Physics 214 Midterm Exam Solutions Winter 2024

1. A linearly polarized electromagnetic wave, polarized in the & direction, is traveling in
the 2-direction in a dielectric medium of refractive index n,. The wave is normally reflected
from the surface of a conductor of conductivity o (the conductor occupies the z—y plane).
Assume that u = o for both the dielectric and the conductor.

(a) Find the phase change undergone by the electric field vector of the wave after reflec-
tion, assuming the refractive index of the conductor is ny = n1(1 + iC), where ¢ > 0.

Without loss of generality, we define the z-axis to lie along the direction of the incoming
wave and the x-axis to lie along the polarization vector of the incoming wave. Thus, we can
take the incoming, transmitted and reflected waves to be,

E = Ey@ ei(kz—wt) ’ E’/ _ Eéi;? 6i(k/z—wt) ’ E‘// _ Eg@ e—i(kz-i—wt) ’ (1)

respectively, where k = njw/c, k' = nyw/c, and the corresponding indices of refraction are

no= 2 = S5 fori=1,2, (2)
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In the notation pf Section 7.3 of Jackson, the case of normal incidence of the wave
corresponds to k = k' = A = 2, k" = -2, By = Fy#, E) = E)& and E; = EJ&. Using the
last two equations of eq. (7.37) of Jackson, it then follows that

E() + E(,)/ = E(,) s nl(E() - Eg) = n2E6 .
Eliminating E{,, we can immediately solve for E{/Ey,
El  ny—no iC C(¢ + 2i) Ell . 3)
_— = = — = - = | —| € s
Ey ni+ne 2+14C ?+4 E,

after using ny = ny(1 +i¢), where the phase « is given by!

Im(E)/Ey) 2
t = — = —, 4
A= TR T (4)
Note that the complex number E[/E, given in eq. (3) lies in the third quadrant of the
complex plane. Consequently, eq. (4) yields o = tan™!(2/¢) — 7, where the principal value
of the arctangent satisfies 0 < tan=!(2/¢) < 7 for ¢ > 0.
Using the reflected wave given in eq. (1),

"
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Hence, the relative phase of the incident and reflected wave at the interface (z = 0) is?

b = o = tan 1 (2/¢) — 7. (5)

n the standard convention, we take —m < o < 7 as the principal value of the argument of E}/Ej.
2The relative phase ¢e is defined modulo 27, so feel free replace —m with 7 in eq. (5) if so inclined.



(b) How is  related to the conductivity o in the limit of high frequency (i.e., in the limit
of w> 0/€y)?

In light of eq. (7.57) of Jackson, a medium of “normal” (i.e., real) dialectric constant ¢; and
conductivity o can be described as having a complex dialectric constant given by
1o}
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The corresponding indices of refraction are given in eq. (2). Note that we have identified
Reey; = Ree; since in part (a) we have been given the relation between the indices of
refraction, which implies that Reny, = Ren;.

In the limit of w > /€y, we can use eq. (6) to approximate,

2= nl(l * ZC) - \/g - (A)EO \/a |i 2&)61:|

Thus, we identify
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2. Consider a conducting fluid with conductivity o. The inertial frame K’ is defined to be
the reference frame that is attached to the fluid, and the corresponding charge density is
denoted by p/. Assume that in reference frame K’, Ohm’s law (J' = o E') is satisfied. The
inertial frame K’ moves with velocity ¥ = cﬁ with respect to the laboratory frame K of the
observer.

(a) Show that a suitable covariant generalization of Ohm’s law is given by:

J —g(uﬁjﬁ)u :EF Pug, (7)

where u® is the four-velocity of the fluid.

Eq. (7) is a covariant equation. That is, both sides of eq. (7) transform as a Lorentz four-
vector. Thus, if this equation is valid in one inertial reference frame then it must be valid
in all inertial reference frames.
In the reference frame K’, the fluid is at rest. Hence, the four-vector velocity in K’ is
= (c; O) Thus, ujJ'? = J’O and F'*Pyg = cF'°°. Tt follows that the o = 0 component
of eq. (7) is
J J/O F/OO (8)

which is a valid equation since F’*? is an antisymmetric tensor so that F’% = 0.
Next, we examine the case where a =i € {1,2,3}. Then, in reference frame K’ eq. (7)
yields
Jt=gF'", 9)



Recalling that F'? = E’" where E'! is the ith component of the electric field in reference
frame K, it follows that Ohm’s law, J = oK, is satisfied. Thus, eq. (7) must be the
correct generalization of Ohm’s law to an arbitrary inertial reference frame.

