13 Hilbert spaces

13.1 Definitions and examples

330

Let 7/ be a complex vector space with an inner product (- |-) : V' x V' — C satisfying (IP1)—
(IP3) of Section 5.2. Such a space is sometimes called a pre-Hilbert space. Asin Eq. (5.11)
define a norm on an inner product space by

lull = /(uu). (13.1)

The properties (Norm1)—(Norm3) of Section 10.9 hold for this choice of ||-||. Condition
(Norm1) is equivalent to (IP3), and (Norm2) is an immediate consequence of (IP1) and
(IP2), for

2]l = v/ (hv]2v) = /Ax(v]v) = Al o]l

The triangle inequality (Norm3) is a consequence of Theorem 5.6. These properties hold
equally in finite or infinite dimensional vector spaces. A Hilbert space (7, (-|-)) is an inner
product space that is complete in the induced norm; that is, (H, ||-||) is a Banach space. An
introduction to Hilbert spaces at the level of this chapter may be found in [1-6], while more
advanced topics are dealt with in [7-11].

The parallelogram law

x4+ yI* + lIx — yI* = 2lx > + 2yl (13.2)

holds for all pairs of vectors x, y in an inner product space H. The proofis straightforward, by
substituting [|x + y[I> = (x + y|x +») = [|x]?> + [¥]*> + 2Re((x | )), etc. It immediately
gives rise to the inequality

I + y1I7 < 20x 1> + 21y 1% (13.3)
For complex numbers (13.2) and (13.3) hold with norm replaced by modulus.

Example 13.1 The typical inner product defined on C" in Example 5.4 by

n

(i, .o un) (Ui, .y 0p)) = 2171'01'

i=1

makes it into a Hilbert space. The norm is

IVl = VIvi? + o2+ - + [0, 2,
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which was shown to be complete in Example 10.27. In any finite dimensional inner product
space the Schmidt orthonormalization procedure creates an orthonormal basis for which
the inner product takes this form (see Section 5.2). Thus every finite dimensional Hilbert
space is isomorphic to C" with the above inner product. The only thing that distinguishes
finite dimensional Hilbert spaces is their dimension.

Example 13.2 Let £ be the set of all complex sequences u = (uy, u, ... ) where u; € C
such that

o0
leu,-|2 < 00.
i=1

This space is a complex vector, for if u, v are any pair of sequences in £2, then u + v € 2.
For, using the complex number version of the inequality (13.3),

00 o0 o0
Dl <2 P +2) vl < oc.
i=1 i=1 i=1

It is trivial that u € €2 implies Au € € for any complex number A.
Let the inner product be defined by

o0
(ulv) = Z Ujv;.
i=1
This is well-defined for any pair of sequences u, v € £2, for

o0 o0
’Z’Tivi‘ Z|70i|
i=1

i=1

o0
72 u,} +{v, < 00.
i=1

IA

IA

[\

The last step follows from
2[ab|” = 21al (b = laf? + b — (la] — b])* < |af* + |b].

The norm defined by this inner product is

[o¢]

Z|M,‘|2 < 0.

i=1

lull =

For any integer M and n,m > N

M o]
Z‘uim) _ ugn)|2 < Z‘uim) _ ufn)|2 _ ”u(m) _ u(”)||2 < 62’
i=1 i=1

and taking the limit » — oo we have

M
Z}uf.m) —u; z <€

i=1
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In the limit M — oo

oo
Sl — il <@

i=1
so that «™ — u € £%. Hence u = u®™ — (u™ — u) belongs to £? since it is the difference
of two vectors from ¢ and it is the limit of the sequence u™ since [[u™ — u| < € for

all m > N. It turns out, as we shall see, that £2 is isomorphic to most Hilbert spaces of
interest — the so-called separable Hilbert spaces.

Example 13.3 On C[0, 1], the continuous complex functions on [0, 1], set

1
flg) =/0 Fedr.

This is a pre-Hilbert space, but fails to be a Hilbert space since a sequence of continuous
functions may have a discontinuous limit.

Exercise: Find a sequence of functions in C[0, 1] that have a discontinuous step function as their
limit.

Example 13.4 Let (X, M, 1) be a measure space, and £>(X) be the set of all square
integrable complex-valued functions f : X — C, such that

/I.flzdu < o0.
X

This space is a complex vector space, for if f and g are square integrable then

f|f+lg\2du52/\f\2du+2lk\2/|g|2du
X X X

by (13.3) applied to complex numbers.

Write f ~ f"iff f(x) = f’(x) almost everywhere on X; this is clearly an equivalence
relation on X. We set L2(X) to be the factor space £2(X)/~. Its elements are equivalence
classes / of functions that differ at most on a set of measure zero. Define the inner product
of two classes by

M@=Lﬁw,

which is well-defined (see Example 5.6) and independent of the choice of representatives.
For, if /"~ f and g’ ~ g then let 4, and A, be the sets on which f(x) # f’(x) and
g'(x) # g(x), respectively. These sets have measure zero, (4 s) = 1(Ag) = 0. The set on
which f/(x)g’(x) # f(x)g(x) is a subset of 4 U A, and therefore must also have measure
zero, so that [\ fgdu = [, f'g'dp.

The inner product axioms (IP1) and (IP2) are trivial, and (IP3) follows from

1l =0= /lelzduzo s = 0ae
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It is common to replace an equivalence class of functions /' € £2(X) simply by a represen-
tative function f when there is no danger of confusion.

It turns out that the inner product space £2(X) is in fact a Hilbert space. The following
theorem is needed in order to show completeness.

Theorem 13.1 (Riesz—Fischer) If i, f5, ... is a Cauchy sequence of functions in L*(X),
there exists a function f € L2(X) such that | f — f,|| — 0asn — oc.

Proof: The Cauchy sequence condition || f, — f,,|| — 0 implies that for any € > 0 there
exists N such that

/m—ﬁMw<e forallm,n > N.
X

We may, with some relabelling, pick a subsequence such that f, = 0 and
Ifo = fall <277
Setting

h(x) = Y1 /o) = furr ()]
n=1

we have from (Norm3),

o0 o0
Al <Y s = fuall <Y 27" =1
n=1 n=l1

The function x +— A2(x) is thus a positive real integrable function on X, and the set of
points where its defining sequence diverges, £ = {x | #(x) = 00}, is a set of measure zero,
u(E) = 0. Let g, be the sequence of functions

g(x)_ fn_fn—l if x ¢E5
! 0 ifx e E.
Since g, = f, — fu—1 a.c. these functions are measurable and ||g, || = || f» — fu-1ll < 27".

The function
fE) =) gulx)
n=1

is defined almost everywhere, since the series is absolutely convergent to /(x) almost
everywhere. Furthermore it belongs to £2(X), for

@ =Y a| < (X)) < @)

Since
fo=d (fi—fie)=)_ g ae.
=1 =1
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it follows that

1= f =7 =Y
k=1

oo
-1 X o
k=n+1
o0
< D gl
k=n+1
o0
< 27k =
k=n+1
Hence || f — f,|| = 0 as n — oo and the result is proved. |

Problems

Problem 13.1 Let £ be a Banach space in which the norm satisfies the parallelogram law (13.2).
Show that it is a Hilbert space with inner product given by
@) =5 + 2017 = lx = yIP +dllx = iyll® = illx 4+ iyll?).

Problem 13.2  On the vector space F![a, b] of complex continuous differentiable functions on the
interval [a, b], set

_dr ,_de

b
(19 = [ T@emar where 7= g

Show that this is not an inner product, but becomes one if restricted to the space of functions f €
F'[a, b] having f(c) = 0 for some fixed a < ¢ < b. Is it a Hilbert space?

Give a similar analysis for the case ¢ = —00, b = 00, and restricting functions to those of compact
support.

Problem 13.3 In the space L2([0, 1]) which of the following sequences of functions (i) is a Cauchy
sequence, (ii) converges to 0, (iii) converges everywhere to 0, (iv) converges almost everywhere to 0,
and (v) converges almost nowhere to 0?7

@@ f,(x)=sin"(x)n=12,...

) £0) 0 forx <1—1,
n(X) =
’ nx+1—n forl—%fxsl.

(©) fulx) = sin"(nx).
(d) fu(x) = xu,(x), the characteristic function of the set

k k+1
U,,=|:2—m, ;n] where n=2"+4+k, m=0,1,...andk=0,...,2" — 1.
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13.2 Expansion theorems
Expansion theorems

Subspaces

A subspace V' of a Hilbert space H is a vector subspace that is closed with respect to the
norm topology. For a vector subspace to be closed we require the limit of any sequence of
vectors in V' to belong to V,

uy, Uy, ... uandallu, e V—uel.

