Physics 171 Fall 2015

How do the connection coefficients transform

under a general coordinate transformation?

1. Definition of the connection coefficients and the covariant derivative

The existence of an abstract vector V that lives in a curved spacetime does not depend
on the coordinates chosen to describe the location of spacetime points. But, once a coor-
dinate system is chosen, one can also establish a set of linearly independent basis vectors
€, where ;1 = 0,1,2,3 labels the four basis vectors (the maximally allowed number in a
four-dimensional spacetime). We can then expand any abstract vector V in terms of the
four basis vectors,

V=Vvre,, (1)

where there is an implicit sum over p following the Einstein summation convention. The
four numbers V* are the contravariant components of the abstract vector V with respect
to the chosen coordinate system.! Eq. (1) refers to a particular point in the spacetime.
We can just as well examine vector defined at another point in the spacetime. We can
again make use of eq. (1), keeping in mind that the orientation of the basis vectors can be
different. That is, in general €, depends on the location in spacetime. The basis vectors
are orthonormal with respect to the metric tensor, which means that

€, €, =gu- (2)
It follows from egs. (1) and (2) that the dot product of two vectors V and W is given by
V-W =VIIVYE, - &, = g, V'W",

as expected.
We can now define how vectors in the spacetime change as one moves from one spacetime
point to another. A simple computation yields

AV = d(V*E,) = dV*E, + V* dé,

= a?dxaeu + V'ude“ s (3)
where the chain rule has been employed in the final step. To complete the analysis, we must
determine how €, changes as one moves from one spacetime point to another. Since €,

In contrast, the subscript 4 employed by €, refers to one of the four possible basis vectors. In this
sense, each of the four €, are abstract vectors in the same way that V is an abstract vector.



depends on the location in spacetime (which is specified by the spacetime coordinate z®),
the change in €,, as one moves from one spacetime point to another is encoded in the partial
derivatives, 0€,/0x®. This latter quantity is also an abstract vector, so we can express it
as a linear combination of basis vectors, in analogy with eq. (1),

0€, o

a—xg =17 &5, (4)
where the coefficients Ffm, called the connection coefficients, determine how the basis
changes as one moves from one spacetime point to another. That is, eq. (4) serves as
the definition of the connection coefficients.? Using the chain rule, it follows that

dé, = 8—xgdx = Fgud:c €s. (5)
Inserting eq. (5) into eq. (3) yields
5 _OVE ez 18y ez
dV = a?dx eﬂ + Fa“V d.flf eﬁ . (6)

Note that FguV”dxaé'g = rgﬁvﬁdxaau, after relabeling the two pairs of dummy indices.
Inserting this result back into eq. (6) yields

_ ovVH o =

v = (@ + rgﬁvﬁ) dz™ €, . (7)

This result motivates the definition of the covariant derivative, D, V*, as follows:

oV
D, VF=—_ 4+T" V5,
%4 5 T 14 (8)
Inserting eq. (8) back into eq. (7), it follows that

AV = (DaV")dz® €, . (9)

The importance of eq. (9) is as follows. Given the abstract vector given by eq. (1), we
identify the contravariant components V#, which transforms under a general coordinate
transformation, =’ = 2’'(x) as follows,

ox'
Vit = —V*, 10
e (10)
Likewise, dV is an abstract vector given by eq. (9). Thus, we identify the contravariant
components of this vector by (D,V*#)dz®. This means that D,V* transforms under a

general coordinate transformation as a second rank mixed tensor.?

2The definition of the connection coefficients employed in eq. (4) follows the conventions established
by our textbook. Other textbooks define 0€,/0z* = Fﬁaé'g which has the order of the two lower indices
of the connection coefficients switched with respect to eq. (4). Ultimately it will not matter, since in
general relativity, the connection coefficients are symmetric under the interchange of the two lower indices
[cf. eq. (39)].

3This conclusion is implicitly obvious, since it is ensured by the tensor notation and the rules for
manipulating indices. However, it is formally a result of a theorem of tensor algebra known as the quotient
theorem. This theorem is alluded to in problem 12.6 on pp. 296-297 of our textbook. For a more thorough
discussion, see, e.g. p. 532 of Boas.



