Physics 214 Solution Set 4 Winter 2024

1. [Jackson, problem 9.12] An almost spherical surface is defined by
R(0) = Ry [1 + 3 Py(cos0)] (1)

has inside of it a uniform volume distribution of charge totaling (). The small parameter
varies harmonically in time at frequency w. This corresponds to surface waves on the sphere.
Keeping only lowest order terms in § and making the long-wavelength approximation, cal-
culate the nonvanishing multipole moments, the angular distribution of radiation, and the
total power radiated.

First, we need to evaluate the charge density p(&,t). It is a constant p, for r < R(f) and
zero otherwise. Since the total charge () is conserved (and hence time independent),

Q- /d%p(.f,t) :pO/r2drdcos«9d¢®(R(«9) ),

where the step function is defined as,

O(z) =

1, forx > 0,
0, forx < 0.

Thus,

1 R(0) 9 3 1
Q:27rpo/ dcosH/ r%lrz@/ dcos [1+ B Py(cos )]’ .
-1 0 -1

Assuming that |8] < 1 and dropping terms of O(3?), it follows that

3 1 3
= M?)OPO/ dcost [1+ 38 Py(cos) + O(B%)] = @ [
-1

Q 1+0(5%)] ,

after using the orthogonality relation,

1
2
/_1 d cos B Py(cos8) Py (cosf) = 2wl Oeer -

The parameter § varies harmonically with time. Using complex notation,

B = Boe ™"
Hence, including all terms up to and including O(f),
— 3@ —iwt
p(E,t) = ——5 O(Ro + RofoPa(cosB)e™™ —1). (2)
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Next, we compute the elements of the multipole tensor in the spherical basis,
Qunlt) = [ ¥, (0.0 p(@0)

_ 39
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where ¢ = 1,2,3,...and m = —¢,—¢ +1,...,/ — 1,£. Note that the / = m = 0 moment
does not enter the multipole expansion of the radiation fields. Working to first order in g,
we can approximate

R(6)
QY (0, ) / P42 gy
0

[1 + BoPy(cos 9)6_th]Z+3 =1+ (£ +3)BoPy(cos O)e ™" + 0(502) .
Writing
4
Py(cos ) = W11 Yio(0, ),

it follows that for ¢ # 0,

3QRS

Qum(t) = (13

[ 9y 6.0)

1+ (£+3)Bye ™ \/glfm(e, ¢)]

BQRS |:(€ + 3)50 e‘i‘*’t
(0 + 3)V4an V5

after employing the orthogonality relation of the spherical harmonics [cf. eq. (3.55) of Jack-
son],

Se 5mo} : (3)

/Y;n(e> ¢) }/é'm’(ea ¢) df) = 6&’ 5mm’ .
Writing Qg (t) = Qeme ™", it follows that

_ 3QBR3
vV 201

That is, the only non-zero electric multipole moment is

3QBuR3
V201

QZm 5&2 5m,0 .

QZO =

An alternative derivation of eq. (4)

Since we are working to first order in [y, it is convenient to expand the ©-function that
appears in eq. (2) using the fact that §(z) = dO(z)/dx. Thus, to O(by),

p(@ 1) = 22

— poy [O(Ry — ) + RofoPa(cosf) e ™ 6(Ry — )] . (5)



Using eq. (9.170) of Jackson, we can evaluate the multipole moments for ¢ # 0,

Qunt) = / P Y, (6.6) plE. )

B 4?3{3 e’ Y}, (0,0) [O(Ro —r) + RofoPa(cos0) e 6(Ry — )]
0
3QRO 47 —iw
- i \/ = RET3 By €7t 5o 5m0] ) (6)

which reproduces eq. (3).

As for the other possible multipole moments, we first note that there is no magnetization
in this problem so that @}, = M, = 0. [cf. eqs.(9.170) and (9.172) of Jackson|. However,
there is a non-zero harmonic current density due to motion of electric charges. The azimuthal
symmetry of the problem implies that J (Z,t), when written in spherical coordinates, has no
¢A) component and is independent of ¢.! That is,

-

T(@,0) = [, 0) R+ Jo(r,0) 0] e,

where 7 = &/r is the unit vector in the radial direction. Using eq. (9.172) of Jackson (in SI
units), with J(&,t) = J(&) e~ ™"

My = —— / Brrt Y7 (0.6) 9 - (& x (@) (7)

Using,

we conclude that

Hence, it follows from eq. (7) that

The angular distribution of the radiated power can be obtained from egs. (9.151) and
(9.169) of Jackson,

dP (+1

_ 1y 272042 2% |2
i = 2 ey Gl 1 X el )
where ]
X m - EYTI’L 97 )
¢ o (0.9)

is a vector spherical harmonic. Integrating over solid angles is trivial since the X i are
normalized to unity. Thus,

P= 12002]{:2@-4-2 g_l—l

=3 A+ OIp |Qeml* - (9)

-

L An explicit expression for J(&,t) will be given in an added note following this solution.
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Inserting the value for Yoy obtained in eq. (4) into the above formulae, and noting that
_ 15
| X 90]* = =— sin®*6 cos® 0,
8
according to Table 9.1 on p. 437 of Jackson, it follows that

