eq. (45).

3If we were instead to choose a path that circumnavigates the complex plane in a clockwise
direction around the origin, then one would find that on the kth pass across the negative real
axis, the value of the multivalued complex logarithm changes from Ing_1 z to Ing_s 2.

4In contrast, the branch of the complex logarithm does not change as z moves along a contin-
uous path that does not encircle the origin, since along such a path Arg z changes continuously.

®Note that Arge® = y + 27N, where N is chosen such that —7 < y + 27N < w. Moreover,
eq. (2) implies that arge® = Arge® + 2wn, where n = 0,+1,42,.... Hence, arg(e®) = y + 2wk,
where k = n + N is still some integer.



We now consider the properties exhibited in egs. (19)—(22). Using the definition
of the multivalued complex logarithms and the properties of arg z given in eqs. (5)—
(7), it follows that eqs. (19)—(21) are satisfied as set equalities®

In(z129) =Inz; + In 2y, (50)
In (ﬂ) =Inz —Inz. (51)
Z2

In G) S (52)

However, one must be careful in employing these results. One should not make
the mistake of writing, for example, Inz + In 2z Z2lnzorlnz —Inz = 0. Both
these latter statements are false for the same reasons that egs. (8) and (9) are not
identities under set equality. In particular, the multivalued complex logarithm does
not satisfy eq. (22) when p is an integer n:

Inz"=hz4+nz+---+Inz#nlnz, (53)

n

which follows from eq. (10). If p is not an integer, then z? is a complex multivalued
function, and one needs further analysis to determine whether eq. (22) is valid.
In Section 7, we will prove [see eq. (63)] that eq. (22) is satisfied by the complex
logarithm only if p = 1/n where n is a nonzero integer. In this case,

1
In(zY")=—-Inz, n=%41,+2, 43, .... (54)
n
We next examine the properties of the single-valued function Ln z. Again,
we examine the six properties given by eqgs. (17)-(22). First, eq. (17) is trivially
satisfied since

Lnz _ eLn|z|eiArg z iArg z

e =|zle =2z. (55)

However, eq. (18) is generally false. In particular, for z = = + iy

Ln(e*) = Ln |e*| +i(Arge®) = Ln(e”) +i(Arge”) = x + iArg (e)

_ , [1 arg(e®) _ 1y
— WY 4 9m |2 — - i |l = — 2L
x +iarg(e”) + m{Q 5 ] T+ 1y + m{Q o
1 Imz
= 2 2mi |~ — 56
z+2mi {2 o ] ) (56)
after using eq. (3), where [ | is the greatest integer bracket function defined in

eq. (4). Thus, eq. (18) is satisfied only when —m < y < 7. For values of y outside

6Since In 0 is not defined, we shall always assume that the argument of the logarithm is nonzero.
(See footnote 1 for the meaning of “argument” in this context.)
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the principal interval, eq. (18) contains an additive correction term as shown in
eq. (56).

As a check, let us compute Ln(e?) in two different ways. First, using eq. (55),
it follows that Ln(e' ?) = Ln 2. Second, using eq. (56),

1 ImlLnz

Ln(e"™?) = Lnz + 27i [— - L_Arge

} =ILnz+ 2w [——

2 2T

=Lnz,
2 2T

where we have used Im Ln z = Arg z [see eq. (46)]. In the last step, we noted that

1 Argz
0< - — <1
-2 2 ’
due to eq. (1), which implies that the integer part of % — %Argz is zero. Thus, the

two computations agree.

We now consider the properties exhibited in eqgs. (19)-(22). Ln z may not
satisfy any of these properties due to the fact that the principal value of the complex
logarithm must lie in the interval —7 < Im Lnz < 7. Using the results of egs. (11)—
(16), it follows that

Ln(z129) = Lnz; + Ln 2z, + 27N, | (57)
Ln(21/29) = Lnz — Lnzy + 2miN_ | (58)
Ln(z") =nLnz+ 27wiN, (integer n) , (59)

where the integers N = —1, 0 or +1 and N,, are determined by egs. (13) and (16),
respectively, and

—Ln(z) + 2mi, if z is real and negative,

60
—Ln(z), otherwise (with z # 0). (60)

Ln(l/z) = {

Note that eq. (19) is satisfied if Re z; > 0 and Re 25 > 0 (in which case Ny = 0). In
other cases, N, # 0 and eq. (19) fails. Similar considerations also apply to egs. (20)—
(22). For example, eq. (21) is satisfied by Ln z unless Arg z = 7 (equivalently for
negative real values of z), as indicated by eq. (60). In particular, one may use
eq. (60) to verify that:

Ln[(—=1)" = —Ln(—1) + 27i = —7i 4 2mi = 7 = Ln(—1),

as expected, since (—1)7! = —1.