2. Transformation properties of the connection coefficients

Under a general coordinate transformation, the contravariant components of V and the
basis vectors € must transform in such a way that the abstract vector V' (which exists
independently of the choice of coordinates) is unaffected. That is,

V = V’“é;: =Vte,.
In light of eq. (10), we must have

L, 0af
eL: = axlﬂeﬁ’ (11)

since in this case
ox'* oz . 0P

V=V're = o o €= gV = sbvee, =Vvee,,

after making use of the chain rule.
To derive the transformation law of the connection coefficients, we employ eq. (4) in
the primed coordinate system,

o€, Ly o
w = Fauep s (12)
Using eq. (11) on both sides of eq. (12),
0 oz oz
—al’/a <—85L’/“66) = F:)Z‘ax/peﬁ . (13)

Employing the product rule on the left hand side of eq. (13),

PP 0P 0€s ” oz

R R T R W (14)

Applying the chain rule to the second term on the left hand side of eq. (14).

PP N dxP Oz 0€5 " oxP
P T T M R s A

Using the definition of the connection coefficients given in eq. (4),

PP oxf Ox™ p
8x’°‘8:€’“65 + o'k dxle” TP

OxP
- /p -
€, = Faugx/peﬁ .

Relabeling the indices of the second term above, § — p and p — £,

Pzl oxf 0x™ 8 &, — e oz
L T i A .
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We can now factor out a common factor, and we end up with

oz?  Oxf Ox” 0%aP
/p _ 1—\5 s > ) 1
( W P Opl Ol TP 81”0‘8x’“) €s =0 (15)

Since the €3 are four linearly independent basis vectors, we conclude that the expression
inside the parentheses in eq. (15) must vanish. That is,

'p OxP  Oxf Ox7 8 0%’
WRgle  Qx'kOx' TP Ol edaH

(16)

Finally, we multiply both sides of eq. (16) by 02'9/9z°, and make use of the identity

or'? OxP ox'’

_ (o2

018 Ox'P  Ox'P =0

which is a consequence of the chain rule. The end result after summing over the repeated
index p,

Do — Ox'7 Oxf Ox” _,  0x'  9al

M QxP Palr Ol T 0xP Ox'*Qa' i (17)

There is an alternate form of eq. (17) that is sometimes useful. To derive it, we begin
with an identity that is a consequence of the chain rule,

ox'B dxr ox' P

_ _ 5B
oxr Ox'®  Ox'e % (18)

Take the partial derivative of this equation with respect to 2’?. Since §? is the Kro-
necker delta (in particular, it does not depend on the location in spacetime), it follows that

008 /02'P = 0. Hence,
/8 M
0 (01’ Ox ) _o. (19)

ox'r \ Ozt Ox'e

Using the product rule, eq. (19) yields
{ 0 (8x’6)] oxt  0x'P  9%at

ox'r \ Ozr or'e | Ozt Ox'rdr e 0. (20)

We now evaluate the term in brackets above by invoking the chain rule,

0 <8x’ﬁ) ox™ 0 <8x’5> ox™ 0%*x'P

or'p \ Ozt )~ 0x'P 0z \ Ozt | 0x'P DxToxk

Using this result in eq. (20) leads to the following identity,

ox'? PPar _ Oa7 '8 Ok 21)
Oxt 9r'Pox'™  Ox'P QxTOxHt Ox'e
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Let us relabel the indices in eq. (21) as follows: 5 — o, p — f, p — « and o — u. The
result of this index gymnastics is
or'e 0%’ ox™ 0%’ 0x°

018 Or'edr'r  0x'® Ox 0P o't (22)

The left hand side of eq. (22) is precisely the last term that appears in eq. (17). Thus,
an alternate form of the transformation law for the connection coefficients under a general
coordinate transformation is

o _ Ox'7 dxf O™ _,  Ox7 0’2’7 0x”
G 9B Q' k Oz’ TP Ox' e OxTOxP Ox'm

(23)

Both forms of the transformation law given in eqs. (17) and (23) imply that I'g, is not
a tensor. In particular, under a general coordinate transformation, a third rank tensor Ty,
would transform as,

or'? OxP Ox™ 5
0xP Ox'w Ozl TP

lo __
T = (24)
Comparing eq. (24) with the transformation law for the connection coefficients, we see
that it is the presence of the inhomogeneous term* that is the origin of the non-tensorial
property of I'g .

