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Preface

World Scientific Publishing Company recently published my book entitled
Introduction to Modern Physics: Theoretical Foundations. The book is
aimed at the very best students, with a goal of exposing them to the foun-
dations and frontiers of today’s physics. Typically, students have to wade
through several courses to see many of these topics, and I wanted them to
have some idea of where they were going, and how things fit together, as
they went along. Hopefully, they will then see more inter-relationships, and
get more original insights, as they progress. The book assumes the reader
has had a good one-year, calculus-based freshman physics course, along
with a good one-year course in calculus. While it is assumed that mathe-
matical skills will continue to develop, several appendices are included to
bring the reader up to speed on any additional mathematics required at the
outset. With very few exceptions, the reader should then find the material
to be self-contained. Many problems are included, some for each chapter.
Although the book is designed so that one can, in principle, read and follow
the text without doing any of the problems, the reader is strongly urged
to attempt as many of them as possible in order to obtain some confidence
in his or her understanding of the basics of modern physics and to hone
working skills.

After completing that book, it occurred to me that a second volume
could be prepared that would significantly extend the coverage, while fur-
thering the stated goals. The ground rules would be that anything covered
in the text and appendices of the first volume would be fair game, while
anything covered in the problems would first be re-summarized. Those few
results quoted without proof in Vol. I would now be derived. The topics
chosen would be those of wide applicability in all areas of physics. Again,
an important goal would be to keep the entire coverage self-contained. The
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viii Preface

present book is the outcome of those musings. All of the material in this
book is taken from course lectures given over the years by the author at
either Stanford University or the College of William and Mary.

Quantum mechanics is first reformulated in abstract Hilbert space,
which allows one to focus on the general structure of the theory. The book
then covers the following topics: angular momentum, scattering theory, la-
grangian field theory, symmetries, Feynman rules, quantum electrodynam-
ics, path integrals, and canonical transformations for quantum systems.
Several appendices are included with important details. When finished,
the reader should have an elementary working knowledge in the principal
areas of theoretical physics of the twentieth century. With this overview in
hand, development in depth and reach in these areas can then be obtained
from more advanced physics courses.

I was again delighted when World Scientific Publishing Company, which
had done an exceptional job with four of my previous books, showed enthu-
siasm for publishing this new one. I would like to thank Dr. K. K. Phua,
Executive Chairman of World Scientific Publishing Company, and my ed-
itor Ms. Lakshmi Narayanan, for their help and support on this project.
I am greatly indebted to my colleagues Paolo Amore and Alfredo Aranda
for their reading of the manuscript.

Williamsburg, Virginia John Dirk Walecka
December 1, 2009 Governor’s Distinguished CEBAF
Professor of Physics, emeritus

College of William and Mary
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Chapter 1

Introduction

The goal of this book is to provide an extension of the previous book Intro-
duction to Modern Physics: Theoretical Foundations, refered to as Vol. 1.
That volume develops the underlying concepts in twentieth-century physics:
quantum mechanics, special relativity, and general relativity. Included in it
are applications in atomic, nuclear, particle, and condensed matter physics.
It is assumed in Vol. I that readers have had a good calculus-based intro-
ductory physics course together with a good course in calculus. Several
appendices then provide sufficient background so that, with very few ex-
ceptions, the presentation is self-contained. Many of the topics covered in
that work are more advanced than in the usual introductory modern physics
books. It was the author’s intention to provide the best students with an
overview of the subject, so that they are aware of the overall picture and
can see how things fit together as they progress.

As projected in Vol. 1, it is now assumed that mathematical skills have
continued to develop. In this volume, readers are expected to be familiar
with multi-variable calculus, in particular, with multiple integrals. It is
also assumed that readers have some familiarity with the essentials of linear
algebra. An appendix is included here on functions of a complex variable,
since complex integration plays a key role in the analysis. The ground
rules now are that anything covered in the text and appendices in Vol. I is
assumed to be mastered, while anything covered in the problems in Vol. I
will be re-summarized. Within this framework, readers should again find
Vol. II to be self-contained.

There are over 175 problems in this book, some after each chapter and
appendix. The problems are not meant to baffle the reader, but rather
to enhance the coverage and to provide exercises on working skills. The
problems for the most part are not difficult, and in most cases the steps
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2 Advanced Modern Physics

are clearly laid out. Those problems that may involve somewhat more
algebra are so noted. The reader is urged to attempt as many problems as
possible in order to obtain some confidence in his or her understanding of
the framework of modern theoretical physics.

In chapter 2 we revisit quantum mechanics and reformulate the the-
ory in terms of linear hermitian operators acting in an abstract Hilbert
space. Once we know how to compute inner products, and have the com-
pleteness relation, we understand the essentials of operating in this space.
The basic elements of measurement theory are also covered. We are then
able to present quantum mechanics in terms of a set of postulates within
this framework. The quantum fields of Vol. I are operators acting in the
abstract many-particle Hilbert space.

Chapter 3 is devoted to the quantum theory of angular momentum, and
this subject is covered in some depth. There are a variety of motivations
here: this theory governs the behavior of any isolated, finite quantum me-
chanical system and lies at the heart of most of the applications in Vol. I;!
it provides a detailed illustration of the consequences of a continuous sym-
metry in quantum mechanics, in this case the very deep symmetry of the
isotropy of space; furthermore, it provides an extensive introduction to the
theory of Lie groups, here the special unitary group in two dimensions
SU(2), which finds wide applicability in internal symmetries. An appendix
explores the use of angular momentum theory in the multipole analysis of
the radiation field, which is applicable to transitions in any finite quantum
mechanical system.

Chapter 4 is devoted to scattering theory. The Schrédinger equation
is solved in terms of a time-development operator in the abstract Hilbert
space, and the scattering operator is identified. The interaction is turned
on and off “adiabatically”, which allows a simple construction of initial and
final states, and the S-matrix elements then follow immediately. Although
inappropriate for developing a covariant scattering analysis, the time inte-
grations in the scattering operator can be explicitly performed and contact
made with time-independent scattering theory. It is shown how adiabatic
damping puts the correct boundary conditions into the propagators. A
general expression is derived for the quantum mechanical transition rate.
Non-relativistic scattering from a static potential provides a nice example
of the time-independent analysis. If the time is left in the scattering op-
erator, one has a basis for the subsequent analysis in terms of Feynman

«

1For example, here we validate the “vector model” used there.
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diagrams and Feynman rules. The tools developed in this chapter allow
one to analyze any scattering or reaction process in quantum mechanics.

Lagrangian field theory provides the dynamical framework for a consis-
tent, covariant, quantum mechanical description of many interacting parti-
cles, and this is the topic in chapter 4. We first review classical lagrangian
particle mechanics, and then classical lagrangian continuum mechanics, us-
ing our paradigm of the transverse planar oscillations of a string. The string
mechanics can be expressed in terms of “two-vectors” (x,ict) where ¢ is the
sound velocity in the string. We then discuss the quantization of these
classical mechanical systems obtained by imposing canonical quantization
relations on the operators in the abstract Hilbert space.

The appending of two additional spatial dimensions to obtain four-
vectors (x,ict), where ¢ is now the speed of light, leads immediately to a
covariant, continuum lagrangian mechanics for a scalar field in Minkowski
space, which is then quantized with the same procedure used for the string.
We develop a covariant, continuum lagrangian mechanics for the Dirac field,
and discuss how anticommutation relations must be imposed when quantiz-
ing in this case. A general expression is derived for the energy-momentum
tensor, and Noether’s theorem is proven, which states that for every contin-
uous symmetry of the lagrangian density there is an associated conserved
current. A full appendix is dedicated to the lagrangian field theory of the
electromagnetic field.

Symmetries play a central role in developing covariant lagrangian densi-
ties for various interacting systems, and chapter 6 is devoted to symmetries.
The discussion starts with spatial rotations and the internal symmetry of
isospin, and it builds on the analysis of SU(2) in chapter 3. Here isospin
is developed in terms of global SU(2) transformations of the nucleon field
¥ = (Y¥p,¥n). The internal symmetry is generalized to SU(3) within the
framework of the Sakata model with a baryon field ¥ = (b, 1, ¥a).2

It is also shown in chapter 6 how the imposition of invariance under local
phase transformations of the charged Dirac field, where the transformation
parameter depends on the space-time point x, necessitates the introduction
of a photon (gauge) field A,(z) and leads to quantum electrodynamics
(QED), the most accurate theory known. Yang-Mills theory, which extends
this idea to invariance under local internal symmetry transformations of
the Dirac field, and necessitates the introduction of corresponding gauge
bosons, is developed in detail. These gauge bosons must be massless, and to

2Wigner’s supermultiplet theory based on internal SU(4) transformations of the nu-
cleon field ¥ = (Y¥p1,¥p |, ¥Yn1,¥n ) is also touched on.
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understand the very successful physical application of Yang-Mills theories,
it is necessary to understand how mass is generated in relativistic quantum
field theories.?

We do this within the framework of the o-model, a very simple model
which has had a profound effect on the development of modern physics.
A massless Dirac field has an additional chiral invariance under a global
transformation that also mixes the components of the Dirac field. The cor-
responding conserved axial-vector current, which augments the conserved
vector current arising from global isospin invariance, corresponds closely to
what is observed experimentally in the weak interactions. The o-model ex-
tends the massless Dirac lagrangian through a chiral-invariant interaction
with a pion and scalar field (7, 0). A choice of shape of the chiral-invariant
meson potential V(7?2 +02) then leads to a vacuum expectation value for the
scalar field that gives rise to a mass for the Dirac particle while maintaining
chiral invariance of the lagrangian. This spontaneous symmetry breaking il-
lustrates how observed states do not necessarily reflect the symmetry of the
underlying lagrangian. Generating mass through the expectation value of
a scalar field, in one way or another, now underlies most modern theories
of particle interactions.*

The most fundamental symmetry in nature is Lorentz invariance. One
must obtain the same physics in any Lorentz frame. The Lorentz transfor-
mation properties of the scalar and Dirac fields are detailed in an appendix.
Some very useful tools are provided in another appendix devoted to the ir-
reducible representations of SU(n).

Chapter 7 is concerned with the derivation of the Feynman rules, and to
focus on the method, they are developed for the simplest theory of a Dirac
particle interacting with a neutral, massive, scalar field. Wick’s theorem
is proven. This allows one to convert a time-ordered product of fields in
the interaction picture, where the time dependence is that of free fields,
into a normal-ordered product where the destruction operators sit to the
right of the creation operators for all times. It is the time-ordered prod-
uct that occurs naturally in the scattering operator, and it is the normal-
ordered product from which it is straightforward to compute any required
matrix elements. Wick’s theorem introduces the vacuum expectation value

3Both quantum chromodynamics (QCD) and the Standard Model of electroweak in-
teractions are Yang-Mills theories built on internal symmetry groups, the former on an
internal color SU(3)¢ symmetry and the latter on an internal weak SU(2)w @ U(1)w .

4In the Standard Model, it provides the basis for the “Higgs mechanism” (see, for
example, [Walecka (2004)]).
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of the time-ordered product of pairs of interaction-picture fields— these are
the Feynman propagators. An appendix provides a thorough discussion of
these Green’s functions, as well as other singular functions, for the scalar,
Dirac, and electromagnetic fields.® The lowest-order scattering amplitudes,
self-energies, and vacuum amplitude are all calculated for the Dirac-scalar
theory, and then interpreted in terms of Feynman diagrams and Feynman
rules. The cancellation of the disconnected diagrams is demonstrated in
this chapter, as is the requisite procedure for mass renormalization.

In chapter 8 these techniques are applied to a theory with immedi-
ate experimental implications. That theory is quantum electrodynamics
(QED), where the fine-structure constant o = €?/4mwhegg = 1/137.04 pro-
vides a meaningful dimensionless expansion parameter. The point of de-
parture here is the derived QED hamiltonian in the Coulomb gauge, where
V- A(z) = 0 and there is a one-to-one correspondence between the degrees
of freedom in the vector potential and transverse photons. The interaction
of the electron current and vector potential is combined with the instan-
taneous Coulomb interaction to produce a photon propagator, and then
conservation of the interaction-picture current is invoked to reduce this to
an effective photon propagator with a Fourier transform in Minkowski space
of D,W(q) = 0,,/q*. One thereby recovers covariance and gauge invariance
in the electromagnetic interaction.