We cannot yet check whether eq. (22) is satisfied if p is a non-integer, since
in this case z? is a multivalued function. Thus, we now turn our attention to the
complex power functions (and the related generalized exponential functions).



7. Definition of the generalized power function
The generalized complex power function is defined via the following equation:
w = 2" = e M7 z2#0. (61)

To motivate this definition, we first note that if ¢ = k is an integer, then for
o= |Z|6iargz’

Zk _ |Z|kek2argz _ 6kLn\z\6kzargz _ 6k(Ln|z|—|—2argz) _ eklnz )
In this case, w = 2" is a single-valued function, since
Zk _ 6klnz — ek(Ln z+2min) _ 6kan )

If ¢ = 1/k (where k is an integer), then we have:

Zl/k _ |Z|1/keiarg(z)/k _ 6Ln\z\/k6iarg(z)/k — e(Ln\zH—iargz)/k — 6ln(z)/k’
where |z|!/* refers to the positive real kth root of |z|. Combining the two results
just obtained, we can easily prove that eq. (61) holds for any rational real number c.
Since any irrational real number can be approximated (to any desired accuracy)
by a rational number, it follows by continuity that eq. (61) must hold for any real
number c¢. These arguments provide the motivation for defining the generalized
complex power function as in eq. (61) for an arbitrary complex power c.

Note that due to the multivalued nature of In z, it follows that w = z¢ = e
is also multivalued for any non-integer value of ¢, with a branch point at z = 0:

clnz

w = 2 = N7 = geln zg2mine n=0,+1,+2, £3,---. (62)

If ¢ is a rational number, then it can always be expressed in the form ¢ = m/k, where
m is an integer and k is a positive integer such that m and k possess no common
divisor. One can then assume that n = 0,1,2,...,k — 1 in eq. (62), since other
values of n will not produce any new values of 2™/*. It follows that the multivalued
function w = 2™/* has precisely k distinct branches. If ¢ is irrational or complex,
then the number of branches is infinite (with one branch for each possible choice of
integer n).

Having defined the multivalued complex power function, we are now able to
compute In(z¢). In light of eq. (49),

2mik
In(2°) = In(e“™?*) = ¢ Inz 4 2mik = ¢ (lnz + 7TCZ ) ; (63)

where k is an arbitrary integer. Thus, In(2¢) = cln z in the sense of set equality (in
which case the sets corresponding to In z and In z + 27wik/c coincide) if and only if
k/c is an integer for all values of k. The only way to satisfy this latter requirement
is to take ¢ = 1/n, where n is an integer. Thus, eq. (54) is now verified.
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We can define a single-valued power function by selecting the principal value of
Inz in eq. (61). Consequently, the principal value of z¢ is defined by

Z¢=etnz 240, (64)

For a lack of a better notation, I will indicate the principal value by capitalizing
the variable Z as above. The principal value definition of z¢ can lead to some
unexpected results. For example, consider the principal value of the cube root
function w = Z'/3 = e"3)/3_ Then, for z = —1, the principal value of

YT = 1 (14 5)

This may have surprised you, if you were expecting that /—1 = —1. To obtain
the latter result would require a different choice of the principal interval in the
definition of the principal value of z'/3.

We are now in the position to check eq. (22) in the case that both the complex
logarithm and complex power function are defined by their principal values. That
is, we compute:

Ln(Z¢) = Ln(e**#) = cLn z + 2miN.., (65)
after using eq. (56), where N, is an integer determined by

1 Im (cLnz)

N, = [5 - T} , (66)

and [ ] is the greatest integer bracket function defined in eq. (4). N, can be
evaluated by noting that:

Im (¢cLnz) =1Im {c(Ln|z| + iArgz)} = ArgzRe ¢+ Ln|z|Im c.