If ¥ is any vector subspace of H, its closure ¥ is the smallest subspace containing V. It is
the intersection of all subspaces containing V.
If K is any subset of H then, as in Chapter 3, the vector subspace generated by K is

n
L(K) = {Zaiui|ai eCu; €Ky,
i=1
but the subspace generated by K will always refer to the closed subspace L(K') generated
by K. A Hilbert space H is called separable if there is a countable set K = {u, us, ...}
such that H is generated by K,

H=L(K)=L(uy,uz,...).

Orthonormal bases

If the Hilbert space H is separable and is generated by {uj, us, ...}, we may use the
Schmidt orthonormalization procedure (see Section 5.2) to produce an orthonormal set

{e1, e2, ..., e},

1 ifi =,
(eilej) = 8;; = e
0 ifi #j.
The steps of the procedure are
JSi=u er = fi/llfill
Jfo=us — {er|uz)e; ey = fo/ |l f2ll
f3 =u3z —{er|uz)er — (e2|u3)es es = f3/ll f3l, ete.
from which it can be seen that each u,, is a linear combination of {e;, e;, ..., e,}. Hence

H=L({ey,es,...})and the set {e, |n = 1,2, ...} is called a complete orthonormal set
or orthonormal basis of .

Theorem 13.2  [f'H is a separable Hilbert space and {e,, e,, . ..} is a complete orthonor-
mal set, then any vector u € 'H has a unique expansion

o0
u= Zc,,e,, where ¢, = (e, |u). (13.4)

n=1

335



336

Hilbert spaces

The meaning of the sum in this theorem is

N
Hu— E Cnéy
n=1

A critical part of the proof is Bessel’s inequality:

—0 as N — oo.

N

Z enlu)|* < flull®. (13.5)

Proof: Forany N > 1

N
0= u=tenlure,

n=1

= <u - Z (en|u>en |” - Z (em |u)em>

—||u\|2—22<en|u {enu) +ZZ (€n 1U)8yun (e | 1)

n=1 m=
= JJul® - Zuen u)l?,
n=1
which gives the desired inequality. |

Taking the limit N — oo in Bessel’s inequality (13.5) shows that the series

o0
> tentun

is bounded above and therefore convergent since it consists entirely of non-negative terms.
To prove the expansion theorem 13.2, we first show two lemmas.

Lemma 13.3 [fv, — v in a Hilbert space 'H, then for all vectors u € 'H
(ulvg) = (ulv).
Proof: By the Cauchy—Schwarz inequality (5.13)

(| va) = (lv)| = [(]v, — v)|
< llull v, — vl

— 0 [ |

Lemma 134 [f {e, ez, ...} is a complete orthonormal set and (v|e,) =0 for n =
1,2,... thenv = 0.

Proof: Since {e,} is a complete o.n. set, every vector v € H is the limit of a sequence of
vectors spanned by the vectors {ej, e, ...},

v= lim v, where v, = E Vpi€i.
n—o00 —
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Setting ¥ = v in Lemma 13.3, we have
lol? = (v[v) = lim (v]v,) = 0.
n—00
Hence v = 0 by the condition (Norm1). |

‘We now return to the proof of the expansion theorem.

Proof of Theorem 13.2:  Set

N

uy =) _fenlu) en.

n=1
This is a Cauchy sequence,
= 2
luy — > =Y [{enl)]” > 0 as M, N — oo
n=M
since the series Z,J(e,, |u)‘2 is absolutely convergent by Bessel’s inequality (13.5). By
completeness of the Hilbert space H, uy — u’ for some vector u’ € H. But

(exlu —u'y = lim (ex|u —uy) = (ex|u) —eu =0
N—oo
since (ey |uy) = (ex|u) forall N > k. Hence, by Lemma 13.4,

u=u = lim uy,
N—oo

and Theorem 13.2 is proved. |

Exercise: Show that every separable Hilbert space is either a finite dimensional inner product space,
or is isomorphic with £2.

Example 13.5 For any real numbers a < b the Hilbert space L?([a, b]) is separable. The
following is an outline proof; details may be found in [1]. By Theorem 11.2 any posi-
tive measurable function />0 on [a, b] may be approximated by an increasing sequence
of positive simple functions 0 < s,(x) = f(x). If f € L£*([a, b]) then by the dominated
convergence, Theorem 11.11, ||/ —s,|| — 0. By a straightforward, but slightly techni-
cal, argument these simple functions may be approximated with continuous functions,
and prove that for any € > 0 there exists a positive continuous function /(x) such that
Ilf — k|l < €. Using a famous theorem of Weierstrass that any continuous function on a
closed interval can be arbitrarily closely approximated by polynomials, it is possible to find
a complex-valued polynomial p(x) such that | f — p|| < €. Since all polynomials are of the
form p(x) = co + c1x + c2x? + - - - + ¢,x" where ¢ € C, the functions 1, x, x>
countable sequence of functions on [a, b] that generate L?([a, b]). This proves separability
of L?([a, b)).

Separability of L2(R) is proved by showing the restricted polynomial functions f; y =
x" X[—n,n] are a countable set that generates L(R).

,...forma
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Example 13.6 On L*([—x, ]) the functions

dn(x) = \/27

form an orthonormal basis,
1 [ .
Gnlb0) = 5 f G g — 5,
T J—x

as is easily calculated for the two separate cases n # m and n = m. These generate the
Fourier series of an arbitrary square integrable function f on [—7, 7]

= i c,d, a.e.

where ¢, are the Fourier coefficients

T

ffn

Example 13.7 The hermite polynomials H,(x) (n =0, 1,2, ...) are defined by

e =l f) = e " f(x)dx.

dn —X
Hy ) = (- 1ye” S
The first few are
Ho(x)=1, H(x)=2x, H(x)4x>—2, H(x)=8x>—12x,...

The nth polynomial is clearly of degree n with leading term (—2x)". The functions ¥,,(x) =
e~/ (x) form an orthogonal system in L?(R):

oo dme—)cZ dne—x2
' ) = -1 n-+m X
Wl = 1 [t S

ma—x? qn—1,—x2
= (_1)n+’n [eXZd e d le }OO
dxm  dx"! 1w
© 4 ,dm —x? dr— 1 7\'
— / — (ex ¢ ) dx
oo dx dx™ dxn—1
on integration by parts. The first expression on the right-hand side of this equation vanishes

since it involves terms of order e x* that approach 0 as x — F00. We may repeat the
integration by parts on the remaining integral, until we arrive at

(Y | ) = (=1)" : e df:,, (e d';z: ),

which vanishes if n > m since the expression in the brackets is a polynomial of degree m.
A similar argument for n < m yields

(Y 1Y) =0 forn # m.
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For n = m we have, from the leading term in the hermite polynomials,

) PN o _x2 d” J,(zdnﬁfx2
Wl = ) = 1 [ e (¢

(o 0] ) dn
:(—1)"[ e o ((=2x)") dx

o0

=2"n! f e dx
—00
=2"nlJm.

Thus the functions

e /2)x?

- H,
NYANGS )

ou(x) =

(13.6)

form an orthonormal set. From Weierstrass’s theorem they form a complete o.n. basis for

L*(R).

The following generalization of Lemma 13.3 is sometimes useful.
Lemma 13.5 [fu, — u and v, — v then (u,|v,) — (u|v).
Proof: Using the Cauchy—Schwarz inequality (5.13)

[Gun | vn) = 0| = [(n |vn) = (U |0) + (un|v) — (u| )]
< [(utn lvn) = (un [0)| 4 [(un |0) — (| 0)]
< llunll llvp — vll + llup — ull vl
— [lu]l.0 + 0.[jv]l — O.

Exercise: 1f u, — u show that |lu, || — |lu||, used in the last step of the above proof.

The following identity has widespread application in quantum mechanics.

Theorem 13.6 (Parseval’s identity)

(u|v) Z(ule, (e; |v).

Proof: Set

n n

up =) (eiluye; and v, =) (ei|v)e;

i=1 i=1

(13.7)
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By Theorem 13.2, u,, — u and v, — v as n — o0o. Now using Lemma 13.5,

(ulv) = lim (uy | vy)

= ’113202 (eilu)(ej|v)(e;e;)
i=1 j=1
= nlggoz (ulei)(e; |v)8;;
i=1 j=1
= lim » "(u]e;)(e; ).
e
=D (ule)e;|v). n

i=1
For a function f(x) = > 02 cy¢, on [—m, 7], where ¢,(x) are the standard Fourier
functions given in Example 13.6, Parseval’s identity becomes the well-known formula

1= [k = 3 ol

- n=—00

Problems

Problem 13.4 Show that a vector subspace is a closed subset of H with respect to the norm topology
iff the limit of every sequence of vectors in V" belongs to V.