2)2 32 P16
AP _ 32 Q7B Bk 15 sin” 6 cos® 0,

aQ 20007 8
and 2M)2 22 P41.6
P 370c*Q* B2 Rik
20007
ADDED NOTE:

—

In this added note, we shall obtain an explicit form for J (&, t) which is valid to first order

in 3. As noted previously, the azimuthal symmetry of the problem implies that J (Z,t) has
no ¢ component and is independent of the azimuthal angle ¢. That is,

—

J(@,1) = [J.(r, 07 + Jo(r, e)é] et

where 1n = Z/r is the unit vector in the radial direction. Using the continuity equation,

V.J+ P
Tar

we can compute v.-J using the result for p obtained in eq. (5). Hence,

5+ Op _ 3iwQp

V.J= T Py(cosf) e ™ §(Ry — 1) . (10)
In spherical coordinates, we have
> o 1 .0 g . 0Jy
V.J= oy sm@E (r*J;) +7‘@(81n9J9)+ra—¢} :

Since J arises due to charges in motion, it must be proportional to #. Thus, to leading
order in [, it must also be true that J is proportional to ©(Ry — r) since we can drop any
p-dependence in the argument of the O-function (as the dropped terms will only contribute
at higher order in ). Hence, as J, = 0, we can write:

J(®,1) = Boe ™ O(Ry — ) [Jlﬁ n Jzé} . (11)
Using eq. (11), we compute
= . T —iwt i ﬁ 2 _ 1 _ ﬁ :
V.-J=pe {r2 o (r*©(Ro — 1) J1) + s O(Ry 7")80 (sin @ Js)

= 50 e—th {—Jl 5(R0 — ’f’) + @(R() — ’f’) |i:—2 % (T2J1) —+ Tsilne % (sin@ Jg):| } . (12)
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Comparing this result with eq. (10), we can immediately equate the coefficients of the delta
function, which yields
31w Bo

4T R3

Inserting this result back into eq. (12), and comparing again with eq. (10), we conclude that
the overall coefficient of the step function must vanish. That is,
31w QB 1 9

2 .
471‘R% P2(COSH) ; + rsinf % (SIH9J2> =0.

Jy = Py(cosb). (13)

Using Ps(cosf) = (3 cos?# — 1), we obtain

. 31w Bo

. o .
IR Sln9(3COS2¢9— 1) + — (sinf Jy) = 0.

00

Hence,

. o 3iw@ Bo 2 _3in 2
Josinf = poyes /(3008 0 —1) dcos = poyes cosf(1 — cos“ ),

or equivalently,?

J, — 31w Bo
7 8rR2

Inserting eqs. (13) and (14) back into eq. (11) yields the final result, which is valid at first

order in [y,

sin 26 . (14)

= 3iwQp
J($7t> == 87TR20
0

e O(Ry —r) [(3cos?f — 1)fr — sin260 8| .

2. [Jackson, problem 9.17] Treat the linear antenna of Jackson, problem 9.16 (on Problem
Set 3) by the multipole expansion method.

(a) Calculate the multipole moments (electric dipole, magnetic dipole, and electric quadru-

pole) exactly and in the long-wavelengths approximation.

As in Jackson, problem 9.16, we shall choose the z-axis to lie along the antenna, and let

2 = 0 correspond to the center of the antenna. Then, J(&,t) = J(&) e ™", where

J(&,t) = Isin <2TTZ) dz)o(y) 2, for |z| < 3d, (15)

where d is the length of the antenna. It is convenient to rewrite this in spherical coordinates.
Note that 2 = n for cosf =1 (i.e., # = 0) and £ = —n for cosf = —1 (i.e., = 1), where 7

%In evaluation of the indefinite integral, the constant of integration must be set to zero, since Jo must be
non-singular at 6 = 0 and at 6 = .



is a unit vector pointing in the radial direction, and r = |&]| is the radial coordinate. Hence,
we may write?

J(@) = ! sin (2?7) [6(cos @ — 1) + 6(cos b + 1)]O(3d — r)f, (16)

where I have inserted the Heavyside step function since the current I(z,t) = 0 for |z| > 1d.
In obtaining eq. (16), I used the fact that

sin (%) = sin <2W;(Z)) = ¢(z) sin <2%;r) )

where the sign function ¢(z) is defined as

{+1, for z > 0,
e(z) =

-1, for z < 0.

Finally, we note that 7o = €(z)Z2 along the z-axis.
We shall make use of egs. (9.167) and (9.168) of Jackson for the electric and magnetic
multipole coefficients. In the absence of magnetization, in MKS units,

k2 . o0 o o 3
agp(l,m) = W/ng(ﬁ, (b){cp(w)g[rjg(k:r)} + ik .’B'J(.’D)jg(lﬂ")}d x, (17)

ap(l,m) = V(& x J(&))jolkr)d*s . (18)

It is convenient to integrate by parts in evaluating the first term of the integrand in eq. (17).
The surface term can be dropped, since the charge density is localized. Since d3z = 72 dr dS,

after integrating by parts, one obtains
op(&) 2
= — ( PZ) + —p(iz’)) r?dr .

|
=
[\
e
—
8
~,
QL
|

or r

It then follows that

ap(l,m) = Z\/% / Yy (0, gb)jg(k:r){—c <2+7’%) p(i’)+z’k£-f(£)}d3a:, (19)

which is the version obtained in class.*

3Note that this differs from eq. (9.179) of Jackson by a relative sign. This difference is due to the fact
that for the antenna showed in Figure 9.6 of Jackson, we have I(—z) = I(z). In contrast, in this problem,
eq. (15) yields I(—z) = —I(z).