The steps leading from an S-matrix element to a cross section are cov-
ered in detail in two examples, p~+e~ — u~ +e” and et +e” — put+pu".
Expressions are obtained in the center-of-momentum (C-M) frame that are
exact to O(a?). The scattering operator is extended to include an inter-
action with a specified external field, and the lowest-order amplitudes for
bremsstrahlung and pair production are obtained. The Feynman diagrams
and Feynman rules in these examples serve to provide us with the Feynman
diagrams and Feynman rules for QED.

Chapter 9 presents an introduction to the calculation of various vir-
tual processes in relativistic quantum field theory, and again, to keep close
contact with experiment, we focus on QED. Calculations of the O(«) cor-
rections to the scattering amplitude for an electron in an external field
provide an introduction to the relevant lowest-order “loop” contributions,
where there is an integral over one virtual four-momentum. The insertions
here are characterized through the electron self-energy, vertex modification,
and vacuum polarization (photon self-energy) diagrams.

5The neutral, massive vector meson field is covered in the problems.
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Dimensional regularization, detailed in an appendix, serves as a tech-
nique that gives mathematical meaning to originally ill-defined integrals.
Here one works in the complex n-plane, where n is the dimension, and any
potential singularity is then isolated at the point n — 4. The contribution
of each of the above diagrams is cast into a general form that isolates such
singular pieces and leaves additional well-defined convergent expressions.

Some care must be taken with the contribution of the self-energy inser-
tions on the external legs (“wavefunction renormalization”), and we do so.
It is then shown how Ward’s identity, which relates the electron self-energy
and vertex insertion, leads to a cancellation in the scattering amplitude of
the singular parts of these insertions. Vacuum polarization then leads to
a shielding of the charge in QED and to charge renormalization. The two
remaining singular terms in the theory are removed by mass and charge
renormalization, and if the scattering amplitude is consistently expressed
in terms of the renormalized mass and charge (m, ¢) one is left with finite,
calculable, O(a) corrections to the scattering amplitude. The Schwinger
term in the anomalous magnetic moment of the electron is calculated here.
Higher-order corrections are summarized in terms of Dyson’s and Ward’s
equations, and it is demonstrated through Ward’s identities how the mul-
tiplicative renormalizability of QED holds to all orders.

With the techniques developed in chapter 9, one has the tools with which
to examine loop contributions in any relativistic quantum field theory.

Chapter 10 is on path integrals. There are many reasons for becoming
familiar with the techniques here, which underly much of what now goes on
in theoretical physics, for example: this approach provides an alternative
to canonical quantization, which, with derivative couplings, can become
prohibitively difficult; here one deals entirely with classical quantities, in
particular the classical lagrangian and classical action; and the classical
limit 7 — 0 leads immediately to Hamilton’s principle of stationary action.

We start from the analysis of a non-relativistic particle moving in a po-
tential in one dimension and show how the quantum mechanical transition
amplitude can be exactly expressed as an integral over all possible paths be-
tween the initial and final space-time points.® We then make the transition
to a system with many degrees of freedom, and then to field theory.

The addition of an arbitrary source term, together with the crucial the-
orem of Abers and Lee, allows one to construct the generating functional
as a ratio of two path integrals, one a transition amplitude containing the

61t is shown in a problem how the partition function of statistical mechanics in the
microcanonical ensemble can also be expressed as a path integral.
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source and the second a vacuum-vacuum amplitude without it. The con-
nected Green’s functions can then be determined from the generating func-
tional by functional differentiation with respect to the source, as detailed
here. The generating functional is calculated for the free scalar field using
gaussian integration, and it is shown how the Feynman propagator and
Wick’s theorem are reproduced in this case. The treatment of the Dirac
field necessitates the introduction of Grassmann variables, which are anti-
commuting c-numbers. The generating functional is computed for the free
Dirac field, and the Feynman propagator and Wick’s theorem again recov-
ered. It is shown how to include interactions and express the full generating
functional in terms of those already computed.

An appendix describes how one uses the Faddeev-Popov method in a
gauge theory, at least for QED, to factor the measure in the path integral
into one part that is an integral over all gauge functions and a second part
that is gauge invariant. With a gauge-invariant action, the path integral
over the gauge functions then factors and cancels in the generating func-
tional ratio. It is shown how the accompanying Faddeev-Popov determinant
can be expressed in terms of ghost fields, which also factor and disappear
from the generating functional in the case of QED. The generating func-
tional for the free electromagnetic field is calculated here.

Although abbreviated, the discussion in chapter 10 should allow one to
use path integrals with some facility, and to read with some understanding
material that starts from path integrals.

The final chapter 11 deals with canonical transformations for quantum
systems. Chapter 11 of Vol. I provides an introduction to the properties
of superfluid Bose systems and superconducting Fermi systems. In both
cases, in order to obtain a theoretical description of the properties of the
quantum fluids, it is necessary to include interactions. A technique that
has proven invaluable for the treatment of such systems is that of canonical
transformations. Here one makes use of the fact that the properties of
the creation and destruction operators follow entirely from the canonical
(anti)commutation relations in the abstract Hilbert space. By introducing
new “quasiparticle” operators that are linear combinations of the original
operators, and that preserve these (anti)commutation relations, one is able
to obtain exact descriptions of some interacting systems, both in model
problems and in a starting hamiltonian.

The problem of a weakly interacting Bose gas with a repulsive interac-
tion between the particles is solved with the Bogoliubov transformation. A
phonon spectrum is obtained for the many-body system, which, as shown
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in Vol. I, allows one to understand superfluidity. Motivated by the Cooper
pairs obtained in Vol. I, a Fermi system with an attractive interaction be-
tween those particles at the Fermi surface is analyzed with the Bogoliubov-
Valatin transformation. The very successful BCS theory of superconduc-
tivity is obtained in the case that the residual quasiparticle interactions can
be neglected.

A problem takes the reader through the Bloch-Nordsieck transforma-
tion, which examines the quantized electromagnetic field interacting with a
specified, time-independent current source. A key insight into the infrared
problem in QED is thereby obtained. A second problem guides the reader
through the analysis of a quantized, massive, neutral scalar field interacting
with a classical, specified, time-independent source. The result is an exact
derivation of the Yukawa interaction of nuclear physics.

This book is designed to further the goals of Vol. I and to build on
the foundation laid there. Volume II covers in more depth those topics
that form the essential framework of modern theoretical physics.” Readers
should now be in a position to go on to more advanced texts, such as
[Bjorken and Drell (1964); Bjorken and Drell (1965); Schiff (1968); Itzykson
and Zuber(1980); Cheng and Li (1984); Donoghue, Golowich, and Holstein
(1993); Merzbacher (1998); Fetter and Walecka (2003a); Walecka (2004);
Banks (2008)], with a deeper sense of appreciation and understanding.

Modern theoretical physics provides a basic understanding of the phys-
ical world and serves as a platform for future developments. When finished
with this book, readers should have an elementary working knowledge in
the principal areas of theoretical physics of the twentieth-century.

"The author considered also including in Vol. II a chapter on solutions to the Einstein
field equations in general relativity; however, given the existence of [Walecka (2007)], it
was deemed sufficient to simply refer readers to that book.
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Chapter 2

Quantum Mechanics (Revisited)

In this chapter we formalize some of the analysis of quantum mechanics in
Vol. I, which will allow us to focus on the general structure of the theory.
We start the discussion with a review of linear vector spaces.

2.1 Linear Vector Spaces

Consider the ordinary three-dimensional linear vector space in which we
live.

2.1.1 Three-Dimensional Vectors

Introduce an orthonormal set of basis vectors e; with ¢ = 1,2, 3 satisfying
€;-ej; = 0 ; (,7) =1,2,3 (2.1)

An arbitrary vector v is a physical quantity that has a direction and length
in this space. It can be expanded in the basis e; according to

3
VvV = Zviei Vg —e€; -V (22)
=1

v can now be characterized by its components (vi,vs,v3) in this basis.!
Vectors have the following properties:

(1) Addition of vectors, and multiplication of a vector by a constant, are

IThis characterization will be denoted by v : (v1,v2,v3).

9
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10 Advanced Modern Physics

expressed in terms of the components by

a-l—b: ((11 +b1,a2+b2,a3+bg)
va: (yai,vyasz,vas) ; linear space (2.3)

These properties characterize a linear space;
(2) The dot product, or inner product, of two vectors is defined by

a-b=aib; + azby + asbs ; dot product (2.4)
The length of the vector is then determined by
V] = VVv2 = Vv v = (0 + 02 4 02)Y/? ; length  (2.5)
One says that there is an inner-product norm in the space.
(3) Suppose one goes to a new orthonormal basis «; where the vector v

has the components v : (01, U2, 03). Then the components are evidently
related by

3 3
vV = Zviei = szaz
1=1 1=1
3 3
= Vi = ZUJ (e - o)) = ZT)J ;)i (2.6)
j=1 j=1

2.1.2 n-Dimensions

These arguments are readily extended to n-dimensions by simply increasing
the number of components

v (v1,v2,U3, " ,Up) : n-dimensions (2.7)

The extension to complex vectors is accomplished through the use of
the linear multiplication property with a complex ~. The positive-definite
norm is then correspondingly defined through |v|? = v* - v,

YV i (Y1, Yv2, U3, s, YUR) ; complex vectors

V2= v ov= o+ ol 4 o] (2.8)
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Quantum Mechanics (Revisited) 11

2.2 Hilbert Space

The notion of a Hilbert space involves the generalization of these concepts
to a space with an infinite number of dimensions. Let us start with an
example.

2.2.1 Example

Recall the set of plane waves in one spatial dimension in an interval of
length L satisfying periodic boundary conditions

: 2
on(@) = —=e™ = S n=0,41,42,---

basis vectors (2.9)

These will be referred to as the basis vectors. They are orthonormal and
satisfy

L
/ dx ¢, ()P () = Omn ; orthonormal
0
= (Pm|dn) ; inner product  (2.10)
This relation allows us to define the inner product of two basis vectors,

denoted in the second line by (¢, |¢,),2 and the positive-definite inner-
product norm of the basis vectors is then given by

L
6u? = (0lon) = [ deloa@P 5 (e’ (21)
0
An arbitrary function ¢ (x) can be expanded in this basis according to
Y(x) = Z Cn®n () ; expansion in complete set  (2.12)

This is, after all, just a complex Fourier series. The orthonormality of the
basis vectors allows one to solve for the coefficients ¢,

L
cmﬂ%@zédwmwm) (2.13)

2The notation, and most of the analysis in this chapter, is due to Dirac [Dirac (1947)].
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Any piecewise continuous function can actually be expanded in this set,
and the basis functions are complete in the sense that?

N 2

Y(x) — Z cndn(z)] =0 ; completeness (2.14)

L
Lim v oo / dx
0 n=—N

Just as with an ordinary vector, the function ¢(z) can now be characterized
by the expansion coefficients ¢,

¢($) : (C_OO, 0t 3,C-1,C0,C1, " "0 7000)
or; Y o {en} (2.15)

Addition of functions and multiplication by constants are defined in terms
of the coeflicients by

SO+ g (D) )
v {yen} ; linear space (2.16)

This function space is again a linear space. The norm of v is given by

o0

L
B2 = () = / drlp@f = 3 Jeal?  (norm)?  (217)

n=—oo

which, in the case of Fourier series, is just Parseval’s theorem.

2.2.2 Definition

The function ¥ (z) in Eq. (2.17) is said to be square-integrable. The set of
all square-integrable functions (£2) forms a Hilbert space. Mathematicians
define a Hilbert space as follows:

(1) It is a linear space;

(2) There is an inner-product norm;

(3) The space is complete in the sense that every Cauchy sequence con-
verges to an element in the space.

The above analysis demonstrates, through the expansion coefficients c,,, the
isomorphism between the space of all square-integrable functions (£?) and
the ordinary infinite-dimensional complex linear vector space (I?) discussed
at the beginning of this section.