Problem 13.5 Let ¢, be the subset of ¢> consisting of sequences with only finitely many terms
different from zero. Show that £, is a vector subspace of £2, but that it is not closed. What is its
closure €4?

Problem 13.6 We say a sequence {x,} converges weakly to a point x in a Hilbert space H, written
x, — xif (x, | y) — (x|y) forall y € H.Show that every strongly convergent sequence, ||x, — x| —
0 is weakly convergent to x. In finite dimensional Hilbert spaces show that every weakly convergent
sequence is strongly convergent.

Give an example where x, — x but ||x,|| /4 [[x||. Is it true in general that the weak limit of a
sequence is unique?

Show that if x, — x and ||x, || /4 |x|| thenx, /A x.

Problem 13.7 In the Hilbert space L?([—1,1]) let {f,(x)} be the sequence of functions
Lox, x2,..., fix)=x",...

(a) Apply Schmidt orthonormalization to this sequence, writing down the first three polynomials so

obtained.
(b) The nth Legendre polynomial P,(x) is defined as
1 d n
Py(x) = 1)
O = Jote 1)
Prove that

1
2
P, (x)P,(x)dx = ——— 8-
/,1 DFE & =375

(c) Show that the nth member of the o.n. sequence obtained in (a) is ,/n + %P,, (x).
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Problem 13.8 Show that Schmidt orthonormalization in L?(R), applied to the sequence of functions
fulx) = 5",
leads to the normalized hermite functions (13.6) of Example 13.7.

Problem 13.9 Show that applying Schmidt orthonormalization in L?([0, 0o]) to the sequence of
functions

fale) = x"e™/?

leads to a normalized sequence of functions involving the Laguerre polynomials

n

d n,—x
dxn(xe*).

L,(x)=c¢"

13.3 Linear functionals

Orthogonal subspaces

Two vectors u, v € H are said to be orthogonal if (u|v) = 0, written u L v. If V' is a
subspace of H we denote its orthogonal complement by

Vt={ulu Lvforallve V}.
Theorem 13.7 If' V is a subspace of H then V* is also a subspace.
Proof: V1 is clearly a vector subspace, for v, v’ € V' since
(av+ BV |u)y =a(v|u)+ B |u) =0
for all u € V. The space ¥+ is closed, for if v, — v where v, € V', then
(vlu) = lim (v, |u) = lim 0 =0
forallu € V.Hence v € V. |

Theorem 13.8 If V is a subspace of a Hilbert space 'H then every u € 'H has a unique
decomposition

u=u +u" where W eV, u" eVt

Proof: Theideabehind the proof of this theorem is to find the element of V' that is ‘nearest’
to u. Just as in Euclidean space, this is the orthogonal projection of the vector u onto the
subspace V. Let

d=inflllu—v||ve V)

and v, € V a sequence of vectors such that ||u — v, || — d. The sequence {v,} is Cauchy,
forifwesetx = u — %(v,, +vy)andy = %(vn — V) in the parallelogram law (13.2), then

on = vm 1> = 20l = v, lI> + 2l|u = v 1> = 4l = 300 + va) 1> (13.8)
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For any € > 0 let N > 0 be such that for all k > N, [lu — v|> < d® + fe. Setting n, m
both > N in Eq. (13.8) we find ||v, — v, ||> < €. Hence v, is a Cauchy sequence.

Since H is complete and V is a closed subspace, there exists a vector u’ € ¥ such that
v, — u'. Setting u” = u — v/, it follows from the exercise after Lemma 13.5 that

lu”|l = lim |lu — v, || = d.
n—00
Forany v € V set vg = v/||v||, so that ||vy|| = 1. Then
d* < |lu — (' + (vo [u") vo)|I?

= [lu” = (vo|u")vo >

= (u" — (vo |u")vo|u” — (vo|u")vo)
2 2

=d° — |{vo|u")|".

Hence (vg |u”) = 0,sothat (v|u”) = 0.Since v is an arbitrary vectorin V', we haveu” € V*.

A subspace and its orthogonal complement can only have the zero vector in common,
VNVt ={0}, for if w e ¥ N ¥+ then (w|w) = 0, which implies that w = 0. If u =
W+ u" =v 4+, withu',v' € V and u”, v" € V*, then the vector u’ — v’ € V is equal
tov” —u” € V+. Hence ' = v and u” = v”, the decomposition is unique. |

Corollary 13.9 For any subspace V, V- = V.

Proof: V C VL forifv e V then (v|u) =0 forall u € V'*. Conversely, let v € V++.
By Theorem 13.8 v has a unique decomposition v = v’ 4+ v” where v’ € ¥ C V14 and
v” € V*. Using Theorem 13.8 again but with ¥ replaced by ¥+, it follows that v” = 0.
Hencev =1v" € V. u

Riesz representation theorem

For every v € ‘H the map ¢, : u — (v|u) is a linear functional on . Linearity is obvious
and continuity follows from Lemma 13.3. The following theorem shows that all (continuous)
linear functionals on a Hilbert space are of this form, a result of considerable significance
in quantum mechanics, as it motivates Dirac’s bra-ket notation.

Theorem 13.10 (Riesz representation theorem) [f ¢ is a linear functional on a Hilbert
space 'H, then there is a unique vector v € H such that

o) =@,(u) = (viu)  forallu e H.
Proof:  Since a linear functional ¢ : H — C is required to be continuous, we always have
lo(x,) — @(x)] = 0 whenever |[x —x,|| — 0.
Let V' be the null space of ¢,
V= {x]e()=0}.

This is a closed subspace, forifx, — x and ¢(x,) = 0 forall n, then ¢(x) = 0 by continuity.
If V' = 'H then ¢ vanishes on H{ and one can set v = 0. Assume therefore that /' # H, and let
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w be a non-zero vector such that w ¢ V. By Theorem 13.8, there is a unique decomposition
w=w +w" where w eV, w'eV™

Then p(w") = p(w) — p(w") = p(w) # 0 since w ¢ V. For any u € H we may write

"y <u _ w(u,), W,,) + w(u,), W,
pw") pw")
where the first term on the right-hand side belongs to V' since the linear functional ¢ gives

the value 0 when applied to it, while the second term belongs to ¥+ as it is proportional to
w”. For any v € ¥+ we have then

(vlu) = w“;ﬁfﬁ)ww”»
In particular, setting
= m " evt
gives
(wlu) = ;ﬁf)) l‘ffvwnﬁ W' 1wy = o).

Hence this v is the vector required for the theorem. It is the unique vector with this property,
for if (v — v'|u) = 0 forall u € H then v = v, on settingu = v — v'. |

Problems

Problem 13.10 If S'is any subset of H, and V' the closed subspace generated by S, V' = L(S), show
that St = {u € H| (u|x) =0forallx € S} = V.

Problem 13.11 Which of the following is a vector subspace of €2, and which are closed? In each
case find the space of vectors orthogonal to the set.

@ Vy={(x1,x2,...)€?|x; =0fori > N}.
0 V=V =(@x,...) €€ |x; =0fori > some N}.
N=1

© U={(x1,%,...) € x =0fori=2n).
(d) W ={(x1,x2,...) € £?|x; =0 for some i}.

Problem 13.12  Show that the real Banach space R? with the norm ||(x, y)|| = max{|x|, |y|} does
not have the closest point property of Theorem 13.8. Namely for a given point x and one-dimensional
subspace L, there does not in general exist a unique point in L that is closest to x.

Problem 13.13 If 4 : H — 'H is an operator such that Au L u for all u € H, show that 4 = 0.

343



13.4

344

Hilbert spaces
Bounded linear operators

Let V' be any normed vector space. A linear operator 4 : V' — V is said to be bounded if
lAull < Kllull
for some constant K > Oand all u € V.

Theorem 13.11 A linear operator on a normed vector space is bounded if and only if it
is continuous with respect to the norm topology.

Proof: If A is bounded then it is continuous, for if € > 0 then for any pair of vectors u, v
such that |lu — v|| < €/K

Au — Av|| = | 4@ = v)l| < Kllu —v]| <e.