4One small advantage of using eq. (17) instead of eq. (19) is that no delta functions arise in the computation
[cf. eq. (32) below]. By employing eq. (17), Jackson can simply set the limits of the radial integration to
0<r< %d, and otherwise ignore the implicit Heavyside step function in his analysis of the linear, centerfed
antenna on pp. 445-446.



First consider the computation of ag(¢, m). Using the vector identity,

— - — =

Vi (ZxT)=J(VX&) —&(VxJ)=-&(V xJ),

after using V X & =0. However, the current density glven in eq. (16) is purely radial, which
implies that V x J =0. Therefore, we conclude that V- (:13 X J ) = 0, which implies that
ap(l,m) = 0. That is, all the magnetic multipole coefficients vanish.

To evaluate the electric multipole coefficients, ag(¢, m), we can either use eq. (17) or
eq. (19). We shall first employ eq. (17), and then in an addendum we will provide details of
the calculation that makes use of eq. (19).

For harmonic sources [cf. eq. (9.15) of Jackson], V-J = iwp. Using eq. (16), we see that
J is purely radial, J = J.n, and

V-J = ——(r*J,) = Té[c?(cos@ —1) 4 0(cosf + 1)]

1 2rr 1 1 . 2rr 1
X {8 COS <7) @(Ed — ’f’) — %Sln <7) 5(§d— T)} .

Noting that sin(2mr/d)d(3d —r) = sinwd(3d —r) = 0, we can drop the delta function in the
previous equation. We conclude that

p(&) = —V-J(&) = L cos (2%;) [6(cos® — 1) + 6(cos§ +1)]O(3d —r),  (20)

after making use of w = kc. We also note that eq. (16) yields

&-J(&) = QLT("I“ sin (%7) [6(cos @ — 1) + 6(cos +1)]O(3d — ). (21)

after using &-n = r.
Plugging egs. (20) and (21) into eq. (17), and evaluating the integral using spherical
coordinates, d®z = r? dr dSQ,

ag(l,m) = d(cosf — 1) + d(cosf + 1)]d<

Ik .
d\/0(0+1) /Yé’”(e ¢

« /Od/Zrdr{—cos (%) %aﬁ (rjolhr)] + gsin (227") jg(kr)}. (22)

We first evaluate the angular integral above. Writing df) = d cos d¢, consider the integral

! Yy (0,9)[6(cos§ — 1) + d(cosf + 1)]d cosf do .

o Im

Since ! (0, ¢) oc e=™¢ the ¢ integral yields
21 )
/ e~ MPdp = 5 -
0
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Thus, in light of eq. (3.57) of Jackson and the properties of the Legendre polynomials,

S Y (0, 0) [5(0056’ — 1)+ 0(cos b + 1)}dcosé’d¢ = 0mo [}Q’g(o, ®) + Y[{],d,(ﬂ)}

2w
1/2
w (P5) e e

Plugging eq. (23) back into eq. (22),

ap(l,m) = % %(5,@[1“—1)@} /Od/2{—cos (?) %[rjg(kr)]—i—k;;d sin (2%7") jg(kr)}dr.

The first term of the integrand above can be rewritten using an integration by parts,
d/2 2 0 2 or [Y? 2
/0 oS <%) g [rje(kr)] = cos <%) rie(kr) +0 i 7 sin <%) Je(kr)dr
27r

0 d
o7 d/2
a2 [ ()
d J d

k> — (%)1 /Od/2 sin (2%7“) jg(kr)rdr} :

d/2

We then end up with

(24)
By assumption, the sinusoidal current makes a full wavelength, which implies that
2m
k=—. 25
- (25)
Hence, after setting kd = 27 in eq. (24), we arrive at the final result,
l = —/———00 |1+ (-1 . 2
esltom) = 5| Gt [+ (<1 )il (26)

We now consider the long wavelength approximation, kd < 1. We will do the computa-
tion in two ways. First we will start with eq. (24) and use the small argument approximation
for the spherical Bessel function,

, kr)t
Jelkr) = (22 +)1)!! ‘

Changing variables to x = 2r/d,

ap(l,m) ~ 2(%Ii o Z(é“gjll))(smo 14 (1) (%)4{1 —W/OI;HH sm(m)dx} |
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after dropping the O(k?) term in the factor that multiplies the integral in eq. (24). Integrating
by parts yields

1 1
7r/ e sin(rz)dr =14+ (0 +1) / 2" cos(mx)da .
0 0

Hence, we obtain a slightly simpler result,

Eo [+ )2 o (kN[
aE(ﬁ,m):—2(2£[+ 1)!!\/ ( +1)€(2 +1)5m0[1+(—1)} <7) /0 xcos(mx)dz . (27)