3. Proof that the covariant derivative of a vector transforms like a tensor

An inhomogeneous term also appears in the transformation law of the ordinary partial
derivative, OV*/0x®, with respect to general coordinate transformations. This should
already be obvious in light of eq. (3). But, let us prove this assertion directly by taking
the derivative of eq. (10) with respect to a’“.

oV’ # o (02" oxf 0 [0ox'H
— r) — p
ox'e  Ox'™ (8:17” v ) oz’ 9P <0xp v ) ’ (25)

where we have made use of the chain rule,

o 02 0
or'e  Ox'e JxB

Evaluating the partial derivative with respect to z° in eq. (25) using the product rule, the
end result is

v’ 9aP dx'm OV N oxP 92~
oxr'e  9r'e Qxp O0xP  Ox'e dxBoxrr

“In this context, the inhomogeneous term refers to the last term in eq. (17) or eq. (23), which is inde-
pendent of the connection coefficients. In contrast, the transformation law given in eq. (24) is homogeneous
since the tensor T appears on both sides of the equation.

Ve (26)




This should be compared with the transformation law for a mixed second rank tensor, 7)#,
with respect to a general coordinate transformations,

0P Oz'+
T = T/ . (27)
ox'® Qxp P
In particular, OV*#/dz* fails to have the correct tensorial transformation law under a general
coordinate transformation due to the presence of the inhomogeneous term (i.e., the last
term) in eq. (26).
It is remarkable that the covariant derivative of a vector transforms like a tensor since
ov#
b= R VL
D, VF = e + V7.
is the sum of two quantities whose separate transformation laws are not tensorial with
respect to general coordinate transformations. Let us see how this is possible. We compute
oV'H , oz? oz'r ove  OxP  9*aln

L hv' = ve
or'« thas or'® OxP OxP + o' 0xPoxr

<0x’“ dxf 0x™ 5  Ox7 Oa'M 093”) ax’ﬁvy (28)

Oxf Ox'B ox'e P 9’ OxTOxP Ox'B ) Bxv
We now simplify the second line of eq. (28) with the help of the chain rule,

OxP Ox'8 _ Oxf
ox'8 dxv  Oxv
Using the resulting Kronecker delta to sum over v, we obtain

oxP ox'* oVPe  Oxf 9Py ) ox'* Oz e ox™  O%x'H Ve
oxP Ox'e TP Ox'e JxTOxP

=50

8V,M+FIMV/B_ +
ox'e of oz’ Qxp OxP  Ox' dxBOxr

(29)

We now relabel the indices on the second line of eq. (29) as follows: 7 —  and f — T,
which yields
ox? oz’ ove 0z 9l

L/myh = 1%
T has 0r'a 0z 08 dw'e 9aPdwr T (

oV

825'/ [e%

gzt 927 - 92’ 'k e
Ox™ Ox'e” PP Jx'e xBoxe

0P Ox'm OV N o'+ 08
Oz’ Jxp OxP  OxT Ox'@
Note the cancellation of the two terms which were associated with the inhomogeneous terms

of the transformation laws of 9V#/0x® and I' 56’ respectively! Finally, relabeling p — 7 in
the first term on the last line of eq. (30) yields

g, Ve (30)

oV 'H LTy oxP ox'* [OVT
ox' e B o' Ozt \ OxP

+ ngvp) . (31)
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Using the definition of the covariant derivative [cf. eq. (8)], we can rewrite eq. (31) as

oxP o'+
or'> Ox7
But this is the transformation law for a second rank mixed tensor. As advertised, the

inhomogeneous terms in the transformation laws for 9V*/0r and I'} ; have canceled out!
Of course, this result was expected in light of the discussion following eq. (10).