Conversely, let 4 be a continuous operator on V. If 4 is not bounded, then for each
N > 0 there exists uy such that | Auy|| > N|luy|. Set

N7 Nllunll”
so that
Iyl = — =0
N

Hence wy — 0, but ||Awy|| > 1, so that Aw,, definitely does not — 0, contradicting the
assumption that 4 is continuous. |

The norm of a bounded operator 4 is defined as
l41l = sup{ll dull | ll«] < 1}.

By Theorem 13.11, A4 is continuous at x = 0. Hence there exists € > 0 such that || 4Ax| <1
for all ||x|| < €. For any u with |Ju|| < 1 let v = €u so that ||v]| < € and

1 1
[Aull = -l 4v|l = —
€ €
This shows || 4| always exists for a bounded operator.
Example 13.8 On ¢? define the two shift operators S and S’ by
S((xl,xz, X3, .. )) = (O,Xl,)Cz, .. )
and
S'((r1,x2, %3, ...)) = (x2, %3, ...).
These operators are clearly linear, and satisfy

IISx ]l = llxIl and [S'x]| < |x].

Hence the norm of the operator S is 1, while ||S’|| is also 1 since equality holds for x; = 0.



13.4 Bounded linear operators

Example 13.9 Let o be any bounded measurable function on the Hilbert space L2(X)
of square integrable functions on a measure space X. The multiplication operator A, :
L%(X) — L%(X)defined by 4,(f) = af is a bounded linear operator, for o is measurable
for every f € L?(X), and it is square integrable since
laf|* < M?|f|*> where M = supla(x)].
xeX

The multiplication operator is well-defined on L?(X), for if f and f” are equal almost
everywhere, f ~ f7, then af ~ «f’; thus there is no ambiguity in writing 4, f for 4,[ f].
Linearity is trivial, while boundedness follows from

4o f1* = f laf 1> du < M? f Lf12dp = M*|| 1%
X X

Exercise: If A and B are bounded linear operators on a normed vector space, show that 4 + AB and
AB are also bounded.

A bounded operator 4 : ¥ — V issaid to be invertible if there exists a bounded operator
A7':V — Vsuchthat A4~ = 47'4 =1 =idy. A~ is called the inverse of 4. It is
clearly unique, for if BA = CAthen B =Bl = BAA™' = CAA~" = C. It is important
that we specify 47! to be both a right and left inverse. For example, in £2, the shift operator
S defined in Example 13.8 has left inverse ', since S'S = I, but it is not a right inverse for
S8'(x1, x2,...) = (0, x2, X3, ... ). Thus S is not an invertible operator, despite the fact that
it is injective and an isometry, ||Sx|| = ||x||. For a finite dimensional space these conditions
would be enough to guarantee invertibility.

Theorem 13.12 I A is a bounded operator on a Banach space V, with || A|| < 1, then the
operator I — A is invertible and

I-A'= iA".
n=0

Proof: Let x be any vector in V. Since [|4*x|| < ||4]|(4*'x) it follows by simple
induction that A% is bounded and has norm || 4%|| < (|| 4|)*. The vectors u, = (/ + A +
A% + ... 4 A™)x form a Cauchy sequence, since

lun — tnll = (A" 4+ A")x||

< (14 4 1A x|
||A||m+1 ” ”
— X

T 14

Since V isa Banach space, u,, — u forsomeu € V,sothereisalinearoperator 7 : V — V'
suchthatu = Tx.Furthermore, since 7 — (/ + 4 + - - - + A")isabounded linear operator,
it follows that T is bounded. Writing T = Y ;- | 4, in the sense that

lim (T -y Ak)x —0,
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it is straightforward to verify that (/ — A)Tx = T (I — A)x = x, which shows that 7 =
I— 4" |

Adjoint operators

Let A : H — "H be a bounded linear operator on a Hilbert space H. We define its adjoint
to be the operator A* : H — 'H that has the property

(u| Av) = (A*u|v) forall u, v € H. (13.9)
This operator is well-defined, linear and bounded.

Proof:  For fixed u, the map ¢, : v — (u| Av) is clearly linear and continuous, on using
Lemma 13.3. Hence ¢, is a linear functional, and by the Riesz representation theorem there
exists a unique element 4 * u € H such that

(A*ulv) = @u(v) = (u| Av).
The map u +— A * u is linear, since for an arbitrary vector v
(A*(u + 2aw)|v) = (u + Aw | Av)
= (u| Av) + A{w | Av)
= (A"u + 14w |v).
To show that the linear operator 4* is bounded, let # be any vector,
1A% u)® = [(A"u | 4"u)]
= (u| A4 u)|
< llull 144 ul|
< Al Nl A%l
Hence, either A*u = 0 or || A*ul|| < || A]| |lu]l. In either case || 4*u| < ||A]l [lu]. |
Theorem 13.13  The adjoint satisfies the following properties:
(i) (A+ B)* = A* + B*,
(ii) (AY" = TA",
(iii) (AB)* = B*A*,
(iv) A = A,
() if A is invertible then (A~'y* = (4*)7.

Proof: We provide proofs of (i) and (ii), leaving the others as exercises.
(i) For arbitrary u, v € H
(A4 B)*u|v) = (u|(4 + B)v) = (u| Av + Bv)
= (u| Av) + (u| Bv) = (A*u|v) + (B*u|v) = (4*u + B*u|v). (13.10)
As (w|v) = (w'|v) for all v € H implies w = w’, we have

(A+ B)'u = A*u + B*u.
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(i1) For any pair of vectors u, v € H

(A ulv) = (u|rAv) = AMu| Av)
= MA*u|v) = (A4 u|v). (13.11)
The proofs of (iii)—(v) are on similar lines.

Example 13.10 The right shift operator S on ¢2 (see Example 13.8) induces the inner
product

(x|Sy) =X1.0 4+ + X332 + - = (S'x | y),
where S’ is the left shift. Hence $* = §'. Similarly S™* = S, since
(x|Sy)y =Xy +Xys+ - = (Sx|y).

Example 13.11 Let o be a bounded measurable function on the Hilbert space L*(X)
of square integrable functions on a measure space X, and 4, the multiplication operator
defined in Example 13.9. For any pair of functions f, g square integrable on X, the equation
(A5 f18) = (f 1 4ag) reads

/Azfgdu=[7Aagdu=f7agdu.
X X X

Since g is an arbitrary function from £2(X), we have 4% f = o f a.e., and in terms of the
equivalence classes of functions in L2(X) the adjoint operator reads

AL/ =[af].

The adjoint operator of a multiplication operator is the multiplication operator by the com-
plex conjugate function.

We define the matrix element of the operator 4 between the vectors # and v in H to
be (u| Av). If the Hilbert space is separable and e; is an o.n. basis then, by Theorem 13.2,
we may write

Aej = Za[je,- where a;; = (e; | Ae;).
i

Thus the matrix elements of the operator between the basis vectors are identical with the
components of the matrix of the operator with respect to this basis, A = [a;;]. The adjoint
operator has decomposition

A%e; = Za}“je,- where a;‘j = (g; | A"e;).
i

The relation between the matrix elements [al.*j] and [a;;] is determined by

al; = (el A%ej) = (deile;) = (e;| de;) = aji,

or, in matrix notation,
A* =[] =[a;]=AT = Al
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In quantum mechanics it is common to use the conjugate transpose notation A" for the adjoint
operator, but the equivalence with the complex adjoint matrix only holds for orthonormal
bases.

5 . M 1 — ’ —_ o
Exercise: Show that in an o.n. basis Au = 3, uje; whereu = 3, u;e; and uj = 3, ajju;.

Hermitian operators
An operator 4 is called hermitian if 4 = 4*, so that

(u| Av) = (A*u|v) = (v| A*u) = (Au|v).

If ‘H is separable and ey, e, ... a complete orthonormal set, then the matrix elements in
this basis, a;; = (e; | Ae;), have the hermitian property

a,vj = aj,.

In other words, a bounded operator A is hermitian if and only if its matrix with respect to
any o.n. basis is hermitian,

These operators are sometimes referred to as self-adjoint, but in line with modern usage we
will use this term for a more general concept defined in Section 13.6.

Let M be a closed subspace of H then, by Theorem 13.8, any u# € H has a unique
decomposition

u=u+u" where u €M, u" e M.

We define the projection operator Py, : H — H by Py (u) = u’, which maps every vector
of H onto its orthogonal projection in the subspace M.

Theorem 13.14  For every subspace M, the projection operator Py is a bounded hermi-
tian operator and satisfies P, = Py (called an idempotent operator). Conversely any
idempotent hermitian operator P is a projection operator into some subspace.