3This is all the completeness we will need for the physics in this volume.
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2.2.3 Relation to Linear Vector Space
A more direct analogy to the infinite-dimensional complex linear vector
space (1?) is obtained through the following identification

Vi — Py ; coordinate space (2.18)

We now use the coordinate z as a subscript, and we note that it is here a
continuous index. The square of the norm then becomes

szvi — Y, Uit = [ duy* (z)v(x) (2.19)

The sum over the continuous index has here been appropriately defined
through a familiar integral. With this notation, the starting expansion in
Eq. (2.12) takes the form

oo

Yz = Z Cn[Pnle (2:20)
2.2.4 Abstract State Vector

Equation (2.20) can be interpreted in the following manner:

This is just one component of the abstract vector relation
|v) = Z Cn|dn) ; abstract vector relation (2.21)
n

The quantity [1p) is now interpreted as a vector in an infinite-
dimensional, abstract Hilbert space. It can be given a concrete rep-
resentation through the component form in Eqgs. (2.20) and (2.12),
using the particular set of basis vectors in Fqs. (2.9).

As before, one solves for the expansion coefficients ¢,, by simply using the
orthonormality of the basis vectors in Eq. (2.10)

e = (Bnlt) = 3 [bulithn = / d 67, (1) (x) (2.22)

€T
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2.3 Linear Hermitian Operators

Consider an operator L in Hilbert space. Given ¢ (x), then Liy(x) is some
new state in the space. L is a linear operator if it satisfies the condition

L(agy + Bo2) = a(Lgpr) + B(Lo2) ; linear operator (2.23)

for any (¢1, ¢2) in the space. L is hermitian if it satisfies the relation?

[ arsi@ionte) = [ dolzoro)one) = | [ as as;(x)wl(a:)]* ;
hermitian (2.24)

A shorthand for these relations is as follows

(01]L1¢2) = (Lr|g2) = (¢2|L|¢1)"  ; shorthand (2.25)

We now make the important observation that if one knows the matrix
elements of L

L = /daz ¢y, (x) Loy (x) = (m|L|n) ; matrix elements  (2.26)

in any complete basis, then one knows the operator L. Let us prove this
assertion. Let v (x) be an arbitrary state in the space. If one knows the
corresponding L (x), then L is determined. Expand t(z) in the complete
basis

P(z) = Z CnOn () ; complete basis (2.27)

As above, the coefficients ¢,, follow from the orthonormality of the eigen-
functions ¢,

Cn = /dw o (z)(x) ; known (2.28)

These coefficients are thus determined for any given 1. Now compute®

Lip(z) = Z cn[Lon(z)] (2:29)

4See Probl. 4.5—the notation “Probl” refers to the problems in Vol. I.
5Tt is assumed here that there is enough convergence that one can operate on this
series term by term.
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The expansion in a complete basis can again be invoked to write the state
Loy (z) as

Loy, (x) = Zﬁmnqu () ; complete basis (2.30)
and the orthonormality of the eigenfunctions allows one to identify

Brmn = / dx ¢* ()L (x) = Lin (2.31)
Hence

Lon(x) = Z Pm (%) Linn

= Ly(x) = Z Z Gm () Lipncn, ; known (2.32)

This is now a known quantity, and thus we have established the equivalence®

L «—— L., ; equivalent (2.33)

2.3.1 Eigenfunctions

The eigenfunctions of a linear operator are defined by the relation

Lox(z) = Apa(z) ; eigenfunctions
A is eigenvalue (2.34)

Here the operator simply reproduces the function and multiplies it by a
constant, the eigenvalue. If L is an hermitian operator, then the following
results hold:

e The eigenvalues A are real (Probl. 4.6);
e The eigenfunctions corresponding to different eigenvalues are orthogo-
nal.”

We give two examples from Vol. I:

(1) Momentum. The momentum operator in one dimension in coordinate
space is

ho

0z

6This equivalence is the basis of matriz mechanics (compare Prob. 2.8).

"The proof here is essentially that of Probl. H.4; dedicated readers can supply it.

p ; momentum (2.35)
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With periodic boundary conditions, the eigenfunctions are just those
of Eq. (2.9), and

por(z) = hk ¢ () s k= %Tn ;n=0,£1,---(2.36)

p is hermitian with these boundary conditions (Probl. 4.5), and as we
have seen, these eigenfunctions are both orthonormal and complete.

(2) Hamiltonian. In one dimension in coordinate space the hamiltonian is
given by

H=——+V(x) ; hamiltonian (2.37)
We assume that V(z) is real. The eigenstates are
Hug, (x) = Epug, (x) ; eigenstates (2.38)

In general, there will be both bound-state and continuum solutions to
this equation. With the choice of periodic boundary conditions in the
continuum, the hamiltonian is hermitian (Probl. 4.5), and the energy
eigenvalues F,, are real (Probl. 4.6). The eigenstates of this hermitian
operator also form a complete set, so that one can similarly expand an
arbitrary ¥ (x) as

Y(x) = Z anupg, () ; complete set (2.39)

For the present purposes, one can simply take two of the postulates of
quantum mechanics to be:

(1) Observables are represented with linear hermitian operators;
(2) The eigenfunctions of any linear hermitian operator form a complete
set.®

2.3.2 FEigenstates of Position

The position operator x in one dimension is an hermitian operator. Con-
sider the eigenstates of x with eigenvalues £ so that

e () = € e(x) ; position operator (2.40)

8 A proof of completeness for any operator of the Sturm-Liouville type is contained in
[Fetter and Walecka (2003)]. The use of ordinary riemannian integration in the definition
of the inner product in Eq. (2.19), and the notion of completeness expressed in Eq. (2.14),
represent the extent of the mathematical rigor in the present discussion.
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The solution to this equation, in coordinate space, is just a Dirac delta
function

Ye(z) = 0(x — &) ; eigenstates of position (2.41)
It is readily verified that

wipe(z) = x6(z — &) = &6(z — &) = {e() (2.42)

On the interval [0, L], with periodic boundary conditions, the eigenvalues
¢ run continuously over this interval. As to the orthonormality of these
eigenfunctions, one can just compute

[z @ueo) = [ dese -1 -9 =€) (243
Hence
/dﬂc Vi (2)e(x) = 6(6 —¢) ; orthonormality (2.44)

We make some comments on this result:

e One cannot avoid a continuum normalization here, since the position
eigenvalue ¢ is truly continuous;

e In contrast, in one dimension with periodic boundary conditions on
this interval, the eigenfunctions of momentum in Eq. (2.36) have a
denumerably infinite set of discrete eigenvalues. This proved to be an
essential calculational tool in Vol. I;

e To make the analogy between coordinate space and momentum space
closer, one can take L to infinity.” Define

1/2
Vi(z) = (%) or(r) = \/%—Fe““ (2.45)

Then

/ da iy ()i () = 2i / da ¢/t

T
— 0(k — k') ; L — o0 (2.46)

In this limit both the momentum and position eigenfunctions have a
continuum norm.

9 As shown in Vol. I, Fourier series are converted to Fourier integrals in this limit; one
first uses the p.b.c. to convert the interval to [—L/2, L/2].
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2.4 Abstract Hilbert Space

Recall Egs. (2.12) and (2.20) from above, which represent an expansion in
a complete set,

or ; Vg = Z Cn[¢n]m (2-47)

This can be viewed as the component form of the abstract vector relation

|y = Z Cn|®n) ; abstract vector relation (2.48)

Just as an ordinary three-dimensional vector v has meaning independent
of the basis vectors in which it is being decomposed, one can think of this
as a vector pointing in some direction in the abstract, infinite-dimensional
Hilbert space. Equations (2.47) then provide a component form of this
abstract vector relation.

2.4.1 Inner Product

The inner product in this space is provided by Eq. (2.19)

(P |thp) = Z[@ba];[wb]m = /dac () (x) ; inner product (2.49)
Thus, from Egs. (2.47)

e = (Snlt)) = 3 [bulithe = / d 67, (1) (x) (2.50)

xT

We note the following important inner products:

(€)¢) = / d % (2) e () = 6(€ — €)

(K'|k) = /da: &7 (1) or (1) = Oppr . with p.b.c.
(Elk) = / 4 2 () b () = %5 (2.51)

The last relation follows directly from the wave functions in Eqgs. (2.36) and
(2.41).10

10See also Eq. (2.9); note that the subscript n on k, = 27n/L is suppressed.
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2.4.2 Completeness

As established in Vol. I, the statement of completeness with the set of
coordinate space eigenfunctions ¢,(x), where p denotes the eigenvalues of
a linear hermitian operator, is

> dp(@)d3(y) = 6(x —y) . completeness (2.52)
P
Insert this relation in the definition of the inner product in Eq. (2.49)

(Galths) = / 4 % () () = / ddy 7 (2)5(z — y)d(y)
=Y [ dovi@ana) [ dygiuin)

- Z<¢a|¢p><¢p|'¢b> (2.53)

p

Here Eq. (2.52) has been used in the second line, and the definition of
the inner product used in the third. This relation can be summarized by
writing the abstract vector relation

Z |&p) (Dp| = Lop ; completeness (2.54)
p

This unit operator 1,, can be inserted into any inner product, leaving that
inner product unchanged. This relation follows from the completeness of
the wave functions ¢,(x) providing the coordinate space components of the
abstract state vectors |¢,).

2.4.3 Linear Hermaitian Operators

In Vol. I, quantum mechanics was introduced in coordinate space, where
the momentum p is given by p = (h/i)0/0z. It was observed in Probl. 4.8
that one could equally well work in momentum space, where the position x
is given by x = ihd/Jdp. It was also observed there that the commutation
relation [p,z] = h/i is independent of the particular representation. Our
goal in this section is to similarly abstract the Schrodinger equation and free
it from any particular component representation.
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2.4.3.1 FEigenstates

A linear hermitian operator L, takes one abstract vector |¢) into another
Lop|1). The eigenstates of Loy, as before, are defined by

Lop|or) = Aloa) ; eigenstates (2.55)
For example:
Doplk) = hkl|k) ; momentum
Zop|€) = £€) ; position
(Lz)op|m) = m|m) ; z-component of angular momentum
Hop ) = Ely) ; hamiltonian (2.56)

2.4.3.2 Adjoint Operators

In coordinate space, the adjoint operator LT is defined by

[acur©rtue) = [ acliun@rrue = | [ dui©Lo©) "(257)

The adjoint operator in the abstract Hilbert space is defined in exactly the
same manner

(Yol LI 1000) = (Loptalths) = (06| Lop|tha)* . adjoint  (2.58)

Note that it follows from this definition that if v is some complex number,
then

[VLop]' = 7L, (2.59)
An operator is hermitian if it is equal to its adjoint
L:r)p = Lop ; hermitian
= (YalLop|thp) = (Lop¥Palths) = (16| Lop|tha)” (2.60)

With an hermitian operator, one can just let it act on the state on the left
when calculating matrix elements.

2.4.4 Schrodinger Equation

To get the time-independent Schrodinger equation in the coordinate
representation, one projects the abstract operator relation Hop|1)) =
E|) onto the basis of eigenstates of position |€).
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We show this through the following set of steps:

(1) First project |1) onto an eigenstate of position [)

€y = 3 el = / dz g () (z) = / 0z 8(€ — o))
{€lv) = 9(¢) ; wave function (2.61)

This is simply the familiar coordinate space wave function ¢ (&);
(2) Compute the matrix element of the potential Vi, = V(xop) between
eigenstates of position

(€ Vopl€") = (€IV (wop)[€) = VI(E')(EIE) = V(§)d(§ - &) (2-62)

(3) Similarly, compute the matrix elements of the kinetic energy 75,. This
is readily accomplished by invoking the completeness relation for the
eigenstates of momentum [see Eq. (2.54)]

Z |k) (k| = Lop ; completeness (2.63)

With the insertion of this relation (twice), one finds

(€l Topl") = 5 <£|pop|£ ZZﬂk (k|pZ, k") (K€"

- ZZ Ek) K Onn (K'1E') = szfe“f@ )

LA A D P
2m 9€2 4~ L ompe2’¢ &) (264

The final relation follows from the completeness of the momentum wave
functions.

(4) Make use of the statement of completeness of the abstract eigenstates
of position, which is

/d§ 1€)(&] = 1op ; completeness (2.65)

Note that the sum here is actually an integral because the position

eigenvalues are continuous.'!