DLVH =

DsVT. (32)

4. Two applications of the transformation law for the connection coefficients

1. Define the torsion tensor by
TR i
ws =Los — Dy -

That is, the torsion tensor is the antisymmetric part of the connection coefficients, i.e. it
satisfies Q53 = —Q},. To justify calling @ ; a tensor, we shall now prove that its trans-
formation properties are indeed tensorial. Using eq. (17),
0x'? OxP O0x" _ 5  0x'7 Oxf 027 _4
0P o't gx'e” TP Qxf Ox'* da'r TP
Note that the inhomogeneous term in eq. (17) has dropped out due to®
0?xP 0?28
ox'edx'n  Qx'rdx'e’

If we now relabel the dummy indices, 5 — 7 and 7 — £, in the last term of eq. (33), then
we obtain

lo __ 1m'/o lo __
Qau - Fau o Fua -

(33)

or'? OxP Ox™ Fﬁp_F§T> _ ox'? OxP Ox”

0xP Ox'm Ox' O‘( T 0xb Ox'm Ox'e

That is, we have shown that under a general coordinate transformation, the torsion tensor
transforms as

lo __ lo lo __
Qau - Fau o Fua -

B
QTp N

Q7 — oz'? OxP Ox™
o 9xP Qa'm Q'@

which is the correct transformation law for a mixed third rank tensor with two covariant
indices and one contravariant index.

Q7 (34)

2. Consider the transformation law of the connection coefficients given in eq. (17), which
is rewritten below,
Ox'7 dx? Ox™ 5  Ox'7 O’aPf

r'e = T —_— 35
om QP Ox'r Oxlx TP * 0B Oz’ >0z 1 (35)

By assumption, the general coordinate transformation ' = 2/(z) is assumed to be smooth and non-
singular, which implies that it is permissible to interchange the order of the partial differentiation.
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We shall evaluate eq. (35) at a point P in the spacetime such that the unprimed coordinates
correspond to the local inertial frame (i.e. the freely falling frame) at point P. In the local
inertial frame, the basis vectors €}, can be chosen to be orthonormal with respect to the
Minkowski metric 7,, in a neighborhood of P. In particular, the basis vectors remain
orthonormal to first order in a Taylor series about the point P. These requirements are
equivalent to the following two conditions,

o o 0€,
eu'eV‘P: guV‘P: N (8—1’5)13:0 (36)

This means that locally in the neighborhood of P, the reference frame is indistinguishable
from an inertial frame. In light of eq. (4), it then follows that

Il ,=0. (37)

Let us now transform the coordinates x in the neighborhood of P from those used in
defining the local inertial frame to an arbitrary coordinate system (non necessarily inertial).
The new coordinates are ' = x/(z). Then using eq. (35), it follows that in the primed
coordinate system, the connection coefficients in the neighborhood of P are given by

F"" _0x'° 0?xP
P Oaf Ox' e Qx|
Thus, it follows that
Loolo=Thal o (38)

due to the fact that interchanging o and p does not change the value of 9%2” /02’ *0x'* (as
noted in footnote 5). But, the equivalence principle states that in the neighborhood of any
point P it is possible to transform the coordinates to the local inertial frame (where the
connection coefficients vanish). Thus, the above argument can be repeated for any point
in the spacetime to obtain eq. (38) at any point P. We can therefore conclude that

Ios = Thas (39)

at all points in the spacetime independently of the choice of coordinates. In particular, this
means that the torsion tensor is identically zero. This is the motivation for choosing the
connection coefficients that are symmetric under the interchange of its lower two indices. As
shown in class, under the latter assumption, we can derive an expression for the connection
coefficients in terms of the metric,

891/5 891/04 890:5
T, =1gm — .
ap = 29 <8x°‘ * 0xP OxV

The discussion above seems to imply that eq. (39) is a consequence of the equivalence
principle. However, it turns out that definition of the local inertial frame via eq. (36) is



too strong. In most textbooks, the local inertial frame is defined to satisfy the following
conditions,

09,

Although eq. (36) implies eq. (40), it is possible to satisfy eq. (40) without the connection
coefficients vanishing at the point P [in which case, the second condition of eq. (36) would
be violated]. However, Einstein’s general relativity is based on the assumption that eq. (39)
is satisfied, in which case the local inertial frame does satisfy eqs. (36) and (37).