Proof: 1. Py is hermitian. For any two vectors from u, v € H
(| Pyv) = (u|v') = @' +u"|v) = @'|V))
since (u” |v’) = 0. Similarly,
(Pyu|v) = (u'|v) = (W' |v' + ") = W'|V).
Thus Py = Pj;.
2. Py, is bounded, for || Pyul|* < ||u||? since
el = G fu) = (' + |’ +u") = @'y + " ") = )

3. Py is idempotent, for PAz/,u = Pyu’ = u’ since u’ € M. Hence P1%4 = Py,.
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4. Suppose P is hermitian and idempotent, P> = P.The operator P is bounded and therefore
continuous, for by the Cauchy—Schwarz inequality (5.13),

I Pull> = [(Pu| Pu)| = |(u| P*u)| = [(u| Pu)| < llul|l || Pul.

Hence either | Pul|| = 0 or | Pul| < |lu].

Let M = {u |u = Pu}. Thisis obviously a vector subspace of . Itis closed by continuity
of P, for if u, - u and Pu, = u,, then Pu, - Pu =lim, o u, = u. Thus M is a
subspace of H. For any vector v € H, set v/ = Pv and v’ = (I — P)v = v —v'. Then
v=v4+v"and v € M,v" € M+, for

Pv = P(Pv) = P*v = Pv =",
and forallw € M

" [w) = (I =P)|w) = (v|w)—=(Pv|w) = (v|w)—(v| Pw) = (v|w)—(v|w) = 0.

|
Unitary operators
An operator U : H — H is called unitary if
(Uu|Uv) = (u|v) forall u, v € H.
Since this implies (U*Uu |v) = (u|v), an operator U is unitary if and only if U~ = U*.
Every unitary operator is isometric, || Uu|| = |lu|| for all u € H — it preserves the distance

d(u, v) = |lu — v|| between any two vectors. Conversely, every isometric operator is unitary,
for if U is isometric then

(U +v)|U+v)) — iU +iv)| U+ iv)) = (u+vlu+v) —i(u+iviu+iv).
Expanding both sides and using (Uu |Uu) = (u|u) and (Uv|Uv) = (v|v), gives
2Uu|Uv) = 2{u|v).
If {e1, €5, ...} is an orthonormal basis then so is
ey =Uey, &,="Ue,...,
for
(e} |e}) = (Ue;|Ue;) = (U*Ue; |e;) = (eile;) = 6.

Conversely for any pair of complete orthonormal sets {e;, ez, ...} and {e}, e}, ...} the
operator defined by Ue; = e is unitary, for if u is any vector then, by Theorem 13.2,

u= Zu,—e,- where u; = (e; |u).
i
Hence

Uu = E u;Ue; = E u;el,
; ;
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which gives
uj = {e;lu) = (e | Uu).
Parseval’s identity (13.7) can be applied in the primed basis,

(Uu|Uv) = (Uulej) (e} | Uv)

= Z’/Tivi
= Z(u|e,-><e,-|v>

= (u]v),

which shows that U is a unitary operator.
Exercise: Show that if U is a unitary operator then | U|| = 1.

Exercise: Show that the multiplication operator 4, on L?(X) is unitary iff |¢(x)| = 1 for all x € X.

Problems

Problem 13.14 The norm ||¢|| of a bounded linear operator ¢ : H — C is defined as the greatest
lower bound of all M such that |¢p(u)| < M||u|| forallu € H.If ¢p(u) = (v|u) show that ||¢| = ||v].
Hence show that the bounded linear functional norm satisfies the parallelogram law

¢ +wiI> + ¢ — wII*> = 2081% + 2/1v .

Problem 13.15 If {e,} is a complete o.n. set in a Hilbert space H, and «, a bounded sequence
of scalars, show that there exists a unique bounded operator 4 such that 4e, = «,e,. Find the norm
of A.

Problem 13.16 For bounded linear operators 4, B on a normed vector space V' show that
A4l = [A] 141l 4+ Bl < 4]l + IB1l, I4B] < 41 11B]l.
Hence show that || 4| is a genuine norm on the set of bounded linear operators on V.
Problem 13.17 Prove properties (iii)—(v) of Theorem 13.13. Show that || 4*|| = || 4].
Problem 13.18 Let 4 be a bounded operator on a Hilbert space H with a one-dimensional range.

(a) Show that there exist vectors u, v such that Ax = (v|x)u forall x € H.
(b) Show that 4> = A4 for some scalar A, and that || 4| = [lu||||v].
(c) Prove that 4 is hermitian, A* = A4, if and only if there exists a real number a such that v = au.

Problem 13.19 For every bounded operator 4 on a Hilbert space H show that the exponential
operator

n

00
=2
n!

n=0
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is well-defined and bounded on H. Show that

(@) e’ =1.

(b) For all positive integers 7, (e?)" = e
(c) e is invertible for all bounded operators 4 (even if 4 is not invertible) and e * = (e4)~.
(d) If 4 and B are commuting operators then e+ = e4e?.

(e) If 4 is hermitian then e’/ is unitary.

nA

Problem 13.20 Show that the sum of two projection operators Py, + Py is a projection operator iff
Py Py = 0. Show that this condition is equivalent to M L N.

Problem 13.21 Verify that the operator on three-dimensional Hilbert space, having matrix repre-
sentation in an o.n. basis

10
0 1
0

S s

Rl
RI—

is a projection operator, and find a basis of the subspace it projects onto.
Problem 13.22 Let w = ¢***/3, Show that 1 + & 4 ©* = 0.

(a) In Hilbert space of three dimensions let ¥ be the subspace spanned by the vectors (1, w, »?) and
(1, w?, w). Find the vector u in this subspace that is closest to the vector u = (1, —1, 1).

(b) Verify that u — ug is orthogonal to V.

(c) Find the matrix representing the projection operator Py into the subspace V.

Problem 13.23 An operator A4 is called normal if it is bounded and commutes with its adjoint,
A*A = AA*. Show that the operator

b

AYx) =cyx)+i [ K@, )¢ (y)dy

on L?([a, b]), where c is a real number and K (x, y) = K(y, x), is normal.
(a) Show that an operator A4 is normal if and only if || Au|| = || A*u|| for all vectors u € H.

(b) Show that if 4 and B are commuting normal operators, AB and 4 + AB are normal for
all» € C.

Spectral theory

Eigenvectors

As in Chapter 4 a complex number « is an eigenvalue of a bounded linear operator A4 :
‘H — H if there exists a non-zero vector u € H such that

Au = au.
u is called the eigenvector of A corresponding to the eigenvalue «.

Theorem 13.15 Al eigenvalues of a hermitian operator A are real, and eigenvectors
corresponding to different eigenvalues are orthogonal.
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Proof: If Au = au then
(u| Au) = (] au) = afjul’.
Since 4 is hermitian
(| Au) = (Au|u) = (o |u) = @lul*.

For a non-zero vector ||u|| # 0, we have ¢ = «; the eigenvalue « is real.
If Av = v then

(ulAv) = (u|Bv) = Bu|v)
and
(u| Av) = (Au|v) = (qu|v) =a(u|v) = alu|v).

If 8 # « then (u|v) = 0. |

A hermitian operator is said to be complete if its eigenvectors form a complete o.n. set.
Example 13.12 The eigenvalues of a projection operator P are always 0 or 1, for

Pu = au = P’u = P(au) = aPu = o’u
and since P is idempotent,
P?u = Pu = qu.

Hence o = @, so that « =0 or 1. If P = Py, then the eigenvectors corresponding to
eigenvalue 1 are the vectors belonging to the subspace M, while those having eigenvalue 0
belong to its orthogonal complement M. Combining Theorems 13.8 and 13.2, we see that
every projection operator is complete.

Theorem 13.16  The eigenvalues of a unitary operator U are of the form a = e** where a
is a real number, and eigenvectors corresponding to different eigenvalues are orthogonal.
Proof:  Since U is an isometry, if Uu = au where u # 0, then

lell? = (ulu) = (Uu|Uu) = {ou |au) = Fa||u]’.

Hence @a = |a|? = 1, and there exists a real a such that @ = e'*.
If Uu = au and Uv = Bu, then

(u|Uv) = Buv.
But U*U = I implies u = U*Uu = aU*u, so that
U'v=0'u=au since |a|*>=1.
Therefore
(u|Uv) = (U*u|v) = (qu|v) = afu|v).
Hence (@« — B)(u|v) = 0. If « # B then u and v are orthogonal, (u|v) = 0. |
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Spectrum of a bounded operator

In the case of a finite dimensional space, the set of eigenvalues of an operator is known as
its spectrum. The spectrum is non-empty (see Chapter 4), and forms the diagonal elements
in the Jordan canonical form. In infinite dimensional spaces, however, operators may have
no eigenvalues at all.