Note that if ¢ = n where n is an integer, then eq. (65) simply reduces to eq. (59),
as expected. We conclude that eq. (22) is generally false both for the multivalued
complex logarithm and its principal value.

8. Definition of the generalized exponential function

A function that in some respects is similar to the complex power function is the
generalized exponential function. A possible definition of the generalized exponen-
tial function for ¢ # 0 is:

w=¢* = e*ne = #llnet2min) n=0,+1, £2, 43, . (67)

However, the multivalued nature of this function differs somewhat from the mul-
tivalued power function. In contrast to the latter, the generalized exponential
function possesses no branch point (or any other type of singularity) in the finite
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complex z-plane.” Thus, one can regard eq. (67) as defining a set of independent
single-valued functions for each value of n. Typically, the n = 0 case is the most
useful, in which case one would simply define:

w=c" =eme, c#0. (68)

This conforms with our definition of the exponential function in Section 3 (where
¢ = e). In practice, many textbooks treat the generalized exponential function as a
single-valued function, ¢* = e*" ¢, only when c is a positive real number. For any
other value of ¢, the multivalued function ¢* = e "¢ is preferred.

To understand the motivation for this latter approach, consider the generalized
power function, f(z) = 2', and the generalized exponential function, g(z) = .
Employing egs. (62) and (67) yields

f(Z) — Zi — eiLn 26—27rn7 (69)
g(Z) — % = ez(Ln i+2min) _ 6%i7rz+27rinz’ (70)

where n = 0,41, £2,.... Note that the quantity * can be defined in two different
ways by taking z = i in egs. (69) and (70), respectively. In both cases, we obtain
the same result,

it=e7IM o =0,41,42,. ... (71)

In contrast, if we were to adopt eq. (68) for all nonzero complex values ¢, then
g(z) = i* = ¢™*/? would be a single valued function and one would obtain a unique
value for g(i) = i* = e~™/2. Of course, the latter simply corresponds to the principal
value of ¢* [corresponding to n = 0 in eq. (71)].

Nevertheless, for the sake of simplicity, we shall henceforth employ eq. (68) [for
all nonzero values of ¢| as the definition of the single-valued generalized exponential
function. In this case, some results for the principal value of the complex power
function can be immediately adapted to the generalized exponential function. For
example, by an almost identical computation as in eqs. (65) and (66), we find that,

Ln(c®) = Ln(e**™¢) = zLnc + 27N, (72)
where N/ is an integer determined by,

N = [1 Im (anc)} .

2 2 (73)

Setting ¢ = e, we recover the result previously obtained in eq. (56).

9. Properties of the generalized power function

Let us examine the properties listed in egs. (23)—(29). Eq. (23) defines the
complex power function. It is tempting to write:

?
Zazb _ ealnzeblnz — ealnz—l—blnz = 6(a—l—b) Inz _ za—l—b ] (74)

"The concept of the branch point is discussed briefly at the end of Section 5 of these notes.
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However, consider the case of non-integer a and b where a + b is an integer. In this
case, eq. (74) cannot be correct since it would equate a multivalued function z?z°
with a single-valued function z%*?. In fact, the questionable step in eq. (74) is false:

alnz+blnz = (a+b)lnz [FALSE!!]. (75)

We previously noted that eq. (75) is false in the case of a = b =1 [cf. eq. (8)]. A
more careful computation yields:

Zazb — @ In zeblnz — ea(Ln z+2min) eb(Ln z+2mik) _ e(a—l—b)Ln z€27r2(na+kb) :

Za-l—b _ 6(a-‘,—b) Inz _ 6(a—l—b)(Ln z+2mik) _ 6(a-i—b)Ln ze2m'k(a+b) ’ (76)

where k and n are arbitrary integers. Hence, 2" is a subset of 2%2°. Whether
the set of values for z%z® and 29" does or does not coincide depends on a and b.
However, in general, eq. (24) does not hold.