As a check of eq. (27), we can perform thee computation using eqgs. (9.169)—(9.170) of
Jackson (after setting the magnetization to zero),

kZ+2 g 1 1/2
aE(ﬁ’m)gz’(QCEle)!!( j; ) Qem (28)
where
Qo = / P2 (0, 0)p(E) d (29)

Inserting eq. (20) into eq. (29), and making use of eq. (23),

NG af
Qom = M&no [1+ (—1)] / 2r£ cos <2WT) dr,
0

iked d

after using w = ke. Changing variables to x = 2r/d,

Qo = VTR 5 (‘_Z)Z 14 (—1)1] /0 ot cos(ma)d

2ikce 2

Plugging this result into eq. (28) yields

Ik m(l 0 kd\* !
ap(l,m) ~ — STeTEn 1)”\/ (+ 1);2 i 1)5m0 [1+ (—1)] (7) /0 2" cos(mx)dx

in agreement with eq. (27)

We now evaluate these results explicitly for the electric dipole (¢ = 1) and the electric
quadrupole (£ = 2). Due to the factor of 1 + (—1), we immediately see that only even ¢
multipoles survive. Hence, the electric dipole coefficient vanishes. Thus, we henceforth focus
on the electric quadrupole coefficient. First, we use the exact result given in eq. (26). Using

‘ (3 1) . 3
Jo(z)=|— — — | sinz — — cosz,

o T2

it follows that jo(7) = 3/72. Hence, for kd = 27 and £ = 2, eq. (26) yields

ap(2,0) = nf,/%. (30)



Let us compare this result with eq. (27), which was obtained in the long wavelength approx-

imation. s
/ kd
ap(2,0) ~ —Ik 37T_O (7) /0 2% cos(mx)de .

—
T ’

/0 2% cos(rx)dr = kS (272 cos(ma) + (m%2® — 2) sin(7z)] )

3

we end up with

1573 \ 2
This result should only be valid for kd < 1. Nevertheless, to compare with eq. (30), we

bravely put kd = 27 to obtain
2
2,0) ~ Tky\] — 1
ap(2,0) = Tk . (31)

which is larger than the exact result given in eq. (30) by a factor of 272/15 ~ 1.316. Not
too bad!

2
ap(2,0) ~ Thy/— <@) |

ADDENDUM:

As promised, we exhibit the necessary calculations to obtain ag(¢,m) starting from
eq. (19). In this method, one needs to keep track of the Heavyside step function, since
it will generate a delta function when computing dp/0r that cannot be ignored, as noted in
footnote 4.

In this method, we use eq. (20) to compute

- (2 + 7’%) p(@) = [6(cos6—1)+8(cos 6+1)] Z,dfr d{%ﬂ sin (277) O(Ld—r)+cos (277) 5(r—;d)} |

The delta function piece can be simplified by using cos(27r/d)d(r — 3d) = cos w§(r — 3d) =
—0(r — 3d). Hence,

_ (2 + 7’%) p(®) = [6(cosf—1)+6(cos 1] Z,djrd{%” sin (%) @(;d—r)—a(r—gd)} |

Using eq. (21), we end up with

0 o= 2oml kd\?| . [(27r\ | d )

x [0(cosf — 1) + 6(cos 0 + 1)] . (33)
We now insert eq. (33) into eq. (19). Using eq. (23), and performing some algebraic simpli-

fications, it follows that
o\ 2| [9? 2
k? — <§) ] /0 sin <%) jg(l{?’f’)’f’d’f’} :

Y ol
autom) = 1| 2 a1 i)+

which reproduces eq. (24).
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(b) Compare the shape of the angular distribution of the radiated power for the lowest
nonvanishing multipole with the exact distribution obtained in Jackson, problem 9.16 (on
Problem Set 3)

Using eq. (9.151) of Jackson, the angular distribution of power for a pure electric multipole
of order (¢, m) is given by,

dP({,m)  Zy

e 2k2

We apply this result to the exact form of the pure electric multipole of order (¢, m) = (2,0)
obtained in eq. (30), which we rewrite again here,

[ 15
2,0) =1k — .

Using Table 9.1 on p. 437 of Jackson,

g (€,m)]*| X om]?

= 15
| X om|? = - sin? ) cos® 0,
s

Hence,
dP(2,0) 225712

aQ 327t

sin®  cos® 6. (34)

Figure 1: A polar plot of the antenna pattern of a thin linear antenna with a sinusoidal current that
makes a full wavelength of oscillation. Normalization has been chosen such that ZyI? = 872. The
angular distribution of the radiated power, shown in red, is given by eq. (35). This is compared
with the corresponding angular distribution of the electric quadrupole component, shown in blue,
which is given by eq. (34). This plot was created with Mathematica software.
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This should be compared with the exact result,

P ZyI* {Siﬂ(?‘( (:os@)}2

dQ  8n2 (35)

sin 6

obtained in Jackson, problem 9.16.

(c) Determine the total power radiated for the lowest multipole and the corresponding
radiation resistance using both multipole moments from part (a). Compare with part (b) of
Jackson, problem 9.16. Is there a paradox here?