Example 13.13 1In 2, the right shift operator S has no eigenvalues, for suppose
S(xl,xz, ) = (O,XI,Xz, ) = A(xl,xz, )

If A # 0 then x; =0,x, =0, ..., hence A is not an eigenvalue. But A = 0 also implies
X1 = xp = --- = 0, so this operator has no eigenvalues at all.

Exercise: Show that every A such that |A| < 1 is an eigenvalue of the left shift operator §" = S*. Note
that the spectrum of S and its adjoint S* may be unrelated in the infinite dimensional case.

Example 13.14 Let a(x) be a bounded integrable function on a measure space X, and let
Ay : g > ag be the multiplication operator defined in Example 13.9. There is no normal-
izable function g € L2(X) such that ar(x)g(x) = Ag(x) unless «(x) has the constant value
A on an interval £ of non-zero measure. For example, if ¢(x) = x on X = [a, b], then f(x)
is an eigenvector of A, iff there exists A € C such that

xf(x) = Af(x),

which is only possible through [a, b] if f(x) = 0. In quantum mechanics (see Chapter 14)
this problem is sometimes overcome by treating the eigenvalue equation as a distributional
equation. Then the Dirac delta function 8(x — xo) acts as a distributional eigenfunction,
with eigenvalue a < A = xo < b,

x8(x — x9) = x08(x — x9).

Examples such as 13.14 lead us to consider a new definition for the spectrum of an
operator. Every operator 4 has a degeneracy at an eigenvalue A, in that 4 — A/ is not an
invertible operator. For, if (4 — A7)™! exists then Au # Au, for if Au = Au then

u=(A—-r"'A=-rDu=A4—-r)"'o=0.

We say a complex number A is a regular value of a bounded operator 4 on a Hilbert
space H if A — A[ is invertible — that is, (4 — AZ)~! exists and is bounded. The spectrum
3(A) of A is defined to be the set of A € C that are not regular values of 4. If A is an
eigenvalue of 4 then, as shown above, it is in the spectrum of A but the converse is not true.
The eigenvalues are often called the point spectrum. The other points of the spectrum are
called the continuous spectrum. At such points it is conceivable that the inverse exists but
is not bounded. More commonly, the inverse only exists on a dense domain of H and is
unbounded on that domain. We will leave discussion of this to Section 13.6.

Example 13.15 1fa(x) = x then the multiplication operator A, on L2([0, 1]) has spectrum
consisting of all real numbers A such that 0 <A < 1. If L > 1 or A < 0 or has non-zero

353



354

Hilbert spaces

imaginary part then the function B = x — A is clearly invertible and bounded on the interval
[0, 1]. Hence all these are regular values of the operator A,. The real values 0 < A < 1 form
the spectrum of A, . From Example 13.14 none of these numbers are eigenvalues, but they
do lie in the spectrum of 4, since the function 8 is not invertible. The operator A is then
defined, but unbounded, on the dense set [0, 1] — {A}.

Theorem 13.17 Let A be a bounded operator on a Hilbert space H.

(i) Every complex number A € ¥.(A) has magnitude |1| < || 4].
(ii) The set of regular values of A is an open subset of C.
(iii) The spectrum of A is a compact subset of C.

Proof: (i) Let |A| > || 4||. The operator 4/X then has norm < 1 and by Theorem 13.12
the operator / — A /X is invertible and

—1 0 "
(A=l = <1 - %) N ;(g) .

Hence A is a regular value. Spectral values must therefore have [A| < || 4].
(ii) If X is a regular value, then for any other complex number X
I— (A=) (A= 2D)=(4—xD)"((4—21I)— (4 —1D))
= (4 =D = ho).

Hence

I = (4= xol)"" (4 =ADIl =11 = 2ol (4 =AD" < 1
if

1

|)u — )\.()I < —
I(4 = Ao D)7

By Theorem 13.12, for A in a small enough neighbourhood of A the operator / — (1 —(4-

D)4 — 1)) = (4 — rI)71(4 — AI) is invertible. If B is its inverse, then
BA—rD)'A-1)=1

and 4 — A1 is invertible with inverse B(A4 — AoJ)~'. Hence the regular values form an open

set.

(iii) The spectrum X(A4) is a closed set since it is the complement of an open set (the regular
values). By part (i), it is a subset of a bounded set |A| < || 4]|, and is therefore a compact
set. |

Spectral theory of hermitian operators

Of greatest interest is the spectral theory of hermitian operators. This theory can become
quite difficult, and we will only sketch some of the proofs.
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Theorem 13.18 The spectrum X(A) of a hermitian operator A consists entirely of real
numbers.

Proof: Suppose A =a + ib is a complex number with b % 0. Then [[(4 — AD)u|? =
(4 = al)u))* + b*|lu]?, and

< 1A = ATl (13.12)
The operator 4 — A/ is therefore one-to-one, for if (4 — Al)u = 0 thenu = 0.

The set V' = {(4 — Al)u |u € H} is a subspace of H. To show closure (the vector sub-
space property is trivial), let v, = (4 — AI)u,, — v be a convergent sequence of vectors in
V. From the fact that it is a Cauchy sequence and the inequality (13.12), it follows that u,,
is also a Cauchy sequence, having limit u. By continuity of the operator 4 — A1, it follows
that V' is closed, for

(A4—Au = lim (4 — A)u, = lim v, = v.
n—oo n—o00

Finally, V = H, forif w € V', then (4 — ADu|w) = (u|(4 —A)w) =0 forallu €
H. Setting u = (4 — A)w gives (4 — Al)w = 0. Since 4 — A/ is one-to-one, w = 0.
Hence V'+ = {0}, the subspace ¥ = H and every vector u € H can be written in the form
u = (A — Al)v. Thus 4 — X[ is invertible, and the inequality (13.12) can be used to show
it is bounded. |

The full spectral theory of a hermitian operator involves reconstructing the operator from
its spectrum. In the finite dimensional case, the spectrum consists entirely of eigenvalues,
making up the point spectrum. From Theorem 13.15 the eigenvalues may be written as a
non-empty ordered set of real numbers 1| < A, < --- < A;. For each eigenvalue A; there
corresponds an eigenspace M; of eigenvectors, and different spaces are orthogonal to each
other. A standard inductive argument can be used to show that every hermitian operator on
a finite dimensional Hilbert space is complete, so the eigenspaces span the entire Hilbert
space. In terms of projection operators into these eigenspaces P; = Py, these statements
can be summarized as

A=MP + 0P+ + APy
where
Pi+ Pyt P=1. PPj=PP=5P.

Essentially, this is the familiar statement that a hermitian matrix can be ‘diagonalized’
with its eigenvalues along the diagonal. If we write, for any two projection operators,
Py < Pyifft M € N, we canreplace the operators P; with an increasing family of projection
operators E; = P; + P, + --- + P;. These are projection operators since they are clearly
hermitian and idempotent, (E;)> = E;, and project into an increasing family of subspaces,
Vi=L(M; UMU---U M,),having the property V; C V;ifi < j.Since P, = E; — E;_y,
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where £y = 0, we can write the spectral theorem in the form
n
A=) k(B = Eioy).
i=1

For infinite dimensional Hilbert spaces, the situation is considerably more complicated,
but the projection operator language can again be used to effect. The full spectral theorem
in arbitrary dimensions is as follows:

Theorem 13.19 Let A be a hermitian operator on a Hilbert space H, with spectrum %(A).
By Theorem 13.17 this is a closed bounded subset of R. There exists an increasing family
of projection operators E; (. € R), with E; < Py, for A < X/, such that

E, =0 for )< inf(X(4)), E, =1 for )>sup(2(4))

and

A =/ AdE;.

o0

The integral in this theorem is defined in the Lebesgue—Stieltjes sense. Essentially it
means that if f(x) is a measurable function, and g(x) is of the form

g(x):c+/:h(x)dx

for some complex constant ¢ and integrable function 4(x), then

b b
/ £ d(g(x) = / S d.

A function g of this form is said to be absolutely continuous; the function % is uniquely
defined almost everywhere by g and we may write it as a kind of derivative of g, 2(x) = g’(x).
For the finite dimensional case this theorem reduces to the statement above, on setting £
to have discrete jumps by P; at each of the eigenvalues A;. The proof of this result is not
easy. The interested reader is referred to [3, 6] for details.