11See Prob. 2.2.
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(5) The operator form of the time-independent Schrodinger equation is
Hop|p) = (Top + Vop) 1) = El) ; S-equation  (2.66)
A projection of this equation on the eigenstates of position gives

(€ Hopl)) = E(EY) = EY(§) (2.67)

Now insert Eq. (2.65) in the expression on the Lh.s., and use the results
from Egs. (2.62) and (2.64)

(| Hopl) = / 4" (€] Hop|€/) (€' 1)
= [ae' |5 g+ VO ot - 0

K2 0?2
_ [‘%a_gz N v<g>] / de’ 5(¢ — € u(e)
K2 92
— g + VO] v© (2.65)
Thus, in summary,
K2 0?2
e VO UO=EUO  Seqution (269

This is just the time-independent Schrodinger equation in the coordi-
nate representation. It is the component form of the operator relation
of Eq. (2.66) in a basis of eigenstates of position.!?

For the time-dependent Schridinger equation, the state vector |¥(t))
simply moves in the abstract Hilbert space with a time dependence gen-
erated by the hamiltonian. Quantum dynamics is thus summarized in the

following relations

zh%|\l’(t)> = H|¥(t)) ; S-equation

[p, 2] = h ; C.C.R. (2.70)

(4

We make several comments:

12The time-independent Schrodinger equation in the momentum representation is ob-
tained by projecting Eq. (2.66) onto the states |k). This gives the components of the
operator relation in a basis of eigenstates of momentum (see Prob. 2.9).
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e Here, and henceforth, we shall use a caret over a symbol to denote an
operator in the abstract Hilbert space;!?

e The first equation is the abstract form of the time-dependent
Schrodinger equation;

e The second equation is the canonical commutation relation for the mo-
mentum and position operators;

e As shown above, the usual Schrodinger equation in coordinate space
is obtained by projecting the first relation on eigenstates of position;
however, these relations are now independent of the particular basis in

which we choose to express their components.

2.4.4.1 Stationary States

With a time-independent potential, one can again look for normal-mode
solutions to the time-dependent Schrodinger Eq. (2.70) of the form

(W (t)) = e B/ y) ; normal modes (2.71)

Substitution into the first of Eqgs. (2.70), and cancellation of a factor
exp (—iEt/h), leads to the stationary-state Schrédinger equation

H|) = E|1) ; stationary-state S-eqn (2.72)

2.5 Measurements

We must establish the relation between these formal developments and
physical measurements. Measurement theory is a deep and extensive topic,
and we certainly shall not do justice to it here. No attempt is made to
consider implications for very complex objects with a myriad of degrees of
freedom.'* Rather, the discussion here focuses on simple systems where
measurement theory is really quite intuitive.

2.5.1 Coordinate Space

We start in coordinate space and abstract later. An observable F is repre-
sented by a linear hermitian operator (H,p,z, L., etc.) with an (assumed)

13Except for the creation and destruction operators, where their operator nature is
evident (see later).
14Schrédinger’s cat, for example (see [Wikipedia (2009)]).
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complete set of eigenstates'®

Fuy, (z) = fouy, (x) ; eigenstates
eigenvalues f1, fa, -+, foo (2.73)

Let W(x,t) be an arbitrary wave function. At a given time ¢, its spatial
dependence can be expanded in the complete set of wave functions wuy, (x)

Z ay, (t) uy, (z (2.74)

The wave function is assumed to be normalized so that
/d:p\\p z,t)| Z\afn = (2.75)

We can measure the expectation value of F given by!®
(F) = /d:mll*(x t)YFW(x,t) ZZafn Jag /d:r;uf (z)Fuy ,(x)
— Z Z a’ ( (t) fruOnm (2.76)

Hence

(Fy = Z lag, (D)2 fn ; expectation value (2.77)

n

If one is in a stationary state so that
U(x,t) = h(x)e PP ; stationary state (2.78)

then the wave function 1 (z) can be expanded in the uy, () with time-
independent coefficients ay,

x) = Z af, ug, (x) ; completeness (2.79)

It follows as above that in this case

1=> lag,|”

= Z lag, |* fn ; stationary state (2.80)

15For clarity, we present the following arguments in one dimension.
16See Probl. 4.5.
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If one is also in an eigenstate of F', then
(F) = fn ; in eigenstate (2.81)

Equations (2.77) and (2.75) suggest that one should interpret the quan-
tity |as, (t)|* as the probability of measuring the value f, at the time t if
a system is in the state WU(z,t). Based on this argument, we make the
following measurement postulates:

(1) If one makes a precise measurement of F', then one must observe one
of the eigenvalues fy;

(2) If one is in an arbitrary state U(x,t), then |ay, (t)|* is the probability
that one will observe the value f, for F at the time ¢, where!”

| 2

af, (t) = /d:v wy (2)¥(x,t) (2.82)
As an example, consider the free-particle wave packet of Vol. I
1 .
U(z,t) = —— [ dk A(k)e'Fo—wrt) ; free particle 2.83
(@t) = —= [ aratw p (2.83)

The probability density in coordinate space is |¥(x,t)|>. The Fourier trans-
form of this relation gives

1 , ‘
—— [ dze *TU(x,t) = A(k)e r! 2.84
=/ (@) = Alh 2:84)
For localized wave packets, one can take u,(x) = e**®/1/27 as the eigen-

states of momentum. Then, consistent with our interpretation in Vol. I,

2

AR = '/dxu;(x)\ll(x,t)

; p=hk (2.85)

is the probability density in momentum space (see Probl. 4.8).

2.5.2 Abstract Form
One can now proceed to abstract these results:

(1) The quantity F is represented with a linear hermitian operator I with
eigenstates

F|fn> = fn|fn> (2-86)

17 Alternatively, if one has a large number of identical systems with wave function
U(z,t), then the fraction of measurements yielding f,, will be |ay, (t)]?.
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If one makes a precise measurement of F', then one will observe one of
the eigenvalues f,,.

(2) An arbitrary state |¥(¢)) can be expanded in the (assumed) complete
set of eigenstates of F' according to

(U(1) =D ar, (1) fn) (2.87)

Then the probability that a measurement will yield the value f, is

lag, (O = [{(fa] () (2.88)

In particular, [(¢|W(¢))]? = [¥(&,1)|? is the probability density that one
will observe the value & if one makes a measurement of the position x. This
is how we have used the wave function W(£,¢). Now everything stands
on the same footing, and the above contains all our previous assumptions
concerning the physical interpretation of the theory.

2.5.3 Reduction of the Wave Packet

If a particle moves in a classical orbit, its position can be measured and
one finds a value ¢. If the measurement is repeated a short time At later,
such that |Ag| < |g|, one must again find the value q. Measurements must
be reproducible. How does this show up in quantum mechanics?

If one measures the quantity F' at the time ¢ and finds a value f,, then
if I’ is measured again right away, must again find the value f,,. This is an
assumption of the reproducibility of measurements.

Suppose one is in the state

U(z,t) = ay, (Huy, (z) (2.89)

If one measures F' at the time ty and finds a value f,, then right after this
measurement, the wave function must be such as to again give the value
fn, and it must be normalized. Thus, with no degeneracy, the effect of this

measurement is to reduce the wave function to the form?!®
af, (to)
(xz,ty) = —"——=-uy, (z) (2.90)
lag, (to)]

This result can be abstracted and extended to lead to an additional mea-
surement postulate:

18We speak here of “pure pass measurements” that do not modify the coefficients
afn (t)
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(3) If, at the time tg, one observes a value f for the quantity F' which lies
in the inteval f’ < f < f”, then the state vector is reduced to

(o))" = (Sn‘afngoi:;f;fp : where f' < f, < f" (2.91)
n 1A fn (Lo

Here Y implies f' < f,, < f".

Although this postulate may at first seem very mysterious, a little re-
flection will convince the reader that a measurement does indeed provide
a great deal of information about a system, in particular, this type of in-
formation. We briefly discuss, as an example, the classic Stern-Gerlach
experiment.

2.5.4 Stern-Gerlach Experiment

The first moral here is that in applying measurement theory, one must
always discuss the specific measurement in detail.!® Consider, for illus-
tration, a spinless, positively-charged particle in a metastable p-state in a
neutral atom, where there is no Lorentz force on the atom. There are three
possible values of L, the angular momentum in the z-direction, m = 0, £1.
This atom has a magnetic moment, and if placed in a magnetic field which
determines the z-direction, and which also varies in the z-direction, it will
feel a force in the z-direction of

dB,

This force acts differently on the different m components, and can be used
to separate them. Suppose a beam of these atoms, produced, say, in an
oven, is passed through an appropriate inhomogeneous magnet as sketched
in Fig. 2.1. We then note the following:

e The beam will subsequently split into three separate components with
m = 0,+£1. Each beam can be caused to pass through a separate slit
as shown in Fig. 2.1. This illustrates that one observes the eigenvalues
of L.

e Initially, the internal wave function of an atom can be written

Yint(X,8) = Rup(r) Y em(6)Yim (0, 9) (2.93)

m=0,£1

19See chapter IV of [Gottfried (1966)] for a thorough discussion of the measurement
process.
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If the center-of-mass of the atom goes through the top slit (this will
happen with probability |ci1(to)|? where tg is the time it goes through

the magnet), then the internal wave function of the atom must be?°

Yint (X, 1) = L(to)Rnp(r)Yn (0, qﬁ)e_iE”p(t_tO)/h (2.94)

lct1(to)]
m=+1
L m=0
_— i
oven — M=-1
mhomogeneous L
magnet (A)

Fig. 2.1 Sketch of the Stern-Gerlach experiment. We will refer to the entire boxed unit
as detector (A).

If a second detector identical to (A) in Fig. 2.1 is placed after the
top slit, the beam will be observed to pass through and emerge from
its top slit with unit probability (see Fig. 2.2). This illustrates the
reproduciblity of the measurement.

m=+1 ]

/

m=+1
—> X
(A |X

Fig. 2.2 Detector (A) placed after the upper beam with m = +1 in Fig. 2.1.

20 Again, we assume a “pure pass measurement” here.
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e If one looks for a beam emerging from the middle and bottom slits of
the second detector, there will be none. This illustrates the reduction
of the wave packet by the first measurement.

Whenever you run into apparent paradoxes in discussing the measurement
process, you should always return to this simple and fundamental example
of the analysis.

2.6 Quantum Mechanics Postulates

Here we summarize the quantum mechanics postulates arrived at in the
previous discussion. They are formulated in the abstract Hilbert space.

(1) There is a state vector |¥(¢)) that provides a complete dynamical de-
scription of a system;

(2) An observable F' is represented by a linear hermitian operator F:

(3) The operators obey canonical commutation relations, in particular

D, &] = — (2.95)
(4) The dynamics is given by the Schrodinger equation
z‘h%mf(t)) = H|U(t)) (2.96)
(5) The eigenstates of a linear hermitian operator form a complete set

(6) Measurement postulate:

(a) A precise measurement of F' must yield one of the eigenvalues f,, ;
(b) The probability of observing an eigenvalue f,, at the time t is

[(fulT ()5
(¢) A measurement f' < f < f” at time ¢y reduces the state vector to
/
ar (T n
‘\I](t())>/ — 2:/11 fn( 0)|f 1>/2
(X2 lag. (o))
Through his many years in physics, the author has found this to be a

complete and essential set of postulates for the implementation of quantum
mechanics.

; where f' < f,, < " (2.98)
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2.7 Many-Particle Hilbert Space

The previous discussion has effectively focused on the quantum mechanics
of a single particle. Most of the applications discussed in Vol. I involve
many-body systems: atoms, nuclei, hadrons, and quantum fluids. The goal
of this section is to extend the previous analysis to the abstract many-
particle Hilbert space, and to make a connection with quantum field theory
as presented in chapter 12 of Vol. I. We start with a summary of the one-
dimensional simple harmonic oscillator in abstract Hilbert space.