The total power radiated by a pure electric multipole of order (¢,m) is given by eq. (9.154)

of Jackson,
Zo 9
P(t,m) = 252 a(l,m)|”.

In part (b) we obtained two expressions for ag(2,0). The first expression was exact for
kd = 27 [cf. eq. (30)],

15
2,0)=1
ap(2,0) =TIk 53" (36)
The second was computed in the long-wavelength limit, but with kd = 27 [cf. eq. (31)],
(2,0) ~ Ty | 2 (37)
i T

If we use the exact electric quadrupole result [eq. (36)], then we obtain

152,17

The corresponding radiative resistance (in ohms) is equal to the coefficient of %I 2 [cf. the
text below eq. (9.29) of Jackson|. Thus, using Z, = 376.7 ohms [given below eq. (7.11)" of
Jackson],

157,
Riaqd = 53 = 91.1 ohms, (38)
which is remarkably close to the exact result,
Zy
Riaq = (3.114) — o = 93.3 ohms [exact result], (39)
0

obtained in part (b) of Jackson, problem 9.16. In contrast, had we used eq. (37), we would
have obtained R,.q = 27Z,/15 = 157.8 ohms, which is a terrible approximation, as one
might have expected.

There is no paradox here. The discussion in Jackson on pp. 446-448 makes clear that
keeping the lowest nonvanishing multipole but computing it exactly (i.e., without assuming
that kd < 1) yields an accurate result to the exact antenna problem even for values of kd
as large as 2m. Presumably, if one computes the next non-trivial multipole (in this problem,

12



that wold be ¢ = 4) its numerical contribution, the result would be a rather small correction
to the power even when kd = 2.
Perhaps the paradox that Jackson is alluding to is based on the expectation that,

P(2a O) < Pexact )

since according to eq. (9.155) of Jackson, the total power is equal to an incoherent sum of
contributions from all the multipoles. Indeed in our computations above, we did confirm
that P(2,0) < Puact, or equivalently the radiation resistance of the electric quadrupole
contribution given in eq. (38) is less than the exact result obtained in eq. (39). In contrast,
the opposite (incorrect) conclusion would have been drawn had we used the expression for
P(2,0) based on setting kd = 27 in the long wavelength limit [e.g., eq. (37)]. Of course, this
latter result is an artifact of a poor approximation.

3. [Jackson, problem 12.1]

(a) Show that the Lorentz invariant Lagrangian (in the sense of Section 12.1B)
[e% q (03
L =—Imu,u® — EuaA (40)

gives the correct relativistic equations of motion for a particle of mass m and charge ¢
interacting with an external field described by the 4-vector potential A%(x).

The Lagrangian given in eq. (40) is a function of the coordinates z® and the velocities u®,
each of which implicitly depends on the proper time 7. In particular, the dependence on
the coordinates arises via the 4-vector potential A%(x). Lagrange’s equations of motion are

derived from 4 /oL oL

— =) —===0, (41)
dr \ ou? Oz

where 7 is the proper time. Note that one must employ the proper time here (which is a

Lorentz invariant quantity) in order that both terms in eq. (41) transform under a Lorentz

transformation as four-vectors (in order to maintain the covariance of this equation). To

compute the relevant derivatives, we first rewrite eq. (40) as

L= —%mgaguo‘uﬁ — %uo‘Aa(:p) : (42)
Then, it follows that
0
our (gapuu®) = gap (050" + 5fu°‘) = gagt” + garu® = 2u, . (43)
a [e% (0%
w(u Aa(x)) =05Aq(z) = Ax(x). (44)
Hence, eq. (41) yields
d q q o B
- = (muA + EAWE)) + 49\ Aa(2) = 0, (45)

where 0\ = 0/027.
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Since the coordinates x® implicitly depend on 7, we can use to chain rule to evaluate:

d dx® 0 o

Inserting this result back into eq. (45) yields

duy q
— = —u*(O\Ay — 0, Ay) . 47
dr mcu ( A A) (47)
Using the electromagnetic field strength tensor, Fy, = O\As — 0, Ay, we end up with
duy q
—2 = L u”, 48
dt me “ (48)

which is the covariant form of the Lorentz force equation [cf. Jackson eq. (12.3)].

(b) Define the canonical momenta and write out the effective Hamiltonian in both co-
variant and space-time form. The effective Hamiltonian is a Lorentz invariant. What is its
value?

Following Jackson eq. (12.33), the canonical four-vector momentum is defined by

oL q
P)\ = —w :m'U/)\‘i‘EA)\(Jf), (49)

where we have used egs. (43) and (44) to evaluate the derivatives.
Following Jackson eq. (12.34), the Hamiltonian is given by

H(z,P) = P,u®+ L(z,u), (50)
Using egs. (40) and (49),
H = (mua + %Aa(aj))ua — %muaua — %uaAo‘ = %muaua. (51)

However, since the Hamiltonian is a function of the coordinates and the canonical momenta,
we must eliminate u® in favor of P*. We use eq. (49) to express u® in terms of P,

o 1 o q ,q
u® = E(P 94 (z)). (52)
Inserting this result back into eq. (51), we end up with
_ q o_ 9 4o
Hz,P) = 2 (Pa EAa(g:)) (P 1 (g:)) . (53)
In spacetime form, eq. (53) reads:
1 q 2 L g 2
H= o [(PO CAO(;E)) (P CA(:C)) } . (54)

The value of the Hamiltonian can be deduced most easily from eq. (51). Since u®* = (yc; y9)
and v = (1 —v?/c?) 72, it follows that u,u® = c®. Hence eq. (51) yields H = imc?.
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4. [Jackson, problem 12.3] A particle with mass m and charge e moves in a uniform, static,
electric field Ey.