Problems

Problem 13.24 Show that a non-zero vector u is an eigenvector of an operator 4 if and only if
[{u | Au)| = || Au]][|e]-

Problem 13.25 For any projection operator Py, show that every value A # 0, 1 is a regular value,
by showing that (P,, — A7) has a bounded inverse.

Problem 13.26  Show that every complex number A in the spectrum of a unitary operator has [A| = 1.

Problem 13.27 Prove that every hermitian operator 4 on a finite dimensional Hilbert space can be
written as

k k
A=Y NP where Y P=1I PPj=PP=35P.
i=l1 i=1
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Problem 13.28 For any pair of hermitian operators 4 and B on a Hilbert space H, define 4 < B iff
(u| Au) < (u| Bu) for all u € H. Show that this is a partial order on the set of hermitian operators —
pay particular attention to the symmetry property, 4 < B and B < 4 implies 4 = B.

(a) For multiplication operators on L*(X) show that 4, < 4 iff a(x) < B(x) a.e. on X.
(b) For projection operators show that the definition given here reduces to that given in the text,
Py < Pyiff M C N.

Unbounded operators

A linear operator 4 on a Hilbert space H is unbounded if for any M > 0 there exists a
vector u such that | Au|| > M ||u||. Very few interesting examples of unbounded operators
are defined on all of H — for self-adjoint operators, there are none at all. It is therefore
usual to consider an unbounded operator 4 as not being necessarily defined over all of ‘H
but only on some vector subspace D4 € H called the domain of A. Its range is defined
as the set of vectors that are mapped onto, R4 = A(D ). In general we will refer to a pair
(4, D,), where D, is a vector subspace of H and 4 : D4 — R4 C 'H is a linear map, as
being an operator in . Often we will simply refer to the operator 4 when the domain D 4
is understood.

We say the domain D, is a dense subspace of H if for every vector u € H and any
€ > 0 there exists a vector v € D, such that ||u — v|| < €. The operator 4 is then said to
be densely defined.

We say A is an extension of B, written B C A,if Dy € D and A | Dy = B. Two operators
(4, D4)and (B, Dg) in 'H are called equal if and only if they are extensions of each other —
their domains are equal, D4 = Dp and Au = Bu forallu € D,.

For any two operators in H we must be careful about simple operations such as addition
A + B and multiplication A4 B. The former only exists on the domain D45 = D4 N Dp,
while the latter only exists on the set B~!(Rp N D). Thus operators in H do not form a
vector space or algebra in any natural sense.

Example 13.16 InH = ¢ let A : H — "H be the operator defined by
1
(Ax), = —x,.
n
This operator is bounded, hermitian and has domain D, = H since

lenl2 <00 = Z’—"‘ < 0.
n
n=1

n=1

The range of this operator is

o0
Ry= {y ‘ > il < 00},
n=1

which is dense in ¢? — since every x € £2 can be approximated arbitrarily closely by, for
example, a finite sum qu\;, xne, where e, are the standard basis vectors having components
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(€x)m = 8um. The inverse operator A~!, defined on the dense domain D1 = Ry, is un-
bounded since

-1
147 enll = llne,ll =n — oo.

Example 13.17 In the Hilbert space L2(R) of equivalence classes of square integrable
functions (see Example 13.4), set D to be the vector subspace of elements ¢ having a
representative ¢ from the C*° functions on R of compact support. This is essentially the
space of test functions D*°(R) defined in Chapter 12. An argument similar to that outlined
in Example 13.5 shows that D is a dense subspace of L?(R). We define the position operator
Q: D — D C L*(R) by 0% = x¢. We may write this more informally as

(Q9)(x) = x9(x).

Similarly the momentum operator P : D — D is defined by

d
Po(x) = —i—p(x).
@(x) o™
Both these operators are evidently linear on their domains.
Exercise: Show that the position and momentum operators in L>(IR) are unbounded.

If 4 is a bounded operator defined on a dense domain D 4, it has a unique extension to all
of H (see Problem 13.30). We may always assume then that a bounded operator is defined
on all of H, and when we refer to a densely defined operator whose domain is a proper
subspace of H we implicitly assume it to be an unbounded operator.

Self-adjoint and symmetric operators

Lemma 13.20 [f D4 is a dense domain and u a vector in 'H such that (u|v) = 0 for all
v e Dy, thenu =0.

Proof: Letw beany vectorin’H and € > 0. Since D 4 is dense there exists a vectorv € D
such that |w — v|| < €. By the Cauchy—Schwarz inequality

[ lw)l = [ulw —v)| < lullllw — vl < €llull.
Since € is an arbitrary positive number, (# |w) = 0 for all w € H; hence u = 0. |
If (4, D,) is an operator in H with dense domain D 4, then let D 4+ be defined by
u € Dy <= Ju*such that (u| Av) = (u*|v), Vv e Dy.

If u e Dy we set A*u = u*. This is uniquely defined, for if (u} —u3|v) =0 for all
v € D, then u} = u} by Lemma 13.20. The operator (4*, D 4-) is called the adjoint of
(4, Dy).

We say a densely defined operator (4, D) in ‘H is closed if for every sequence u, €
D, such that u, — u and Au, — v it follows that u € D, and Au = v. Another way of
expressing this is to say that an operator is closed if and only if'its graph G 4 = {(x, 4x) | x €
D} is a closed subset of the product set H x H. The notion of closedness is similar to
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continuity, but differs in that we must assert the limit Au, — v, while for continuity it is
deduced. Clearly every continuous operator is closed, but the converse does not hold in
general.

Theorem 13.21 If A is a densely defined operator then its adjoint A* is closed.

Proof: Let y, be any sequence of vectors in D 4 such that y, — y and 4*y, — z. Then
forallx € Dy

(y14x) = lim (y, | Ax) = lim (A"y, |x) = (z]x).
n—o0 n—o0
Since D, is a dense domain, it follows from Lemma 13.20 that y € Dy- and 4*y =z. W

Example 13.18 Let H be a separable Hilbert space with complete orthonormal basis e,
(n=0,1,2,...). Let the operators @ and a* be defined by

ae, = /ne,_, ate,=~/n+le,.

The effect on a typical vector x = Z;)o:o Xnen, where x, = (x|e,), is
o0 o
ax = E Xpr1vn + ley, a*x = E Xp_1a/ne,.
n=0 n=1

The operator a* is the adjoint of @ since

[o¢]

(@ylx) = (vlax) = Y yav/n+ Iy

n=1

and both operators have domain of definition
D = Du = Da* = {y ‘ Z|yn|2n < OO},
n=1

which is dense in H (see Example 13.16). In physics, H is the symmetric Fock space,
in which e, represents » identical (bosonic) particles in a given state, and a* and a are
interpreted as creation and annihilation operators, respectively.

Exercise: Show that N = a*a is the particle number operator, Ne, = ne,, and the commutator is
[a,a*] = aa* — a*a = I. What are the domains of validity of these equations?

Theorem 13.22 If (A4, D) and (B, Dp) are densely defined operators in H then 4 C
B = B* C 4*.

Proof: 1f A C B then for any vectors u € D4 and v € Dg-
(v| Au) = (v| Bu) = (B*v|u).
Hence v € D+, so that Dg« € D 4 and
(v| Au) = (A*v|u) = (B*v|u).

By Lemma 13.20 4*v = B*v, hence B* C 4*. |
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An operator (4, D) on a dense domain is said to be self-adjoint if 4 = 4*. This means
that not only is 4u = A*u wherever both sides are defined, but also that the domains are
equal, D4 = Dy4+. By Theorem 13.21 every self-adjoint operator is closed. This is not the
only definition that generalizes the concept of a hermitian operator to unbounded operators.
The following related definition is also useful. A densely defined operator (4, D) in H is
called a symmetric operator if (Au |v) = (u| Av) forallu, v € Dy4.

Theorem 13.23  An operator (A, D 4) on a dense domain in 'H is symmetric if and only if
A* is an extension of A, A € A*.

Proof: 1f A C A*thenforallu,v e Dy C Dy
(u| Av) = (A*u|v).
Furthermore, since A*u = Au for all u € D 4, we have the symmetry condition (u | Av) =
(Au|v).
Conversely, if 4 is symmetric then
(u]| Av) = (Au|v) forallu,v € Dy.
On the other hand, the definition of adjoint gives
(u| Av) = (A*ulv) forallu € Dy, v € Dy.

Hence if u € D4 then u € Dy and Au = A*u, which two conditions are equivalent to
AC A", |

From this theorem it is immediate that every self-adjoint operator is symmetric, since
A=4"= A C 4*.

