
t
X'M Nu X

a matrix
Griolumns

x'Mx'm x'Xu

gu x'Mx't gro xoxo

Mugu No gro xoxo o

mustbe true for arbitrary X

INrgmtog.FI
defining
equation for
a Lorentz
transformation

or equivalently G diag 1 151 1

INGATI recallhowmatrices
multiply

AT N CAB AnBk
K

If G were theidentitymatrix then NGAG MAI



N is a pseudo orthogonal matrix

011,3 mostlyminus

013,1 mostlyplus Go G

011 3 I 013,17

Takedeterminant of ATG11 6 det 6 1

det NR I
detadety

IdetAII
Return to Mugu No gro
Put v 0 0 free indices Then Goo 1 and

No Not Not Not 1

No 12 1 No t AP Pop

Not 21

That is Noz1orNo

There are four classes of Lorentz transformations

det 1 1 No I proper orthochronous

det Al No E 1
det A 1 no 21
det 1 1 no s I improper



No 21 preserves the sense of time orthochronous

Xo x'o have the same sign

Lightcone
at
timelike Act
m

Ispacelite

past
a et

timelike x2 0 orthochronous
Lorentz transformations

spacelike X's o
map future lightcone
into thefuture lightcone

Thefourclasses of Lorentz transformations
are disconnected and only theproper
orthochromous Lorentz transformations are

continuously connected to the identity I

Note I G
is a Lorentz transformation

0 0 T O

NGA G AI



5011,31 5013,1 proper Lorentz

4
transformations

special meaning detal

proper orthochronous
50 11,3

or 50 11,3

eme yjgt

ERI

Satisfies NGA G

2 Boosts

simple case y y

for
twosystems coincides
X direction

cosh sinh o o

Ei fans's i if

O O

lo



Note cosh sink I

ensures that x 92 1 14 1 012 1 42
x1 2 42 X Ect
X 3 3

x 0 gibbet cosh Ix

ftanhs.EElbrapiditycoshb

r fj
sink p
X

0 81
0

Bx's
x'I 2 X BX
X
2 X2

X
3

X
3

me E

tÉf YEE
y Y Z Z



Boost in an arbitrary direction E c

Xo 8 Xo BE IX cosh B I'sink
I It'FFIE B rex

I B cosh 5 1 I f to sink

Ip
and 5 tank's

where PEIM xoxo et

Note that

Xi Hao B In
That is 7 1 tX where I.f o xp o

Er EYE E
BElfHÉ p
III XTl l



Thus the mostgeneral Lorentz boostmatrix is

reA Ii

gaining
grow

B IpMor
T
column N

f Ii seas

derivatives of four rectors

o É 1

2 E

Xi xi



Omg f E

del

D'Alenbertian

D Omon Eff 82

is a scalar under Lorentz transformations

o

Propertimet
dt dx dx Lorentz scalar

quantity

I cdt dxidx
i

flava at a
ri day

I BY dt2 8 2dt2

fta ti fi.bizI
El

time dilation



 

Consider a general coordinate transformation
from a systemof coordinates xu to

a free t diff

din dx'm d x I um tangent rector

bythechain rule

For Lorentz transformations

X'M N u x Mv is independent
of X

n

dim Mud x

Any vector AM that transforms
like

An An A

is calledcontravariant

Suppose I consider a field 0 x

99 94

8 84 8 84 by the
chainrule



Any vector A that transforms like

An An Off Au
is calledcovariant

You recognize the Jacobian
matrix

5 9
F
É

Note that a four vector can be expanded on a basis

veg basis eco ein ein É
I not a spacetime

index

active transformation transform M V'm
leave basis rectorsfixed

passive transformation fixes v u

transforms basisrectors in an
opposite sense

Covariant vectors transform in the same sense

as Ecu



Generalize to tensors
2NDrank

A M 8 1 9 A contravariant
tensor

2nd rank

A'm 81,41 Aap covariant
tensor

A'm 81,9 AI and rank
mixed
tensor

For Lorentz tensors

YI Na

Alm Na N p Amu

A mr IN m IN Bu Hap

Howdoes the metric transform

g'm A Tm IA Pr gap

Recall that A is definedby gap NaNopgeo

g'm Na N m Np N't Seo

In 8 9 so guv



That is guv is an an tensor

In general objects that satisfy S S are

called Lorentz scalars

example gu xx x2 RE 1712

Note
Wr VmAmr transforms as a contravariant

four vector

Aside In threedimensional Euclideanspace
the

metric tensor is dig Transformation laws are

Aij Rik RseAke
where RTR I One difference is thatthereis

no distinctionbetween covariantandcontravariant

indices

height ggganerenmmutatodd permutation of
0123

60123 I e g
0132 1

E 0123 1