(a) Solve for the velocity and position of the particle as explicit functions of time, assum-
ing that the initial velocity ¥, was perpendicular to the electric field.

Using egs. (12.1) and (12.2) of Jackson and setting B = 0, we have:

A = awo
“P_ B & % E
a7 aw v

where W is the total mechanical energy (usually called E, but we have renamed this W in
order to better distinguish it from the electric field) and ¥ is the particle velocity (which is
denoted as @ by Jackson).

Clearly, the motion takes place in a plane containing the E-field. Without loss of gener-
ality, we assume that

E=FE%,

and assume that the motion takes place in the z—y plane. By assumption, ¥+ E=0att= 0,
in which case p, = 0 at t = 0. Solving the equations,

dp, dp
=eF —Y —
a7 a =Y (55)
in follows that
pa = eEt, Py = Do,
where pg is a constant.
Using p = ym@ and W = ymc?, it follows that®
2.2 2
=P cp . (56)
W /[P + m2ch
Hence,
2 Et 2
Uy = € , vy = < Po : (57)
V(P + €2E%2)c® + m2ct V(P2 + 2E%2)c® + m2c!
Since U = d&/dt, it follows that
tdt dt
x = c2eE/ , Yy = c2po/ , (58)
VWE + (ceEt)? VWE + (ceEt)?

where W¢ = p2c? + m?c*.

We shall define the origin of the coordinate system to coincide with ¢ = 0. Then com-
puting the integrals in eq. (58) yields
1

_ 5 5 _ DoC ceEt
x(t) 5 { Ws + (ceEt) Wo} , y(t) b sinh (—Wo ) : (59)

®Normally, we write the relativistic energy is given by E = ymc?. However, to avoid confusion with the
electric field, I have denoted the relativistic energy by W.
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REMARKS:

There is some temptation to first derive a differential equation for ¥ before attempting a
solution. For example, starting from @ = ¢*p/W [cf. eq. (56)], it follows that
dv G dp ApdW  ec® = ec*p

o wa wra  wE Rt B (60)

Using p = ym@ and E = ymc?, we obtain

dv e |= U (U =
T [F-2 (2 E)] o

In terms of the  and y components of the velocity, eq. (61) is equivalent to:

2
dv, _ eE (1 B v_x> ’ (62)

At ym c?
dv, eFv,v,
at yme? (63)
where 12
AN
v = (1 - y) : (64)
c

subject to the boundary condition v,(t = 0) = 0 and v,(t = 0) = .

If we were tasked to solve egs. (62) and (63), it might not be obvious how to proceed.
However, in light of the solution to eq. (55), the method is clear. Namely, we can multiply
egs. (62) and (63) by v and use

v d, . _dy
Yo =g T (65)

Next we would make use of

dy _ d 1_6”6 _1/2_7_3-* @_i-’ E'_eEUf” (66)
dt — dt 2 2 dt  mc?  ome?
after employing eq. (61) in the penultimate step above. Thus, eqgs. (62) and (63) yield

d dy eFE v? ek
— () =v,— + — (1 -2 ) = —, 67
dt(vv) ! dt+m ( 02) m (67)
d dy eEvyv,
— = v, — — =0 68
dt (Vvy) K mc? ' (68)

subject to the boundary condition v,(t = 0) = 0 and v,(t = 0) = vg. Of course, we have
simply reproduced eq. (55). For completeness, we can now trivially solve eqgs. (67) and (68):

eFE't P
VYU = W ) 7% = YoUo = EO ) (69)
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where 75 = (1 —v2/c?)~'/? and we have taken the constant of integration to be yovg = po/m,

which defines pg. Squaring these two equations and adding, we obtain

5 o DL EEM?

ol R (70)
where v* = v2 + v7. Inserting v*v* = ¢*(y* — 1) above, it follows that
32 1 2 1 2R
7:\/mc +pote ‘ (71)

mc

Plugging eq. (71) into eq. (69), we recover the expressions for v, and v, previously obtained
in eq. (57).

(b) Eliminate the time to obtain the trajectory of the particle in space. Discuss the shape
of the path for short and long times (define “short” and “long” times).

We can eliminate ¢ from eq. (59),

Inserting this into the equation for x(t) and using the identity cosh? z —sinh? z = 1, it follows
that

T = % {cosh (eE_y) — 1] ,
el PocC
which is the equation for a catenary curve.
To describe the shape of the path for short and long times, we note that Wy/(ceE)
has units of time. This we can define short and long times relative to this quantity. For
t < Wy/(ceE), we have

Et)? cebt cebt
W2 4 (coBt)? = W, + inh~? ~ .