Note that J* = (0/c)F*Pug is not a viable candidate for Ohm’s law. Although this
equation also yields J' = oE' whena = i, the same equation also implies that J'% = ¢p’ = 0,
which is not true in general. To understand the structure of eq. (7), simply multiply eq. (7)
by ug. Since F°? is antisymmetric under the interchange of o <+ 8 and the quantity u,ug
is symmetric under the interchange of o <» f3, it follows that F*%u,us = 0. Likewise,
multiplying the left-hand side of eq. (7) by u,ug yields:

(e 1 (e} (07
e [J — 5 (upJ Y ] = uaJY —ugJ? =0, (10)

after using u,u® = ¢*. This result explains the form of the left-hand side of eq. (7).

(b) Suppose that the fluid is uncharged (p’ = 0). Using the result of part (a), deduce the
form for Ohm’s law as viewed in the laboratory frame. That is, express J as a function of
the electromagnetic fields E and B in the laboratory frame. Note that the charge density p
in the laboratory frame is not zero. Find an expression for p as a function of E in the
laboratory frame.

If p" = 0, then it follows that uj.J’ # = 0 in reference frame K’. But, ugJ” is a Lorentz-
invariant quantity. Thus, it follows that ugJ” = 0 in all inertial reference frames. Hence, if
p' =0 then eq. (7) simplifies to

JY = gF‘wum when p = 0. (11)
c

We now evaluate eq. (11) in the laboratory frame. In reference frame K, the velocity and
current four-vectors are given by u® = (yc; v%) and J* = (¢p; J), where v = (1 — g%)71/2.
For a = 0, eq. (11) yields:

Vo 2 =
p=""5.B, (12)

after using J° = ¢p, F% = —F° = —F" and v; = —u' = —y' = —ycf'. For a =i €
{1,2,3},

Ji = %(quo + Fiiy;) . (13)
Using [ = —¢kBF it follows that:
Fiiy; = ek Byl = ve(B x B)'. (14)
Hence, eq. (13) yields B L
J=n0[E+3x B]. (15)

We can check the above results by noting that when p’ = 0,

0=upt? =7(p—F-J) =vc(cp—B-J). (16)
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Consequently, eq. (16) yields
cp=p0-J. (17)

Using egs. (15) and (17),

cpzva[ﬁ+ﬁxﬁ]-§:705-ﬁ, (18)
in agreement with eq. (12).

(c) Suppose that p’ # 0. Show that the form for Ohm’s law as viewed in the laboratory
frame now takes the following form:

J =0 [E+5X]§—(5E)ﬁ] +cpB. (19)

Note that J and p are not separately determined by the electromagnetic fields alone. Verify
that when p' = 0, eq. (19) reproduces your results of part (b).

=

When p/ # 0, one must employ eq. (7). Using u® = (vyc¢; v9) and J* = (¢p; J), it follows
from eq. (7) that

cp—*(cp—B+J)=~0B-E, (20)

(21)
Using eq. (20), v* (cp — 5 j> = cp — o3 - E. Inserting this result into eq. (21) yields

J =0 [E+5X§—(5E)ﬁ] +cpB. (22)

To show that eq. (22) reduces to eq. (15) when p’ = 0, one can evaluate ugJ” in reference

frames K and K, respectively. Since ug.J? is a Lorentz-invariant quantity, the two results
must coincide. In particular,

5 fyc(cp — 5 . j) , in reference frame K,
UBJ = 9 . / (23)
cp, in reference frame K.
Hence, it follows that
vep =1 (cp— B+ J) =cp—0B- E, (24)

after using eq. (20) in the final step above. Using eq. (24) to eliminate ¢p in eq. (22), we
end up with . .

J=70[E + BXB] +cpB. (25)
If o' =0, then eq. (25) reduces to the result [eq. (15)] obtained in part (b).