Similarly,
a alnz a(Ln z+27in)
Z_ — € — € — 6(a—b)Ln 2627ri(na—kb)
b eblnz eb(Ln z+2mik) ’
za—b — e(a—b) Inz _ e(a—b)(Ln z+2mik) _ e(a—b)Ln 2627r2k(a—b) ’ (77)

where k and n are arbitrary integers. Hence, 227 is a subset of 2¢/2z°. Whether the
set of values 2%/2" and 2%7° does or does not coincide depends on a and b. However,
in general, eq. (25) does not hold. Setting a = b in eq. (77) yields the expected
result:

L =1, z#0

for any non-zero complex number z. Setting a = 0 in eq. (77) yields the set equality:
= (78)

i.e., the set of values for z=% and 1/z° coincide. Thus, eq. (26) is satisfied. Note,
however, that

2050 — 6a1nze—a1nz - 6a(lnz—lnz) - 6alnl - 627rika
- - - )

where k is an arbitrary integer. Hence, if a is a non-integer, then 2%z7¢ # 1 for

k # 0. This is not in conflict with the set equality given in eq. (78) since there

always exists at least one value of k (namely k& = 0) for which 227 = 1.

To show that eq. (27) can fail, we use egs. (39), (49) and (61) to conclude that
2mibk _ Zabe27ribk 7 (79)

where k is an arbitrary integer. If we employ the principal value of the generalized
power function, defined in eq. (64), then egs. (62) and (79) yield,

(za>b — Zabe27rinabe2m'bk ’ (80)
Zab — Zabe27rinab ’ (81)

— eba Inz

(za)b _ (ealnz)b _ ebln(e‘““z) — eblalnz+2mik) e

b

where both & and n are arbitrary integers. Thus, 2% is a subset of (22)°.
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For example, if ab = 1 then 2% = 1 whereas (22)"/% = ze?™ (k =0, +1,£2,...),
which differs from z if b is not an integer. Another instructive example is provided

by z = a = b =i, in which case 2% = i~! = —i, whereas eq. (79) yields,

(i") =i"e ™ =iTte ™ = —ie?™ k=0, %1, £2, . (82)
However, it is easy to construct examples in which the elements of 2% and (2¢)°
coincide; e.g., if @ = 41 and/or b is an integer.®

On the other hand, egs. (28) and (29) are satisfied by the multivalued power
function, since

(21Z2>a _ ealn(21z2) — ea(lnzﬁ-lnzz) — ealnz1€alnzz — 2?2121’
p a
1 — _ _
(_) — ealn(zl/zz) — ea(lnzl In 22) — ealnzle alnzp _ Ztlzz2a )
<2

We now repeat the above analysis for the principal value of the power function,
Z¢ = e = In this case, the results are somewhat reversed from the case of the
multivalued power function. In particular, eqs. (24)—(26) are satisfied, whereas
egs. (27)—(29) may be violated. For example, for the single-valued power function,

Zazb — 6aLn zebLn z _ e(a—l—b)Ln z _ Za+b : (83)
za aln z

ﬁ — Zban — e(a—b)Ln z _ Za—b’ (84)

gog—a _ eaLn ze—aLn 2 _ 1. (85)

Setting a = b in eq. (84) yields Z° =1 (for z # 0) as expected.
Eq. (27) may be violated since eq. (56) implies that

cLn z ; ; ;
(Zc)b _ (ean z)b — 6bLn(e ) — 6b(an 2+2miNe) _ eban z e27rszc — Zcb e27rszc ’

where N, is an integer determined by eq. (66). As an example, if z = b = ¢ = 1,
eq. (66) gives N, = 0, which yields the principal value of (i')" = " = ;71 = —i.
However, in general N, # 0 is possible in which case (Z¢)° # Z¢ [i.e., eq. (27)
does not hold] unless b/V, is an integer. For example, if z is real and negative and
c = —1, then N, = 1 and (Z71)’ = Z7%?" [which provides a resolution for the
paradox of eq. (37)]. That is, if 2 is real and negative then (Z71)® # Z=° unless b
is an integer.