Hence the approximate form of eq. (59) is

cceEt? pocit
)~ CEE et

Solving for ¢ and inserting the result back into the above equations yields

- eEW0y2
2p3c?

Since vy = py /Wy, we can eliminate W, from the above expression to obtain
Y )

_eby?
~ 2povo
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That is, as short times, the motion is parabolic.%
For t > Wy /(ceE), eq. (59) yields:

Poc 2ceBt
t) ~ct t) ~ — .
e =,y =em (2

In the latter case, we used:
sinh™ z =In (z—l— V224 1) ~In2z, forz>1.

Hence, to a good approximation,

PoC 2eEx
~—1n
Y=eE T\ )

W() 6Ey
r~ ——exp|— ).
2el P PoC

That is, at long times the motion is exponential.

or equivalently,

5. [Jackson, problem 12.11] Consider the precession of the spin of a muon, initially longitudi-
nally polarized, as the muon moves in a circular orbit in a plane perpendicular to a uniform
magnetic field B.

(a) Show that the difference €2 of the spin precession frequency and the orbital gyration

frequency is

eBa

Q=—)

m,,c
independent of the muon’s energy, where a = %(9—2) is the magnetic moment anomaly. Find
the equations of motion for the components of the spin along the mutually perpendicular
directions defined by the particle’s velocity, the radius vector from the center of the circle to
the particle, and the magnetic field.

Our starting point is the Thomas equation, which Jackson writes in the following form
[cf. eq. (11.170) of Jackson]:

ds e g 1\ 5 g Y /3 B\3 g v v B
%_%sx{(5—1%—;)3—(5—1)—(6-3)5—<§—ﬁ)BXE}>(73)

6The result of eq. (72) also coincides with the non-relativistic limit (in which case py = muwg). To verify
this assertion, we can perform a formal expansion in powers of 1/c. In this limit, Wy ~ mc? and

ceEEE7

which is always true in the limit of ¢ — oo (which is equivalent to taking the non-relativistic limit).
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where the time derivative of the velocity vector is given by [cf. eq. (11.168) of Jackson]:

—=—|E X B — -E)| . 74

= [E+Ax BB B (74)

For a particle moving in a circular orbit in a plane perpendicular to a uniform magnetic

field B, we have 3+ B = 0, where ¥ = ¢ is the particle velocity. Hence, eqs. (73) and (74)
reduce to

ds 1 - dv —
©B_ (9 142 )sxB, Y_ ° §xB, (75)
dt  mec \ 2 v dt  ~ymce
since by assumption there is no electric field present (E = 0). That is, eq. (75) can be
written in the form of precession equations,
— =8§Xd — =T X&
dt ’ B

where the spin precession frequency & and the orbital gyration frequency &, are given by:

- (& 9—2 — N e —
= 1 O B = B.
“ 7m0{+< 2 )7} ’ s

The difference of these two frequencies is

Pl —2 g
QEG}—G}B:%<9T)B,

and the magnitude of this frequency difference is given by

eBa
Q=—), where a = (g — 2).
mc
To find the equations of motion for the components of the spin vector, we first decompose
this vector into longitudinal and transverse components with respect to the direction of the
velocity, 3 = 3/5. That is, §= 8, + 8, where

S“HZ(B-?)B, § =535
By construction, A
5§ -8=0. (76)
We first work out d§ /dt.
ds, d / ~ _ . ~d /A . dB
—II = — . — —_ . s _’o _
it~ dt ((ﬁ g)ﬁ) P (ﬁ 8>+S Pt (77)

Jackson gives the following result in his eq. (11.171),

G (B = s (G- x B (5 -1) 8.



Setting E = 0, we obtain

d /s B -2 N A
E(ﬁ-é'):—%GT)Sl-(ﬁxB)- (78)
We also need to work out dB/dt.
d8 _d (B _1d3 B dp
o a(g)—ga‘@% (79)

Using

L

N —

in eq. (79), we conclude that

From eq. (75), we obtain

— B.
dt  ~ymc 8
Hence 3 - dﬁ/dt =0, and we end up with
d3 eB .
— = B.
dt  ~ymc P (80)

Inserting egs. (78) and (80) into eq. (77), we obtain

dsg  eB [(g=2\ . a_ paua, B . 5
_%:_%(%T)@,mxmm+e 5-B(8x B).

Since §) = (8- @)B, it immediately follows that
§-B(BxB)=35 xB.

We can further simplify the quantity [5) - (8 x B)]B by using &, - 3 = 0 [cf. eq. (76)] and
B -B=0o. First, consider the triple cross product

A~

5% |Bx(BxB)| =[5 (BxBIB-(Bx B3, -B=[5.-(Bx B)B.