REMARK: Alternatively, if o/ = 0 then ugJ? = 0, and it follows that cp = fyaﬁ - E
[cf. eq. (12)]. Inserting this into eq. (22), we end up with eq. (15).
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An alternative technique for solving Problem 2

Since J* is a four-vector, it transforms under a Lorentz boost as:

cp’zv(cp—ﬁ-f),

J =i+ 52 \(B- 1) ~cBp.

whereas the electric field vector transforms as
E' =~(E+B3x B) = E
VB +Ax B) = 38 B

Using J' = oE’, it follows that

f+(752 (8- J)B —~eBp = oy [E + B E}—vllaﬁ(ﬁ-ﬁ)-

Taking the dot product of eq. (29) with ﬁ, the resulting expression simplifies to

3.7 2 F B v5?
ﬁ-J—cﬁp—aﬁ-E<1—7+1).

Noting that

2
v —1
B = ——,
Y
it follows that ) )
_aB oy (-1l
v+1 y+1\ 2 v
Hence,
B-T=csp+78-E
Y

Inserting eq. (33) back into eq. (29) results in

fzay[ﬁ—l—ﬁXB}—a{ i +V_1} (5-E)+cpﬁ.

Using eq. (31),

Hence,

k41
Ql
tm

vo B+ fx B~ (B-5)F] +eof.

which reproduces eq. (22).
We can rewrite eq. (36) by using eq. (33) to eliminate 3 - E. We then obtain

T+72(B+J)B — cpB(1+ ) =0 [E+5><1§] -

5

(26)

(27)

(28)

(29)

(37)



Using 1 + 324?% = 42, the above equation reduces to:
f—fﬁ(cp—ﬁ-f):w [E—i—ﬁxﬁ] . (38)
Finally, multiplying eq. (33) by 72 and using 3?7? = v — 1, we can rewrite this equation as
cp—~*(cp—pB-J)=~0B-E. (39)

We can now recognize egs. (38) and (39) as the space and time components, respectively,
of the covariant equation:

(e 1 (e} (07
%P-jﬂwﬂm]:%J—wﬁzo, (40)

Thus we have proven that eq. (40) is the covariant generalization of Ohm’s law.

3. A magnetic dipole m undergoes precessional motion with angular frequency w and angle
Yo with respect to the z-axis as shown in Fig. 1. That is, the time-dependence of the
azimuthal angle is ¢g(t) = ¢ — wt. Electromagnetic radiation is emitted by the precessing
dipole.

Figure 1: A magnetic dipole m undergoes precessional motion with angular frequency w and angle g
with respect to the z-axis.

(a) Write out an explicit expression for the time-dependent magnetic dipole vector 7 in
terms of its magnitude mg, the angles ¥y and ¢y and the time ¢. Show that 1 consists of the
sum of a time-dependent term and a time-independent term. Verify that the time-dependent
term can be written as Re(fde~™"), for some suitably chosen complex vector fi.

In light of Fig. 1, the magnetic dipole moment vector is given by:
m = myg [ﬁ: sin Yy cos(py — wt) + g sin Jg sin(py — wt) + £ cos 190] (41)

—iwt

= Re [mo sin Jg €°° (& — ig)e + mgcosty 2.
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Thus, we can write the time-dependent term of 1 as Re(fd e ™), where

[ = mgsin g e (& — i7) . (42)

(b) Compute the angular distribution of the time-averaged radiated power, with respect
to the z-axis defined in the above figure.

The angular distribution of the time-averaged power is given by eq. (9.21) of Jackson in SI
units,

P 1 o
mziRe[rzn-EXH :|
The magnetic and electric fields of the magnetic dipole are given by eqs. (9.35) and (9.36)
of Jackson. Keeping only the leading terms of O(1/r), we see that
H L Gxs
= —— n
Zy 7

where Zy = \/ 110/ € is the impedance of free space. It follows that

AExH =——n-EX(E*xn Z—[EQ—E-A2 = —|E)?,
n Z. " ( ) ZOI " — |E - A Zo| |

since B+ A = 0 (due to the transverse nature of electromagnetic radiation). Hence,

P r? 2

a0 - 2—Z0 ) (43)

where the leading O(1/r) term of eq. (9.36) of Jackson, applied to the complex magnetic
moment vector fi, yields