2.7.1 Simple Harmonic Oscillator

The operator analysis of the one-dimensional simple harmonic oscillator is,
in fact, carried out in Probsl. 4.17-4.18.2! The creation and destruction
operators (a', a) are first defined as linear combinations of the momentum
and coordinate (p, ). The canonical commutation relations for (p, §) imply
that??2

[a,a’] =1 (2.99)

The hermitian number operator is defined as

A

N =da'ta ; number operator
H =hw(N+1/2) ; hamiltonian (2.100)

The second line expresses the hamiltonian in terms of the number operator.
As demonstrated in Probsl. 4.17-4.18, it follows entirely from the general
properties of the linear hermitian operators involved that the spectrum of
the number operator consists of the positive integers and zero

N|n>:n|n> :n=0,1,2,---,00
N[0) =0 . ground state (2.101)

The last relation defines the ground state. It further follows that

aln) = vnln —1) ; destruction operator
alln) = vn+1|n+1) ; creation operator (2.102)

21The reader is again strongly urged to work through those problems (see Prob. 2.1).
22We suppress the carets on the creation and destruction operators, since it will hence-
forth be obvious that they act in the abstract occupation-number Hilbert space.
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As shown in Probl. 4.18, the eigenstates |n) can be explicitly constructed
as

1
_ T\n
n) =——=—(a'")"|0 2.103
m) = —=(a")"I0) (2.103)
We note that this construction involves a relative phase convention.
The eigenstates of the simple harmonic oscillator in the abstract Hilbert

space are both orthonormal and complete

(n|n'y = dpps ; orthonormal

Z In)(n| =1 ; complete (2.104)

2.7.2 Bosons

With many identical bosons, one introduces a set of creation and destruc-
tion operators satisfying

[ax, al,] = Ok (2.105)

Here k denotes a complete set of single-particle quantum numbers appropri-
ate to the problem at hand. The basis vectors in the abstract many-particle
Hilbert space are then constructed as the direct product of the basis vectors
for each of the single-particle states

|n1mg -+ neo) = [n1)|ng) -+ |Moo) ; many-body basis states (2.106)

Here the subscripts {1,2,--- , 00} simply represent an ordering of all possi-
ble values of k. The effects of the creation and destruction operators for any
given mode now follow from the above discussion of the simple harmonic
oscillator, and as the operators for the different modes commute, it does
not matter where one sits relative to the others.

Quantum fields are then operators in this abstract many-particle Hilbert
space. We give three examples from Vol. I:

(1) The normal modes for the transverse oscillations of a continuous string
of length L with periodic boundary conditions are given by?3

1 2mm
r) = —e"" k= ——

23We again suppress the subscript m on ky, = 27rm/L.

s m=0,+1,+2,--- (2.107)

ADVANCED MODERN PHYSICS - Theoretical Foundations
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/physics/7555.html



32 Advanced Modern Physics

The string energy, which plays the role of free-field hamiltonian, is then
found in terms of the quantum field of the string §(x,t), obtained from
its classical transverse displacement, and the corresponding quantum
momentum density 7(x,t) = 0dj(x,t)/0t, obtained from its classical
transverse motion

A h 1z i(kx—w —i(kr—w

1 hwpo \ 1/ ; ;
(x,t) = A Z ( 22 > [akel(kx_‘”kt) - aLe_’(km_“”“t)] (2.108)
k

Here o is the mass density, and c is the sound velocity. These operators,
which here carry the free-field time dependence, satisfy the canonical
equal-time commutation relations

[G(z,t), 7 (2, t)])4=p = ihd(z — 2") (2.109)

The free-field hamiltonian is4

jig= %/Ode{[aqg’t)er& [%r} (2.110)

Substitution of the expressions in Eqs. (2.108) gives

H =Y hwi(afar +aral) =Y hwp(Ny, +1/2)  (2.111)
k k

This represents an infinite collection of uncoupled simple harmonic os-
cillators, as discussed above.
The energy eigenvalues for the whole system are given by?°

ﬁ|n1n2 o Noo) = Fningna |M1M2 -+ Moo )

Eningnoe = hwg(ng +1/2) (2.112)
k

The quantity nj is the number of quanta in the kth mode, and in
analogy to the quantization of light, we refer to these quanta of the
sound waves in a string as phonons.

24Note c? = 7/0 where T is the tension.

25Since the subscripts {1,2,---,00} on (n1,n2,---,ne) simply label the ordered
members of the set k = (0,+2x/L,+4w/L,---), the second of Egs. (2.112) can equally
well be written as Ening--nee = 250 Awi(ng +1/2).
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Various interaction terms (non-linearity in the string, a spring attached
to the string, etc.) can now be written in terms of the fields. Since these
interactions do not conserve the number of phonons, they will connect
one state to any other in the many-particle Hilbert space.

The quantization of the electromagnetic field in Vol. I follows in an
analogous fashion.

The non-relativistic many-body hamiltonian for a collection of identi-
cal, massive, spin-zero bosons, each with kinetic energy T' = p?/2m =
—h2V? /2m, and interacting through an instantaneous two-body po-
tential of the form V(x,y), can be written as

a= / Bt ()T (x) + % / o / Py bt ()P (y)V (%, )b (y)d(x)
(2.113)

Here the quantum field is defined by
P(x) =) ak ¢r(x) (2.114)
k

where the ¢r(x) form a complete set of solutions to a one-body
Schrodinger equation appropriate, as a starting basis, for the problem
at hand. The fields satisfy the canonical commutation relation

[ (), T ()] = 6 (x = x) (2.115)

The time evolution of the many-particle system is now governed by the
many-body Schrédinger equation.?® Here, as in our original formulation
of quantum mechanics, the operators in this Schrodinger picture are
taken to be time-independent, and all the time dependence derives from
the Schrodinger equation. When the number of bosons is a constant of
the motion, as in liquid *He, then this hamiltonian never takes one out
of the subspace with given N (See Prob. 2.4).

2.7.3 Fermions

In the case of fermions, in order to satisfy the Pauli exclusion principle, one

quantizes with anticommutation relations instead of commutation relations.

26This is called “second quantization”, since what were previously single-particle wave
functions now become field operators in the abstract many-particle Hilbert space. The
formulation of the many-body problem in second quantization is carried out in detail in
chapter 1 of [Fetter and Walecka (2003a)].
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For a single mode, one then has

{a,a'} =aal +aTa=1
{a,a} = {a',a’} =0 (2.116)

The number operator is again defined as

A

N=ad'a ; number operator (2.117)
It follows that this number operator has eigenvalues 0 and 1 (see Vol. I)

N|n) = n|n) :n=0,1 (2.118)
Furthermore (see Probl 12.8)

all) = 10) ; al0) =0
a’|0) = |1) a1y =0 (2.119)

The basis states in the abstract Hilbert space are again formed from the
direct product of the single-particle states as in Eq. (2.106); however, since
the operators for the different single-particle modes now anticommute, one
has to keep careful track of the ordering of various terms.

As an example, the non-relativistic many-body hamiltonian for a collec-
tion of identical spin-1/2 fermions, each with kinetic energy T' = p?/2m =
—h2Vv? /2m, and interacting through an instantaneous two-body spin-
independent potential of the form V(x,y), can again be written as

- / P (T ) + 3 / o / Py ()% V)V (x,¥) d(y)d(x)

(2.120)

Here the quantum field is defined by
é(x) = Zak)‘?k)\(x) (2.121)

5

where the two-component spinors ¢ )\(x) form a complete set of solutions
to a one-body Schrodinger equation again appropriate, as a starting basis,
for the problem at hand. The index A = (1, |) denotes the two spin projec-
tions.?” The components of the field, in this case, now satisfy the canonical
anticommutation relation

{tha(x), f(x)} = bap 8@ (x — ') (2.122)

27The spinors with the same coordinate label are to be paired in Eq. (2.120).
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Chapter 4

Scattering Theory

Given a hamiltonian H, the goal of this chapter is to solve the Schrodinger
equation for a scattering problem and derive general expressions for the
S-matrix, T-matrix, and transition rate, many of whose consequences have
already been examined in Vol. I.! We work in the abstract Hilbert space.

4.1 Interaction Picture

Assume the hamiltonian can be split into two parts H = Hy + fh, the
first part of which leads to an exactly solvable problem, for example, free
quanta with no interactions. H;j may, or may not, have an explicit time
dependence; that depends on the problem at hand.? We then want to solve
the Schrodinger equation

H = Hy+ H,
zh%hl’(t)) = H|U(t)) ; Schrodinger-equation  (4.1)

Define a new state vector |Wy(t)) by

|Wi(t)) = e%ﬁ0t|\ll(t)> ; interaction picture
|W1(0)) = |¥(0)) ; coincide at t = 0 (4.2)

1For a comprehensive treatment of scattering theory, see [Goldberger and Watson
(2004)].

2Scattering in a given external field, for example, may lead to an explicitly time-
dependent H; (t).
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70 Advanced Modern Physics

What equation of motion does this new state satisfy? Just compute

; g — [T ,tHot L Hot Q
S W(1)) = —Ho et MW (1)) + 5ot in ()

= —Ho [Uy(t)) + en ot (Hy + Hy)e #5704 Ty (1)) (4.3)

The terms in Hy cancel, and thus

zh%ﬂll(t)) Hi(t)|1(t)) ; interaction picture

A

Hi(t) = enHot fy e=nHot (4.4)

The advantage of this new formulation is that in the limit H, — 0, the
state |¥(t)) becomes time-independent; the free time variation, which can
be extremely rapid, has been explicitly dealt with. Equations (4.2) and
(4.4) are said to be a formulation of the problem in the interaction picture.

4.2 Adiabatic Approach

We will find that when we try to solve the resulting equations and generate
the S-matrix, there will be infinite time integrals to carry out over oscil-
lating integrands. In order to give the theory a well-defined mathematical
meaning, we introduce an adiabatic damping factor e~ €l with € > 0, and
use the following interaction in the interaction picture

Hf(t) = e A (2) ; adiabatic damping (4.5)

The theory is then defined to be what is obtained in the limit as
e— 0.3

This is a somewhat archaic approach, and there are more sophisticated
ways of doing formal scattering theory, which, however, can easily lead
to spurious results if one is not very careful and thoughtful. The great
advantage of this adiabatic approach is that it allows one to do well-defined
mathematics at each step.

One can imagine that the interaction in Eq. (4.5) is being turned on
and off very slowly (“adiabatically”) as the time ¢ — Zoo, that is, in

4

the infinite past and infinite future.® This allows us to easily specify the

initial and final states in any scattering process, since now as t — =+oo,

3There may, or may not, be other limits — we will not go there.
4Explicitly dealing with the scattering of wave packets can play the same role.
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Scattering Theory 71

the hamiltonian simply reduces to Hy, and we know how to solve the non-
interacting problem

0 A
(0 = Ho [ 9(0)
(1)) = e 750 o)) (4.6)

Here |¢) is simply a solution to the free, time-independent, Schrédinger
equation

Ho |¢)) = Eoly) (4.7)

The interaction-picture state vector in Eq. (4.2) is then given in this same
limit by

Ur(1)) = eF U (1)) = [) 5t — £oo

ih%hlll(t)) =0 (4.8)

Thus, in summary, with the adiabatic approach in the interaction picture,
one has

(W1(t)) = [¢) ; b — Foo
Ho ) = Eolv) (4.9)

One starts with an initial state of this type, and then slowly turns on and
off the interaction. The transition amplitude into a final state of this type is
then calculated. The (transition probability)/(time interval the interaction
is on) gives the transition rate,® and the path from the transition rate to a
cross section was detailed in Vol. I.

It is then necessary to determine what happens when the interaction
in Eq. (4.5) is turned on and off adiabatically. This is done through the
construction of the time-development operator for the problem.

5We shall get more sophisticated here and actually derive a general expression for the
transition rate itself.

ADVANCED MODERN PHYSICS - Theoretical Foundations
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/physics/7555.html



72 Advanced Modern Physics

4.3 l]'—Operator

Let us look for an operator that develops our system in time

A

(W1(2)) = Ue(t, to)[W1(to))

0 L0 - NSNS
Zhahlfl(t» = ZhaUe(t,toﬂ\yI(to» = HI (t)Ue(t,toﬂ\I/I(to» (4.10)
If this is to hold for all |¥y(to)), then U.(t,to) must satisfy the operator
relation

m%ffﬁ(t,m — (0.1, to)

A

Ue(to, to) = 1 (4.11)

This differential equation, with its initial condition, can be rewritten as an
integral equation

.ot
A~ VA ’ ~ ~
Udt,tg) =1 — ﬁ/ e~ W (Ut to) dt’ (4.12)
to
It is readily verified that Eqs. (4.11) are reproduced by this expression.
We will try to find a solution to this equation as a power series in Hy.%
Let us substitute this expression for U(t',to) in the integrand on the r.h.s.