Egs. (28) and (29) may also be violated since egs. (57) and (58) imply that

(ZIZ2>CL — eaLn(Z1Z2) — ea(Ln z1+Ln zo+2miNy) ZilZél e27riaN+ ’ (86)
2\ Ln(z1/22) (Ln z1—Ln 22427iN_) 21 oriaN
1 _ paln(z1/2z2) _ ,a(Ln z1—Ln 20+42miN_) _ “Z1 2miaN_ ]7
(22) ‘ ‘ zs ‘ ’ (87)

where the integers N, are determined from eq. (13).

8Many other special cases exist in which the elements of 2% and (2%) coincide. For example,

if a = 3/2 and b = 1/2, then one can check that allowing for all possible integer values of n and
k in egs. (80) and (81) yields (22)° = 2% = {Zb —Zab jzab —jzab},
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10. Properties of the generalized exponential function

The generalized exponential function, w = ¢* (¢ # 0), is a single-valued func-
tion defined by eq. (68). Using this definition and the properties of the complex
exponential function e*, one can quickly check whether egs. (31)—(36) hold in the
complex plane. The proof of eqs. (31)—(33) is nearly identical to the one given in
egs. (83)—(85):

e = ezan ceszn c_ e(zl—l—zz)Ln c_ Czl—i-zg (88)
)
Ln ¢
ct e _ _
= e = (89)
C e
Czc—z — 6an ce—an c _ 1. (90)

However, eq. (34) does not generally hold. Using eq. (72),

z1 N . ’ . /
(Czl)zz — %2 Ln(c?1) _ 622(21 Ln c+27miN)) — 7271 ane27rzngc — A2 627TZZQNC7 (91)

where N/ is determined by eq. (73) [with z replaced by z].
The case of ¢ = e is noteworthy. Eq. (91) reduces to:

; ’ 1 Im z
Z1\%22 _ %172 ,2mizaNg N = |2 — 1 ' 99
(™) © ’ N {2 2m ] (92)

If 2, = n where n is any integer, then e?™™Ne = 1 (since N! is an integer by definition

of the bracket notation). Thus, we recover eq. (40).

Let us test eq. (92) by substituting z; = —im. Then, N/ = 1 and it follows
that (e7™)? = ™. This result may seem strange, but it is a consequence of our
definition of the generalized exponential function, ¢* = e* ¢, which employs the
principal value of the logarithm. Indeed

(e—iT()Z — (_1)2 _ ean(—l) _ eiwz’

since Ln(—1) = iw. We conclude that eq. (34) can be violated, even for the ordinary
exponential function.

Ultimately, the real difficulty with (¢*')** is that it is simultaneously a gen-
eralized exponential function and a generalized power function. Thus, if 25 is a
non-integer, it may be more convenient to treat (¢*')* as a multivalued function.
That is, in this latter convention, we treat the generalized exponential function
' = elne a5 a single-valued function (using the principal value definition of
the logarithm in the exponent), whereas we treat the generalized power function
(c?)? = e (™) a5 a possible multivalued function:

2122  2mikzo

z1 z1Ln ¢ :
(021)22 — 72 In(c1) _ e In(e ) — 622(21 Ln c+2mik) c e :

62221 Lnc 2mizok —

(&

where k is an arbitrary integer [see eq. (49)]. In particular, (¢**)** is a multivalued
function for non-integer z, with branches corresponding to different choices of k.
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For example, for ¢ = z; = 2z = i, we recover eq. (82). One might be tempted to
call the k = 0 branch the principal value of (¢**)*2, in which case eq. (34) would be
valid. Clearly, we must define our conventions carefully if we wish to manipulate
expressions involving exponentials of exponentials.

Finally, egs. (35) and (36) may be violated. The calculation is nearly identical
to the one given in eqgs. (86) and (87):

(CLb)Z — ean(ab) — ez(Ln a+Ln b+2miNy) _ azbz€27rzzN+ :
z
(g ? — ean(a/b) — ez(Ln a—Ln b+2miN_) _ a_e2ﬂisz
b b* 7

where the integers Ny are determined from eq. (13) [with z; and z, replaced by a
and b, respectively]. If Rea > 0 and Re b > 0, then Ny = 0, and eqgs. (35) and
(36) are satisfied.
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