Exercise: Show that the operators 4 and A~' of Example 13.16 are both self-adjoint.

Example 13.19 In Example 13.17 we defined the position operator (Q, D) having domain
D, the space of C* functions of compact support on R. This operator is symmetric in L2(R),
since

0! 0V =f @xw(x)dx:[ TV () dx = (00 )

for all functions ¢, ¥ € D. However it is not self-adjoint, since there are many functions
¢ & D for which there exists a function ¢* such that (¢ | Q) = (¢*| ) forall ¥ € D. For
example, the function

1 for —1<x<1

p(x) = {

0 for|x|>1
is not in D since it is not C*°, yet

(@1 Q¥) ={¢"|¥), V¥ eD where ¢"(x)=xep(x).

Similarly, the function ¢ = 1/(1 + x?) does not have compact support, yet satisfies the same
equation. Thus the domain Dy« of the adjoint operator Q* is larger than the domain D, and
(0, D) is not self-adjoint.
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To rectify the situation, let Dy be the subspace of L?(R) of functions ¢ such that
x¢ € L*(R),

/ Ix@(x)? dx < oo.

Functions ¢ and ¢’ are always to be identified, of course, if they are equal almost everywhere.
The operator (Q, Do) is symmetric since

(0] Ov) = / Po () dx = (O ¥)

for all ¢, ¥ € Dg. The domain Dy is dense in L%(R), for if ¢ is any square integrable
function then the sequence of functions

(p(x) for —n<x<n
on(x) =
for |x| > n

all belong to Dy and ¢, — ¢ as n — oo since

o — ol = / (o dx + / oo dx = 0.

By Theorem 13.23, O* is an extension of O since the operator (Q, Do) is symmetric. It
only remains to show that Dy« € Dg. The domain Dy is the set of functions ¢ € L3(R)
such that there exists a function ¢* such that

(01 Q) = (" |¥), V¥ € Do.
The function ¢* has the property

/_ (ro(x) — )¢ (x)dx =0, ¥y € Do.

Since Dy is a dense domain this is only possible if p*(x) = x¢(x) a.e. Since ¢* € LA(R) it
must be true that xp(x) € L*(R), whence ¢(x) € Dy. This proves that Dy € Dg. Hence
Do+ = Dy, and since ¢*(x) = x¢(x) a.e., we have ¢* = Q¢. The position operator is
therefore self-adjoint, Q0 = Q*.

Example 13.20 The momentum operator defined in Example 13.17 on the domain D of
differentiable functions of compact support is symmetric, for

© —d
wipw = [ i a

o0

= [~ie@y ], + [ Mw( )

© “do(x)
2[ w(X)w()dx

o0
= (Pol¥)
forall ¢, ¢ € D. Again, it is not hard to find functions ¢ outside D that satisfy this relation
for all ¥, so this operator is not self-adjoint. Extending the domain so that the momentum
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operator becomes self-adjoint is rather trickier than for the position operator. We only give
the result; details may be found in [3, 7]. Recall from the discussion following Theorem 13.19
that a function ¢ : R — C is said to be absolutely continuous if there exists a measurable
function p on R such that

o(x) = c+f0 p(x)dx.

We may then set Do = ¢’ = p. When p is a continuous function, ¢(x) is differentiable
and D¢ = dg(x)/dx. Let Dp consist of those absolutely continuous functions such that ¢
and D¢ are square integrable. It may be shown that Dp is a dense vector subspace of
L?(R) and that the operator (P, Dp) where Pg = —iDg is a self-adjoint extension of the
momentum operator P defined in Example 13.17.

Spectral theory of unbounded operators

As for hermitian operators, the eigenvalues of a self-adjoint operator (4, D 4) are real and
eigenvectors corresponding to different eigenvalues are orthogonal. If Au = Au, then A is
real since

C(uldw)  (Aulw)  TulAu)

= = =
fluel|? lluell? fJull?

If Au = Au and Av = pv, then

0= (du|v) — (u]|Av) = (A — w)(u|v)

whence (1 |v) = 0 whenever A # u.
For each complex number define A, to be the domain of the resolvent operator
(4 -2,

A = Dy = Ryt

The operator (4 — A7)~ is well-defined with domain A, provided A is not an eigenvalue.
For, if X is not an eigenvalue then ker(4 — A7) = {0} and for every y € R4_; there exists
aunique x € D4 suchthat y = (4 — Al)x.

Exercise: Show that for all complex numbers A, the operator 4 — A/ is closed.

As for bounded operators a complex number A is said to be a regular value for A4 if
A;. = H.Theresolvent operator (4 — A1)~" canthen be shown to be a bounded (continuous)
operator. The set of complex numbers that are not regular are again known as the spectrum
of 4.

Theorem 13.24 ) is an eigenvalue of a self-adjoint operator (A, D 4) if and only if the
resolvent set A\;_is not dense in H.

Proof: If Ax = lx where x # 0, then

0=((4—2Dx|u) = (x|(4—rDu)
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for all u € D 4. Hence (x|v) =0 for all v € A, = Ry—;;. If A, is dense in H then, by
Lemma 13.20, this can only be true for x = 0, contrary to assumption.

Conversely if A, is not dense then by Theorem 13.8 there exists a non-zero vector
x € (E)L This vector has the property

0=(x|(4—xDu)={(A4—ADx|u)
forall u € D 4. Since D, is a dense domain, x must be an eigenvector, Ax = Ax. |

It is natural to classify the spectrum into two parts — the point spectrum consisting of
eigenvalues, where the resolvent set A, is not dense in H, and the continuous spectrum
consisting of those values A for which A; is not closed. Note that these are not mutually
exclusive; it is possible to have eigenvalues A for which the resolvent set is neither closed nor
dense. The entire spectrum of a self-adjoint operator can, however, be shown to consist of
real numbers. The spectral theorem 13.19 generalizes for self-adjoint operators as follows:

Theorem 13.25 Let A be a self-adjoint operator on a Hilbert space H. There exists an
increasing family of projection operators E; (A € R), with E; < Py for . < )/, such that

E_ =0 and Ex=1

oo
A=/ AE,,
—00

where the integral is interpreted as the Lebesgue—Stieltjes integral

such that

(u| Au) =/.00Ad<u|EAu)

oo

valid for allu € D4

The proof is difficult and can be found in [7]. Its main use is that it permits us to define
functions f(A4) of a self-adjoint operator A4 for a very wide class of functions. For example
if f: R — Cis a Lebesgue integrable function then we set

£(4) = f F0)dE,.
This is shorthand for
Wl f(Ap) = f 109 4| Ev)

for arbitrary vectors u € H, v € D,. One of the most useful of such functions is f = e™*,
giving rise to a unitary transformation
oo
U =e =/ e dE;.
—00
This relation between unitary and self-adjoint operators has its main expression in Stone’s

theorem, which generalizes the result for finite dimensional vector spaces, discussed in
Example 6.12 and Problem 6.12.
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Theorem 13.26 Every one-parameter unitary group of transformations U, on a Hilbert
space, such that U,Us = U, 1, can be expressed in the form

. 00 .
Ut — ezAt — / eMr dEA.
—00
Problems

Problem 13.29 For unbounded operators, show that

(a) (AB)C = A(BC).
(b) (44 B)C = AC + BC.
(¢) AB+ AC C A(B + C). Give an example where 4(B + C) # AB + AC.

Problem 13.30 Show that a densely defined bounded operator 4 in H has a unique extension to an
operator A defined on all of H. Show that ||/i\| = ||4]].

Problem 13.31 If 4 is self-adjoint and B a bounded operator, show that B* A B is self-adjoint.

Problem 13.32 Show thatif (4, D,)and (B, D) are operators on dense domains in H then B*4* C
(AB)*.

Problem 13.33  For unbounded operators, show that 4* + B* C (4 + B)*.
Problem 13.34 If (A4, D,) is a densely defined operator and D 4 is dense in H, show that 4 € 4™,

Problem 13.35 If 4 isa symmetric operator, show that 4* is symmetric if and only if it is self-adjoint,

A* = A*,

Problem 13.36 If 4, A,, ..., A, are operators on a dense domain such that
> 44, =0,
i=1

show that 4, = 4, =--- =4, =0.

Problem 13.37 If 4 is a self-adjoint operator show that
(A + iDull> = | 4ull® + llu]l?

and that the operator 4 + i [ is invertible. Show that the operator U = (4 — iI)(A + i/)~' is unitary
(called the Cayley transform of A).
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