.t
Ue(t,to) =1 — %/ eI (¢ dt’ +
t

0

: 2 t +
(‘%) / 6_6|t’|f{1(t’) dt’/ €_€|t”|I:II(t”)Ue(t",tO) dt’ (4.13)
to

to

This expression is still exact. Repeated application of this process leads to
the following infinite series in Hy

R o0 Z n t t1 tn—1
Uec(t,to) = Z (—%> / e—cltl gty / e—clt=l qg, / e—cltnl gt x
to to to

ﬁ_l(tl)ffl(h) o Hi(tn) (4.14)

60ne can only expect a power series to hold for scattering amplitudes at all energies
in the absence of bound states; however, we will eventually “zip things up again” and
obtain closed forms that are also valid in the presence of bound states.
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Scattering Theory 73

By convention, the first term in this series is 1. Note that it is important
to keep the ordering of the operators H; (t) straight in the integrand, since
they do not necessarily commute at different times. It is easy to remember
the ordering since the operators are time-ordered, with the operator at the
latest time appearing furthest to the left.

Equation (4.14) can be rewritten in the following manner

X 00 N t t
Uc(t,to) = Z (—%) ﬁ/ e~cltil g, / e~cl=l qt, / e~cltnl dt,, x
- Jt t t

n=0 0 0 0

T [ﬁl(tl)ﬁl(tg) ces f[l(tn)} ct >t (4.15)
Here

e All the integrals are now over the full range ﬂ; ;

e The “T-product” carries the instruction that the operators are to be
time-ordered, with the operator at the latest time sitting to the left;

e Each term in the sum is divided by n!.

The proof that Eq. (4.15) reproduces Eq. (4.14) is quite simple. There
are n! possible orderings of the times in the multiple integral, pick one, say
t1 >ty >ty > --- > t,. All possible time orderings of these integration
variables provides a complete enumeration of the region of integration in
the multiple integral. The operator in the integrand is time-ordered in each
case. But now all of these contributions are identical by a change of dummy
integration variables. Thus Eq. (4.14) is reproduced.”

The scattering operator S is now defined in the following manner

S = Lime_o Limy_, 4 oo Limy, oo Ue(t, o) (4.16)

One lets the initial time tg — —oo, the final time ¢ — 400, and then, at the
very end, the limit of the adiabatic damping factor ¢ — 0 is taken. Thus

g = Lim€_>0 Se
= i\"1 [ o0
= Limc .o » (——) _/ eemldtl.../ e—elinl g
=\ h n! J_o e
T | () Hilta) - Hi(t,)| (4.17)

Everything so far has assumed ¢ > ¢y in Egs. (4.11) and the subsequent
development; however, one can equally well write these equations for ¢t < t.

"The explicit demonstration of this equality for n = 2 is assigned as Prob. 4.1.
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How is the above analysis modified? Write Eq. (4.12) in the following
fashion

. to
A~ 7 ’ ~ ~
Uec(t,to) =1+ ﬁ/ e~ Ay (Ut , to) dt’ (4.18)
t
It is readily verified that this expression reproduces Egs. (4.11), and it
is most convenient since the integral now runs in the positive direction if
to > t. A repetition of the above arguments in this case then leads to the
following infinite series

. oo i n 1 to to to
Gt =X (7)o [ e an [ e any o [T el ar,
*Jt t t

n=0

T [I:II(tl)I:II(tQ) : --ﬁl(tn)] <t (4.19)

The “T-product” instructs the operators to be anti-time-ordered such that
the operator with the earliest time sits to the left. A simple reversal of the
limits of integration in each integral then gives the equivalent expression

) </ i\"1 [t _. b L.
Us(t,to):Z(—i—J ﬁ/toe |t1|dt1/t e |t2|dt2~~-/t e~ltnl dt,, x

n=0 0 0

T [ﬁl(tl)ﬁl(@ - ﬁl(tn)} <t (4.20)

We are now in a position to exhibit some of the properties of Us(t, to)
from these series expansions:®
(1) Since the adjoint of a product is the product of the adjoints in the

reverse order, it follows immediately from Egs. (4.15) and (4.19) that
Ue(ta tO)T = ﬁe(tm t) (421)

which holds for both t > tg and ¢ < t.
(2) If one ends up back at the start time, no matter whether ¢ > ¢y or
t < to, it must be true that

A A

Ue(to, )Uc(t, to) = 1 (4.22)

This follows from the series expansions, and the explicit demonstration of
this relation for n = 2 is left as Prob. 4.1.
(3) It follows from the results in (1) and (2) that
Ue(t,to)t = Uc(t, to) ™ . unitary (4.23)
8Note that relations (1)—(4) hold for finite e.
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Scattering Theory 75

The time-evolution operator is unitary. We know this must be true, since
the Schrodinger equation preserves the norm of the states. This is now
readily verified from the relation

(U1(6)|01(1)) = (U1(t)|Ue(t, to) T Ue(t, to) W1 (t0))
= (1(to)|Ue(t. to) " Ue(t, to) | Wi (to))
= (Wi (to)[¥1(to)) (4.24)

(4) If one propagates the system from ¢y — t¢1, and then from ¢; — to,
the result must be the same as propagation from ty — t5. Thus the time-
evolution operator must obey the group property

Ue(tg,tl)ﬁe(tl,to) = Ue(tg,t()) ; group property (4.25)

Let us demonstrate this result for ¢to > t; > tg. The result in (2) can then
be used to extend it to any relative times. For example, if t; > to, just
write

Ue(ta, t1)Uc(t1,t0) = Uelta, t1)Ud(t1, t2)Ue(ta, to)
U ( ) ;61 > to (426)

Write out the vth term in the sum on the r.h.s. of Eq. (4.25)

- i\" 1 [ / b2 :
U (tg,t0) = <_ﬁ) ;/ €€|t1|dt/1.../ el ay x
- Jitg to

T | Bn(t) B (th) - B () (4.27)
Now note:

e There are v!/n!m! ways to partition the times ¢} - - - ¢/, so that n times
are greater than the intermediate time ¢1, and m times are less than ¢;
— pick one;

e Now integrate over all possible relative orderings of the times within
this particular partition;

e Then sum over all possible choices of the times within this particu-
lar partition. This provides a complete enumeration of the regions of
integration for a given (n,m);

e The contributions in the sum are identical by a change of dummy in-
tegration variables, giving v!/n!m! equal contributions;
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e Then sum over all values of (n, m) for which m +n = v. This provides
a complete evaluation of the multiple integral in Eq. (4.27)

. 1 AN

n+m—=v

to to R R
/ el .. / e~cltal g’ T [HI(ti) e HI(t;)} X

t1 t1
t1 , t1 , R ~
/ 676|tn+1| dtfn—i—l .. / €7€|tn+m| dtil-i-m T |:H1(t;1+1) e HI(t;L+m)i|
to to

e Finally,use >, > . => > . This establishes Eq. (4.25).

4.4 ﬁ-Operator for Finite Times

We started from the hamiltonian
H. = Hy+e It A, (4.29)

In the end, we are to take the limit ¢ — 0, which restores the proper
hamiltonian. Let us assume that we have used the preceding analysis to
propagate the system from its initial state at tg — —oo to a finite time such
that

[t < 1/e ; finite time (4.30)
Now, for this time,

H=H,+ H : full H (4.31)
In this case, we can write a formal solution to the full Schrodinger equation
as?

() = e~ #7110, (0)) (4.32)

Here |¥;(0)) = |¥%(0)) is the state that has propagated up to the time t = 0
from the initial state |1);) prepared at tg — —oo [see Egs. (4.2)]. With the
aid of the previous time-evolution operator, one can write this state as

;(0)) = [Wi(0)) = U(0, —00) ) = ) (4.33)

9We assume here and henceforth that H; now has no explicit time dependence.
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This relation defines |¢§+)>. A combination of Egs. (4.32) and (4.33) allows
the solution to the Schrodinger equation at a finite time, which satisfies
Eq. (4.30), to be expressed as

W(1)) = e~ FH (™) (4.34)
Some comments:

e This is the full Schrodinger state vector that develops from the state
i) at tg — —o0;
e One needs the adiabatic damping factor to bring that state vector up

A

to finite time with |¥;(0)) = U.(0, —00)|eb;) = i) ;
e From there, one can use the formal solution to the full Schrodinger
equation in Eq. (4.34).

We note that under the conditions that one can indeed use the formal
solution to the full Schrodinger equation, it follows that the interaction-
picture state vector at the time t is given by

[Tr(t)) = e U (1)) = ehflote KA 1))
— i Hote=# H(t=t0) o= i Hoto| g (1)) (4.35)
Here |W1(tp)) is the interaction-picture state vector at the time to. But now

we can immediately identify the time development operator U (t,tp) from
the first of Egs. (4.10)!

Ult, to) = e Hote= i Ht—to)g=gHoto 1y 1po| < 1/ (4.36)

It is only necessary to keep careful track of the ordering of the operators,
and make sure that one never interchanges factors that do not commute.
Several of our previous properties of the time-development operator
follow immediately from the expression in Eq. (4.36):
Ult,to)" = Ulto, 1)
Ult, o)t = U(t, to) ! . unitary
Ult1,t2)U(ta, t3) = Ulta, t3) ; group property (4.37)

4.5 The S-Matrix

The interaction-picture state vector in the infinite future |Wy(+o00)) that
develops from the interaction-picture state vector in the infinite past
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|W1(—00)) is obtained with the scattering operator in Eq. (4.17)
W1 (400)) = S [T(—o0)) ; scattering operator (4.38)

Now, with the adiabatic damping factor, the interaction state vectors in
the infinite past and infinite future are simple, they are just the individual
non-interacting state vectors in Eq. (4.9), or linear combinations of them.
Thus, if one starts with one such prepared state |¥¢(—oc0)) = |¢;), and
asks for the probability for finding a particular state |1¢) in the final state
|U¢(+00)) that evolves, in the presence of all the interactions, from that
initial prepared state, one has

Pr; = |(7 W1 (+00)) | = [(v4]S |W1(—00))* = [(ws|Slwa)*  (4.39)

This is the probability of finding the initial state |¢;) in the final state |¢f)
after the scattering has taken place. Here |1);) and |¢)f) are eigenstates of
the free hamiltonian Hy. The amplitude for this process to take place is
given by the S-matrix

Sti = (W] S|w;) ; S-matrix (4.40)

It was argued in Vol. I that the general form of the S-matrix for a
scattering process is

Sfi = 5fi — 27Ti(5(Ef - EZ) Tfi (4.41)

where Tﬁ is the T-matrix. There will always be an energy-conserving delta
function here coming out of any calculation.!®
The probability of making a transition to a state f # ¢ is therefore

Py = |2mi6(Ey — E;)|?|Tys|*> 5 probability of transition (4.42)

It was argued in Vol. I that the square of the energy-conserving J-function
is to be interpreted as

L T2
h) 712
2T
—0
h

(Ef — E;)T ;T — o0 (4.43)

10Compare Eq. (4.53) and Prob. 4.8. In Vol. I we removed some additional factors in
the definition of the T-matrix element T'f; [see Eql. (7.36) and Eq. (7.38)].
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where 7 — oo is the total time the interaction is turned on. The transition
rate is then given by

Py
u}fi = ?
9 -
Wi = %(5(Ef — E)| Ty ; transition rate (f #14) (4.44)

This is the transition rate into one final state in the continuum. To get the
transition rate into the group of states that actually get into our detectors
when the states are spaced very close together, one must multiply this
expression by the appropriate number of states dny. To get a cross section,
one divides by the incident flux

dnf
Iinc

2 ~
do = %5(Ef — E)|Ty)? ; cross section  (4.45)

Some comments:

e All of these expressions were discussed and utilized frequently in Vol. I;

e Eq. (4.44) is the full expression for Fermi’s Golden Rule, to all orders
in the interaction;

e The derivation of the result for the transition rate involves some refine-
ment when adiabatic switching is invoked, in contrast to the sudden
turn-on and turn-off of the interaction in Vol. I; however, a proper
derivation of the transition rate in this case, which we shall subse-
quently carry out, gives essentially the same result

sz‘ = 5fi — 27T’i5(Ef — Ez)sz

9 .9 -
wpi = ﬁ(sﬁ Im7T;; + %(5(Ef — E;)|Tyi|* ; transition rate (4.46)

4.6 Time-Independent Analysis

We will now perform some formal manipulations on the above results. Let
us try to explicitly carry out the time integrations in the general term in the
S-matrix in Eq. (4.17), which we rewrite in its initial time-ordered form

NN 0o t P
<¢f’,§£n)’¢i>:(_%)/ e—e|t1|dt1/ e—e|t2|dt2,__/ oeltnl g

X <¢f‘€%H0t1 ﬁle_%HOtle%HOtQHAle_%HOtQ ...