However, 3 X (B X B) = B(ﬁ . é) — B = —B. Hence,



Inserting egs. (82) and (83) into eq. (81) then yields

By _Bl(9-2g  1g
At mec 2 LA

Using this result, we can evaluate ds /dt.

s, d /., eB (g 1N\ . . . eB|[(g—2)\ .
(58 - mc<§‘1+;)<sli+sﬁXB:%KT Lt 8

which simplifies to

S B -2 1
s, _eB (g9 =2 54+ -5,
dt mc 2 vy

Finally, we need to further decompose 8, into components along the direction of the
magnetic field and along the direction of the unit radius vector # that points to the center
of the circular path of the moving spin. In light of eq. (74) [with E = 0], dv/dt B x B,
where 3- B = 0. But for circular motion, #-3 = 0 and the acceleration do U/dt points radially
into the origin, i.e. dv v/dt o< —#. It follows that 7 = B x 3, and we conclude that the unit

vectors {B B, 7} form a mutually orthonormal right-handed triad of vectors.

can write: o
5| =585+5,, where §5 =(5-B)B and §, = (5 7).

ng . dS\ -
—=|(B- B=0
dt < dt ) '

since B is time-independent by assumption and

Note that

B. %ocﬁ (§x B)=0,

in light of eq. (75). Thus, §5 is a constant in time, from which it follows that

s, d ,. .. d3,
dt _dt(SLJrSB)_ dt -

Hence, the equations of motion for the components of the spin vector are:

dsy

B _

dt ’

ds. eB|[[(g—2 1 .
r= 2125 + -5 | x B
dt  mc [( 2 )S| - 787’ ’
ds, eB —2 1 -
i A Y 5 +-8|xB,
dt mc 2 vy

after using 5, X B=(5-B)B x B=0.

Thus, we

(81)

(82)



(b) For the CERN Muon Storage Ring, the orbit radius is R = 2.5 meters and B =
17 x 10% gauss. What is the momentum of the muon? What is the time dilation factor
~? How many periods of precession 7' = 27/ occur per observed laboratory mean lifetime
of the muons? [Relevant data: m, = 105.66 MeV, 75 = 2.2 x 107% s, a ~ «/(27) where
a~ 1/137]

For circular motion,
dv v?
ad=—=——"7. 84
*Ta " R" (84
Since the circular motion is in a plane that is perpendicular to the magnetic field ﬁ, it
follows that B, ¥ and # are mutually orthogonal vectors. Moreover, egs. (12.38) and (12.39)

of Jackson yield

dv e -
— = UX B. 85
dt ymcv (85)
Thus, if B points in the z-direction, then v = —v0 and the circular motion is clockwise in
the z—y plane. Combining egs. (84) and (85), it follows that
BR
ymu = et (86)
c

which we recognize as the relativistic momentum of the muon, p,. Using eq. (12.42) of
Jackson, we can rewrite eq. (86) as

p, (MeV/c) =3 x 107" BR (gauss-cm) . (87)

The factor of 3 x 107" in eq. (87) arises as follows. In gaussian units, e = 4.8 x 107* esu
and 1 MeV= 1.6 x 1075 ergs. Hence, the conversion factor between ergs and MeV is

48 x1071°/1.6 x 107 =3 x 107
Thus we end up with
P, = (3 x 107%)(1.7 x 10")(250) MeV /e = 1.275 x 10° MeV /c.
The ~-factor is

E 202 | m2c4)1/2 2 1/2

N (p (T
mc? mc? m2c?

The muon rest energy is mc? = 105.66 MeV. Hence,

(1.275 x 10%)21"* o1
(105.66)2 T

The number of periods of precession, T' = 27/, occurring per observed mean muon
lifetime, y79 = (2.2 x 107 5), is given by’

v= |1+

170 Y1) ymeBa Y21ova
T  2r  2mmec  27R

"Note that in the laboratory frame, the observed muon lifetime is given by 7y, where 7y is the muon
lifetime in the muon rest frame.
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where eq. (86) was used to arrive at the final result above. Since v > 1, we can approximate
v ~ c¢. In addition, we take

1
a:%(g—Q)zg, wherea:ﬁ,

27
as predicted at lowest non-trivial order in quantum electrodynamics. Hence,

10 vProca (12.11)*(2.2x107° 5)(3 x 10" em s7") 7 156
T = 4m*R 472(250 cm)(137) T

(c) Express the difference frequency €2 in units of orbital rotation frequency and compute
how many precessional periods (at the difference frequency) occur per rotation for a 300 MeV
muon, a 300 MeV electron, a 5 GeV electron (this last typical of the eTe™ storage ring at
Cornell).

NOTE: The energy values above correspond to the total relativistic energies.

For a 300 MeV muon,
E 300

- = = 2.839
T e T 105.66 ’
and B
eBa YW QL B
Q:—mc = Ywga =~ ; =33 x 10wy

One revolution occurs in time ¢ = 2rR/v. In this time, the number of periods of precession,
T =27 /Q, is given by

t  (27R Q\ QR

T \ v or ) v
We can rewrite the above result using eq. (86), which yields

R ymc 1
v eB  wy
Hence, for a 300 MeV muon, we have

L8R 00 a0
T wp 2

For a 300 MeV electron, we use m.c> = 511 keV to obtain v = 300/0.511 = 587. Hence,

t Q0
1Y 0,682,
T Wg 2w

|
|
|
2

Finally, for a 5 GeV electron, we have v = 500/0.511 = 9.785 x 103. It follows that

f_2 0 gy
T wg 2
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