- ZO 6zkr
E=-"k@X 44
%) x i) (44)
Inserting this result into eq. (43), we end up with
dP A
— = E*n o fi]? . 45

The squared magnitude of the cross product above is easily computed,
A x 7P = (A x ) - (A x [37) = |l — 7 @2
since 7 is a unit vector. Explicitly, fi is given by eq. (42) and
N =sinfcosp & +sinfsinpy + cosb 2.
Hence, it follows that

‘ b d

i|? = 2mg sin® vy, |72 - fi] = mgsintysind,



and
|7 X fi|* = m]sin® ¥o(2 — sin® §) = mZ sin® Yo (1 + cos 0) .

Thus, the angular distribution of the time-averaged radiated power is given by?

dP  Zymisin® vy

ar 4 2
70 397 E*(1+ cos“0) . (46)

An alternative technique for computing the time-averaged radiated power

Instead of evaluating eq. (45), which requires the complex magnetic moment f given in
eq. (42), one can instead employ the result of problem 9.7(a) of Jackson,

> ~ 12
aQ 167T2C4|m XAl (47)

where m = d*m/dt*, and m is the time-dependent magnetic dipole moment given in
eq. (41). Note that eq. (47) yields the time dependent power distribution, so to recover the
results obtained in problem 1(b), we must time-average over one cycle.

For convenience, we rewrite eq. (41) here:

m = my [a?: sin Jg cos(pg — wt) + g sin ¥g sin(py — wt) + 2 cos 190]

Taking two time derivatives, we obtain:

m = —mow? [:i: sin vy cos(pg — wt) + g sin I sin(pg — wt)} : (48)
Next, we compute the square of the cross product,

i x A =1 -m - (A m)?,
after using the fact that n is a unit vector,
L= &sinfcos ¢ + gsinfsin g + 2 cosb . (49)
Using eqs. (48) and (49), it follows that
W = maw? sin? J

and

- M = —mow? sin J sin 6 [cos ¢ cos(p — wt) + sin ¢ sin(py — wt)

= —mow? sin Vg sin 6 cos(wt — o + @) .

3To obtain the angular distribution of the time-averaged radiated power in gaussian units, one must
replace Zy — 4w /c and moy — mgc in eq. (46).



Hence,
M X fl? = miw sin® 19[1 — sin® @ cos®(wt — g + ¢)] .

Inserting the above result into eq. (47) and using w = ke, we end up with

dP(t)  Zymisin® o
Q1672

E* [1 — sin? 0 cos? (wt — g + qb)] . (50)
Time-averaging over one cycle, (cos?(wt—po+@)) = 3. Since 1 —1 sin® 6 = (14 cos? ), we

recover eq. (46). One can also check that the total power obtained by integrating eq. (50)
over solid angles is time-independent and coincides with eq. (52).

(c) Compute the total power radiated.

Integrating eq. (46) over solid angles,

1
/dQ(l + cos? ) = 27r/ (14 cos®f)dcos) = 1677? . (51)
-1

Hence,

274 2 92
_ Zym§k® sin” 9§
6T

P (52)

(d) What is the polarization of the radiation measured by an observer located along
the positive z-axis far from the precessing dipole? How would your answer change if the
observer were located in the x—y plane?

The polarization is determined from the electric field given in eq. (44). Thus, we must
evaluate 1 X fi,

A A~ A

T Y z
n X i =det | sinfcos¢ sin @ sin ¢ cos 6

mo sin ¥pe™®°  —imgsindpe’?® 0
— imge™ sin v cos O(& — i) — img sin Vg sin § ¢ (?079) 2 (53)

The polarization depends on the location of the observer. If the observer is located on the

positive z-axis then 6 = 0. In this case, n = 2 and E &« & — i3, which corresponds to

right-circularly polarized light [cf. p. 300 of Jackson]. If the observer is located in the z—y
1

plane, the 6 = Sm. In this case, i = & cos¢ + Psin¢ and E 2, which corresponds to

linearly polarized light in the z-direction.

REMARK: If = 7, then A = —2 and E « & — 1Y, which corresponds to left-circularly
polarized light. For any other value of 6 # 0, %7‘(‘ or 7, the radiation is elliptically polarized.