- Hyem#Hotn—1 i Hotn [ o= Hotn |y (4.47)
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Here we have simply written out (1 ;| Hy(t1) - - - Hi(tn)[t;) in detail.
We will change variables in the integrals as follows

r1 =1t ;=1

To =12 — 1t ; to =1 + T2

r3 =tz —t2 ; t3 =21 + 22 + 23

xn:tn—tn_l ;tn:x1+x2+---+xn (448)

First, let the hamiltonians Hy on either end of the operator in Eq. (4.47)
act on [¢;) and |¢f), which are eigenstates of H, with eigenvalues Ey and
E; respectively. Equation (4.47) then can be written as

N7 0o t —
(150 o) = <_%> / e—€|t1dt1/ e—e|t2|dt2,__/ ocltnl gp

x () p|er (Bs~Bo)tr [, o= Holtr=t2) o7 Bo(t1—t2) ) o= 7 Ho(t2~t3) g3 Bo(t2—ts) ...
...e,%’ﬁo(tn_lftn)G%Eo(tn—lftn)ﬁl|¢i> (4.49)

Next, introduce the change in variables in Eqs. (4.48), starting from the
right

<¢f|§§n)|¢i> = (_%) / e (Br—Eo)zro=elza] go, »
0 X A
(s Hy / day et =7 (Bo—Ho)wa—elzataa|} fr o

0 ) .
/ d1'3 e{—%(Eo—Ho)$3—€|m1+$2+$3|} Hl N

— 0

i [ da e h G ) (050)
— 00

Now do all the integrals starting on the right, keeping all the other variables

fixed while so doing.

Consider the first integral over dx,, at fixed (z1,---,x,—1). What we
really need is Lim¢_.o (¢f |S’e(n) |1;). Since the damping factors are just there
to cut off the oscillating exponentials, we should get the same results no
matter how we go to that limit, if the theory is to make sense. We claim
that in the limit, we can replace e€l*1++znl = g€ in the integral over
Zn, since it is only important for very large negative x,,. Repetition of this
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argument, as we do the integrals from right to left, allows us to replace

Lim .o / ce /6—5|$1|6—€|$1+x2| . 6—e|m1+---mn| S
Lim 6_)0/.../e_5|w1|€€x2...65xn... (4.51)

The integrals now factor, and they can all be immediately carried out

(S i) = (—%) 2rhd(E; — Eg) X

1 - 1 N
- Hy -
_i(EO—HO)/h+€ —i(Eo—Ho)/h+€
1
—i(Ey — Ho)/h +e

<¢f|ﬁ1

HyJap;)
(4.52)

The operator H, appears n times in this expression. This equation has
meaning in terms of a complete set of eigenstates of Hy inserted be-
tween each term. With the redefinition eh = ¢, one arrives at the time-
independent power series expansion of the S-matrix

Lim. o (7| Se|vi) = (¥y[ths) — Lim._.q 27Ti5(Ef — Ep) X
(| Hy Z ( o +25H1) i) (4.53)

Several comments:

e The n = 0 term is exactly Fermi’s Golden Rule (see Vol. I);

e The +ie in the denominator, with the sign coming from the correct
convergence factor in the integrals, just determines the correct boundary
conditions to put in the Green’s function (see later);

e We have proceeded to take the e — 0 limit in the final factor

Lim€_>0/ day el 7 FBs=Bo)mi—eluill — 9r2p 5(E; — Ey) (4.54)

— 00

e The T-matrix can now be identified from Egs. (4.41) and (4.53)
= (g |T|hs)
T, H H )) 3 T-matrix (4.55
) = ol Y- (i) ) (4.5)
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e This last relation can be rewritten as
(Wl Tle) = (| Hylel )
o’} 1 . n
wﬁBEEj(——————HQ|m> (456)

n—0 Eo —ﬁo + 1€

We show below that this is indeed identical to the state WZ.(“L) ) pre-
viously introduced in Eq. (4.33). If the first term is separated out in
Eq. (4.56), and the series for ]1/1§+)> again identified in the second, this
relation can be rewritten as

|¢§+)) = i) + %f[ﬂzﬂf» ; Lippmann-Schwinger (4.57)
E() — H() + 1€

In this form, when projected into the coordinate representation, one

has an integral equation for |¢§+)>. This is the Lippmann-Schwinger

equation [Lippmann and Schwinger (1950)], which has a meaning that

extends beyond the power series expansion though which it has been

derived. Note that from Eq. (4.57), one observes

(o — Ho)l;™) = Hilw;™)
or (EO—FI)W,EH):O ; 2 — o0
e—0 (4.58)

Thus the state ]1/1§+)>, in the limits as the quantization volume 2 — oo,
and as the adiabatic damping factor ¢ — 0, is a scattering state that
is an eigenstate of the full H with eigenvalue Ey.'' This is the same
energy we started with at ¢ — —oo in the interaction picture.

e One therefore does not generate all of the eigenstates of H in this
manner, if there are bound states, but only the continuum scattering
states.!?

e The terms with n > 1 in Eq. (4.56) give the higher Born approximations
for the scattering amplitude. This is just “old-fashioned” perturbation
theory, except that with the +ic in them, we now know what to do
when the denominators vanish.

e People tried to do QED with this perturbation scheme; however, by
singling out the time integration, the scattering amplitude is no longer

I Although the dependence on € is not explicit, we know, for example, that with a
potential V' (7) in a big box with rigid walls there will be a finite shift in the energy levels
as the interaction is turned on; this energy shift only vanishes in the limit 2 — oo.

12The completeness relation is now >, |1/1£+))(1/1£+)| + 3 bnd states |¥0) (] = 1.
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explicitly covariant. Infinities arise from various sources, which are not
interpretable in a non-covariant approach. We will find that by leaving
the time integrations in, and starting from Eq. (4.17), we are able to

maintain a covariant, gauge-invariant S-matrix, which proves essential

to developing a consistent renormalization scheme.!3

4.7 Scattering State

The Heisenberg picture for the state vector is defined as follows

Uy) = enft |W(t)) ; Heisenberg picture (4.59)
Correspondingly, an operator in the Heisenberg picture is defined by
Oy = enHt O e wH1 ; Heisenberg picture (4.60)

It follows from Eq. (4.32) that the Heisenberg state vector is independent

of time!*

9
ih= [ W) = 0 (4.61)

The interaction-picture state vector is defined in Eq. (4.2). The state vec-
tors in all the different pictures coincide at t = 0

W) = |W(0)) = |¥1(0)) (4.62)

This provides further motivation for looking at the scattering state \¢§+)>
defined in Eq. (4.33) by

() = UL(0, —o00) 1) (4.63)

The nth order contribution to UE(O, —00) explicitly contains n powers
of IA{ 1

-\ " 0 t1 tn—1
Ue(")(o,—oo)m):(—%)/ e“ldtl/ edzdt2~~/ et dt,, x

i f A~ i f _ A~ _if _ _if _ 5 i
6hH0t1H16 + Ho(t: tz)Hle pHo(tz—t3) . =5 Ho(tn—1 tn)Hle hHOth}i)

(4.64)

13See the discussion in Vol. I.
14We remind the reader of the assumption, at this point, that H has no explicit time
dependence.
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In comparing with our starting point in Eq. (4.47) from which we proceeded
to explicitly carrying out the time integrations, we note two differences:

e All the times satisfy ¢ < 0, hence the adiabatic damping factors in all
cases become e~ €ltl = e€t

e There is no eigenstate [¢);) on the left, and hence the operator ffo on
the left can no longer be replaced by its eigenvalue EY.

We may proceed to change variables as in Eqs. (4.48)—(4.50). This time,
instead of e~¢l@1tzattznl for example, we have e¢(@1+z2++2n) 5o that
all the adiabatic damping factors can simply be moved to their appropriate
position in the multiple integral. Thus we arrive at

N 0 o A
00 0o = () [ ek oo min iy

0 i 0 o
/ iy e—Vew2 o (o= o) Ijll/ divs e—Dews g i (Ho—Eo)ea [T o ...

— o0 — o0

0 o R
Hl/ dz,, en et (Ho=Fo)zn Hi ;) (4.65)

— 00

All the integrals now explicitly factor, and they can immediately be done
just as before with the result

- 1 . 1 )
U™ (0, —o0) ) = —H, —
Ey— Hyp+ine Ey—Ho+i(n—1)
1 ~
PP S— - Y 4.66
By +ic (4.66)

Again, we are interested in the limit as ¢ — 0. Each of the ine in the
denominators, where n = (1,2,---,n), simply serves to define how one
treats the singularity in the individual Green’s functions.'® Hence, we can
simply replace them all by ie in the limit. Thus we indeed reproduce the
previously employed expression in Eq. (4.56)

) = 0.0, —00) 1)

oo n
1 A
—H W; ; scattering state (4.67
HZZO(EO—HOJM'& 1) i (467)

Again, by separating out the first term in the second line, and then re-

15They serve to define a contour in the evaluation of the Green’s functions (see later).
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identifying the series for |w§+)>, this can be rewritten as an integral equation

1

. — S IS 4.68
%_%+%ﬂ%> (4.68)

+
) = 1) +
and the integral equation has a meaning, even when the power series solu-

tion to it does not.

Let us also consider the fully interacting state |¢§c_)> = |\IJ‘If (0)) that as
t — 400 reduces to the state |¢f), so that |w§c_)> = U (0, +00)|1hy). If we go
back to Eq. (4.19), and go through the arguments leading from Eq. (4.64)

to (4.67), we see that the only changes are the replacements Ey — E; and
e — —¢ (see Prob. 4.3). Thus

0o 1 . n
— Z ( _ ‘ H1> |f) ; scattering state (4.69)

This can again be written as an integral equation, which has meaning even
when the power series solution for it does not

(- _ 1 (=)
Wf > - Wf> + Ef— lffo _ Z.€H1|¢f > (4~70)

The state [1)(t)) is known as the outgoing scattering state, and [)(7)) as
the incoming scattering state.'®

There are some important properties of these scattering states that fol-
low immediately:

(1) The unitarity of the U. operator implies that

@S0y = (3|00, —00)TUL (0, —00)|40s) = (tbir [1h3) = Girs (4.71)

Similarly!”

W) = 6y (4.72)

16The Green’s function in the former case has outgoing scattered waves, while in the
latter case they are incoming [compare Eq. (4.107) and Prob. 4.9].

17The completeness relation can also be written ¢ |7,Z)§f))<1/)§:)| + D bnd states
9o (p| = 1.
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(2) Furthermore, from Eq. (4.21) and the group property of U, it follows
that

(0§ >|¢<+>> (W f| (0, +00) T (0, —00) 1)

< f|U (400, —00)[1hs) (4.73)

Thus the inner product of W;c_)) and |¢§+)> is just the S-matrix!
W) = (WslSlw) 5 S-matrix (4.74)

(3) Since taking the adjoint merely reverses the order of the operators and
changes the sign of the ie, the T-matrix in Eq. (4.55) can also be written
in the case Ey = Ej as

) = ol () I

) nl T
1 A .
= (| LZZO (mHl) ] Hi|1y)
= () [H ) ; By = Ey (4.75)

(4) Thus, in summary, in addition to the explicit power-series expansions
in Egs. (4.53) and (4.55), we have expressions for the S-matrix and
T-matrix in terms of the incoming and outgoing scattering states that
are more general than the power-series solutions through which they
were derived

(WplSls) = ({7 ) . S-matrix
= (¢s|ys) — 2mi6 (B — Eo) (g |T|1;)
Wil Ty = (W B D) = W[ Hles) 5 T-matrix (4.76)

4.8 Transition Rate

We now calculate the transition rate directly, in the presence of the adia-
batic switching. The derivation is from [Gell-Mann and Goldberger (1953)],
in their classic paper on scattering theory. The only subtlety in the cal-
culation is identifying those expressions that are well-defined in the limit
¢ — 0, and knowing when to take that limit. This takes a little experience.

ADVANCED MODERN PHYSICS - Theoretical Foundations
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/physics/7555.html



Scattering Theory 87

The Schrodinger state vector at the finite time ¢ for a system that started
as [1;) at t — —oo is

Wi(1)) = e FW,(0)) = e~ FHU0(0, —00)ihi) = e~ F 1)y (4.77)

The states that one observes experimentally in scattering, decays, etc. are
the free-particle states

|Dy(t)) = e #Ert|yy) (4.78)

From the general principles of quantum mechanics, the probability of
finding the system in the state |®;(¢)) at the time ¢, if it started in [¢);) at
t — —o0, is then

Pri(t) = [(@ (&)W (1)) = [Mys(t)]” (4.79)

This is the probability of having made a transition to the state |®¢(t)) at
the time t. The transition rate is the time derivative of this quantity

d o

We will show that this transition rate is independent of time for times such

that || < 1/e. In the end, we will again let 2 — oo, and € — 0, where (2

is the quantization volume. Let us proceed to calculate the transition rate.
From Eqgs. (4.77)—(4.79) one has

Myit) = (@7 (D] ¥i(t)
= (¢y|eh Brte hHY ) (4.81)

This relation may be differentiated with respect to time to give

d 1 ~ i _if
- Myi(t) = — (| (H — Ep)eh Prie# Myt (4.82)

The observation that (H — Ef)[¢s) = (Ho 4+ Hy — Ef)|s) = Hy|ty) gives

d ) 7 A i T
S Myi() = =5 e P (| Hy e () (4.83)

Now Eq. (4.58) states that in the above limit

(Eo — M)y =0 L Q) — o0
e —0 (4.84)
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Use of this relation in Egs. (4.83) and (4.81) then gives

d U oi(p,_ 3
g Mri(t) = — R B g A )

Myi(t) = eRBr=Fo)t (g () (4.85)

Substitution of these relations into Eq. (4.80) then expresses the tran-
sition rate as

2 A
wps = 7 1m (g [ H o) o () (4.86)

This expression now has the following properties:

e It is independent of time;
o It is well-defined in the limit Q — oo, € — 0.18

From our previous analysis in Eqgs. (4.76) and (4.68), we have

(s | H ) = (s |Tlbi) = Tra

) = ) + ) (4.87)

Ey — ﬁ o + 1€
The inner product of the second relation with |¢f) gives

1 .

() _ , |
(el ) = (Wrlh) + B E i — T (4.88)

Substitution of this relation and the first of Egs. (4.87) into Eq. (4.86) then
gives

2 ~ 2 1 ~
i = =0pIm Ty + =Im ————— | Ty, | 4.89
wri = 70p:Im +hmE0—Ef—z'g|f| (4.89)
Finally, we make use of the relation
1 1 ,
=P—— +ind(Ep — E¥) (4.90)

Eo—Ef—iéf Eo—Ef

Here P denotes the Cauchy principal value, defined by deleting an infinites-
imal symmetric region of integration through the singularity, and then let-
ting the size of that region go to zero. Equation (4.90) is a statement on

18Here we will simply justify this observation a posteriori, through the many applica-
tions of the final expression. Note that by taking this limit too early in the derivation,
one can arrive at spurious results [for example, try substituting the second of Egs. (4.85)
into Eq. (4.79)].
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contour integration; it is derived in Prob. B.4. With the use of this relation,
Egs. (4.89) and (4.76) become

2 ~ 2 -
ﬁ(sfi Im T3 + %5(1?0 — E)|Tyi|>  ; transition rate

Spi = 0pi — 2mid(Eo — Ef)Tys ; S-matrix (4.91)

LUer' =

These expressions are exact. They are the results quoted in Eqgs. (4.46) and
used extensively in Vol. L.

4.9 Unitarity

The first term on the r.h.s. of wy; in Eq. (4.91) only contributes if f = i;
it is there to take into account the depletion of the initial state. Return to
Eq. (4.79). With the completeness of the states |®¢(¢)), and the normal-

ization of the state |¥;(t)), a sum over all final states gives!®

D Pri(t) =) (W)@ () (P r (1) T4 (1))
f f
= (W (t)|Wi(t)) = 1 (4.92)

This is the statement of conservation of probability—the initial state must
end up somewhere. The time derivative of this sum then vanishes

%pri(t) ZZ%Pﬁ(t) :waiZO (4.93)
f f f

Here the transition rate has been identified from Eq. (4.80). A substitution
of the expression for the transition rate in Eq. (4.91) into this relation then
gives

2 . 2 _
— I T = 2}; %5(Ef — Eo)|Tys? . unitarity  (4.94)

This relation for the imaginary part of the elastic T-matrix, reflecting con-
servation of probability and depletion of the initial state, is known as uni-
tarity.

9This sum now includes the state f = i; the reader should note that there is no sum
over the repeated index 4 implied in Eqs. (4.91) and (4.94).
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4.10 Example: Potential Scattering

To see one practical application of the preceding scattering theory, con-
sider the elastic scattering of a non-relativistic particle of mass m from a
spherically symmetric potential H; = V(|%|) in three dimensions. First we
calculate the Green’s function, or propagator.

4.10.1 Green’s Function (Propagator)

The Green’s function in this case is defined by the following matrix element
taken between eigenstates of position

1
Go(x—y) = (X| ——|y) ; Green's function  (4.95)
HO — EO — 1€
Here

-9 212

. b h2k
Hy = — By = 4.96
0 m ) 0 m ( )

As usual, we start in a big cubical box of volume €2 where the eigenstates
of momentum are plane waves satisfying periodic boundary conditions

plt) = htt)

(x[t) = by (x) = %e“'x . pbe. (4.97)

The eigenstates of momentum satisfy the completeness relation
D Iyt =1 (4.98)
t

Insert this expression in Eq. (4.95), and use Eqs. (4.96) and (4.97)

2m
G —y) = — t)———(t
o(x =) = 5 Dot t)
2m 1 it-(x—y) 1
=" tx-y) 4.
Qe 12— k2 — e (4.99)

We have redefined (2m/h?)e — ¢ in this expression.

Now take the limit as the volume {2 — oo, in which case the sum over
states becomes an integral, in the familiar fashion, Y, — Q(27)? [ d%¢.
In this limit

2m 1 34 it (x— 1
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It remains to do this integral. Take r = x — y to define the z-axis. Then
t-(x —y) = trcosf and d*t = t2dtd¢ sinf df. The angular integrations
are then immediately performed

27 T 1 .
| . i
/ dgb/ sin 6 df et eos? — 27r/ dr e = 4r2" (4.101)
0 0 1 tr

We are left with

2m 4w 1 [ 1
G — = ———- tdt sintr ———— 4.102
X =Y) = 77 @ry /0 St e (4102

Now write the integral as

~ o g |
/ tdt sintr --- = / tdt _.(e’bt’l” o e—ztr) .
0 0 21
1 [ ‘
= / tdt e - - (4.103)
21 J_ o

Here we have simple changed variables t — —t in the second term, and
combined it with the first (the rest of the integrand is a function of ¢2).
The required integral is then reduced to

om 4r 1 [ 1
Golx—y) = — — tdte" ————— r=x-1y (4.104
X =Y) = 77 Gn) 2r / g S rEXoy (4104)

— o0

where the integral now runs along the entire real ¢-axis. There is sufficient
convergence in the integrand that closing the contour with a semi-circle in
the upper-1/2 t-plane makes a vanishing contribution to the integral in the
limit as the radius R of that semi-circle becomes infinite.?° Thus the free
Green’s function has been reduced to a contour integral where the contour
C is that illustrated in Fig. 4.1.

The integral is then evaluated using the complex-variable techniques
summarized in appendix B. The integrand is an analytic function of ¢ except
at the poles where the denominator vanishes. That denominator can be
rewritten as

1 1
= 4.1
t2—k?>—ie  (t—k—ie)(t+k+ie) (4.105)

where we have again redefined ¢ — 2ke (here k > 0), and neglected O(g?).
The integrand thus has simple poles at ¢ = k+1¢ and t = —k —ie, only the
first of which lies inside C.

20See Prob. 4.4.
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t-plane

k+ie

X
-k-i€

Fig. 4.1 Contour for the evaluation of the Green’s function Go(x — y) in the complex
t-plane, together with the singularity structure arrived at with adiabatic damping. Here
R — 0.

The integral is then given by 27i x (residue at k). Thus

2m 4m 1 etkr
Go(x—y) = 2 2T~ oni (S 4.106
X =) = 77 @y 20r m( 2 ) (4.106)

Hence we arrive at our final result for the free Green’s function in potential

scattering

om eikr
h2 Anr
This is recognized as the familiar Green’s function for the scalar Helmholtz
equation (see [Fetter and Walecka (2003)]).

Go(x—y) = I T=X—Yy (4.107)

4.10.2 Scattering Wave Function

The scattering state \@DEJF)) can be similarly projected onto eigenstates of
position. With the use of the completeness relation for these eigenstates,
and the definition of the Green’s function in Eq. (4.95), one has?!

™) = i) = [ dPy

I @
A p Y V@ o) (4108)

With the definition (x|¢§+)) = ¢§+)(x)/\/§, this becomes an integral equa-
tion for the scattering wave function

() = %W(x)

B () = eex — / PyCo(x—y) V) e (y)  (4.100)

21'We have used V(|%X]) |y) = V(y) |y) where y = |y|; note the sign of the second term.
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4.10.3 T-matrix

The T-matrix can also be expressed in the coordinate representation as

Tyi = / By (&ely) V (y) (ylel) (4.110)

where the final state is now written explicitly as an eigenstate of momentum
1Yf) = |ky). With the introduction of the corresponding wave functions,
one has

~ 1 .
Ti= g [ @ve ™9 Vi) o) (4111)

4.10.4 Cross Section

The differential cross section follows from the transition rate according to
Eq. (4.45)

27
—0
h

dnf

do =
’ Iinc

(Ey — Eo)|Ty|?

(4.112)

In this expression:

(1) The incident wave function is 1);(x) = e***/+/Q. This yields an inci-
dent probability flux of

1 hk
Iine = =— 4.11
o (4.113)
(2) The number of final states in a big box with periodic boundary condi-
tions is
Q Q
dny = ——=d’ky = ——k}dky dS 4.114
nyg (27T)3 f (27‘()3 Fonf f ( )
(3) The integral over the energy-conserving delta function gives
/6(E C Rk, = 2 =k (a115)
f )R plhyf = 72 9 » IRfL = :
(4) A combination of the results in Eqs. (4.112)—(4.115) gives
do 21 Q mk||Qm]| =
4o _ 27 MEN 2 g2 4.116
Sy h[(27)3h2][hk]|f| (4.116)

The factors of €2 cancel, as they must, and the final result for the
differential cross section for elastic scattering of a particle of energy

ADVANCED MODERN PHYSICS - Theoretical Foundations
© World Scientific Publishing Co. Pte. Ltd.
http://www.worldscibooks.com/physics/7555.html



94 Advanced Modern Physics

Eo = h?k?/2m from the potential V (|x|) takes the form
do

_ 2
a©; |f (K, 0)
f0)= -0 [ By vV @)

The minus sign is conventional.
(5) The scattering wave function @bz&) (x) in this expression is the solution
to the integral equation

2m [ g e (+)

(+) _ ikx e

4.10.5 Unaitarity

The scattering amplitude f(k,0) and the T-matrix are related through
Egs. (4.117) and (4.111), and thus

2. - 47 h
it Ty = 2 P p(ks 411
7lm q o (k. 0) (4.119)
The unitarity relation in Eq. (4.94) states that
2 ~ 2w ~ 9

Within a factor of the incident flux, the r.h.s. of this relation is just the
total cross section oot Thus Eq. (4.120) can be rewritten as

2 ~ 1 hk
—ﬁIm Tii = Linc Otot = EEUtot (4-121)

A comparison of Egs. (4.119) and (4.121) then leads to the optical theorem

relating the imaginary part of the forward elastic scattering amplitude and

the total cross section?2

k
Im f(k,0) = 1 ot ; optical theorem (4.122)

The analysis of potential scattering in this section provides the under-
lying basis for the study of scattering in quantum mechanics, as presented,
for example, in [Schiff (1968)].23

2230 far, there is only elastic scattering in this potential model, but the optical theorem
is more general and holds in the presence of additional inelastic processes.

23Problems 1.1-1.5 in [Walecka (2004)] take the reader through the essentials of the
partial-wave analysis of the scattering problem.
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