Gauge Theories and the Standard

Model

In the first chapter, we focused on quantum field theories of free fermions. In order to
construct renormalizable interacting quantum field theories, we must introduce ad-
ditional fields. The requirement of renormalizability imposes two constraints. First,
the terms of the interaction Lagrangian must be no higher than mass dimension-
four. Thus, no (perturbatively) renormalizable interacting theory that consists only
of spin-1/2 fields exists, since the simplest interaction term involving fermions is a
dimension-six four-fermion interaction. Renormalizable interacting theories consist-
ing of scalars, fermions and spin-one bosons can be constructed. The vector bosons
must either be abelian vector fields or non-abelian gauge fields. This exhausts all
possible renormalizable field theories.

The Standard Model is a spontaneously broken non-abelian gauge theory contain-
ing elementary scalars, fermions and spin-one gauge bosons. Typically, one refers
to the spin-0 and spin-1/2 fields (which are either neutral or charged with respect
to the underlying gauge group) as matter fields, whereas the spin-1 gauge bosons
are called gauge fields. In this chapter we review the ingredients for construct-
ing non-abelian (Yang-Mills) gauge theories and their breaking via the dynamics
of self-interacting scalar fields. The Standard Model of fundamental particles and
interactions is then exhibited, and some of its properties are described.

4.1 Abelian Gauge field theory
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The first (and simplest) known gauge theory is quantum electrodynamics (QED).
This was a very successful theory that described the interactions of electrons,
positrons and photons. The Lagrangian of QED is given by:

L =—LF"F,, +i'5" D¢ +in' 5*Dyn — m(én + £ nh), (4.1.1)

where the electromagnetic field strength tensor F),,, is defined in terms of the gauge
field A, as

F=0,A, - 0,A,, (4.1.2)
and the covariant derivative D,, is defined as:

Dyth() = (9, + iequAu)ib(z) (1.1.3)
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where ¥(x) = £(z) or n(z) with ¢¢ = —1 and ¢, = +1. Note that we have written
eq. (4.1.1) in terms of the two-component charged fermion fields £ and 7. The
identification of these fields with the electron and positron (with corresponding
electric charges g, in units of e > 0) has been given in Section E.!

The QED Lagrangian consists of a sum of the kinetic energy term for the gauge
(photon) field, —%F v F'*Y and the Dirac Lagrangian with the ordinary derivative
0, replaced by a covariant derivative D,,. This Lagrangian is invariant under a local
U(1) gauge transformation:

Ay(x) = Ap(x) + 0uA(2) (4.1.4)
&(z) — explieA(z)]E(x), (4.1.5)
n(x) — exp[—ieA(x)]n(z) . (4.1.6)

The Feynman rule for electrons interacting with photons is obtained by taking
Gy = eqy for ¢ = § and 7 in eq. (2.6.1). That is, we employ G¢ = —G,, = —e in
the two-component Feynamn rules displayed in Fig. 2.6. One can easily check that
the corresponding four-component Feynman rule of Fig. 3.1 yields the well-known
rule for the eTe™v vertex of QED.

One can extend the theory above by including charged scalars among the possible
matter fields. For example, a complex scalar field ®(x) of definite U(1) charge ¢o
will transform under the local U(1) gauge transformation:

O(x) — exp|—ieqaA(2)]P(z) . (4.1.7)

A gauge invariant Lagrangian involving the scalar fields can be obtained from the
free-field scalar Lagrangian of eq. (3.0.3), by replacing 0, ®(z) with D,®(z) =
(0, + iege)®(x). One may also add gauge-invariant Yukawa interactions of the
form

Ly = —yip®ivr + hec., (4.1.8)

where ®; consist of either neutral or charged scalar fields and v; consist of neutral
Majorana () or charged Dirac pairs (£ and 1) of two-component fermion fields. The
(complex) Yukawa couplings y; . vanish unless the condition ga, + qy; + gy, = 0 is
satisfied, as required by gauge invariance.

4.2 Non-abelian gauge groups and their Lie algebras
|

Abelian gauge field theory can be generalized by replacing the abelian U(1) gauge
group of QED with a non-abelian gauge group G. We again consider possible matter
fields—multiplets of scalar fields ®;(x) and two-component fermion fields v;(z) [or

L It is a simple matter to rewrite eq. (4.1.1) in terms of the four-component spinor electron field.
Simply replace 9, ¥ (x) with D, ¥(x) in the Dirac Lagrangian [eq. (3.2.60)] with gy = —1 and
add the kinetic energy term for the gauge fields.
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equivalently, four component fermions W;(x)] that are either neutral or charged
with respect to G.

The symmetry group G can be expressed in general as a direct product of a finite
number of simple compact Lie groups and U(1). A direct product of simple Lie
groups [i.e., with no U(1) factors] is called a semi-simple Lie group. The list of all
possible simple Lie groups are known and consist of SU(n), SO(n), Sp(n) and five
exceptional groups (Ga, F4, Eg, E7 and Eg). Given some matter field (either scalar
or fermion), which we generically designate by ¢;(z), the gauge transformation
under which the Lagrangian is invariant, is given by:

¢i(x) — U (9)p;(x), i,j=1,2,...,d(R), (4.2.1)

where g is an element of G (that is, g is a specific gauge transformation) and U(g)
is a (possibly reducible) d(R)-dimensional unitary representation R of the group G.
One is always free to redefine the fields via ¢(x) — Vé(x), where V is any fixed
unitary matrix (independent of the choice of g). The gauge transformation law for
the redefined ¢(x) now has U(g) replaced by V~1U(g)V. If U(g) is a reducible
representation, then it is possible to find a V' such that the U(g) for all group
elements g assume a block diagonal form. Otherwise, the representation U(g) is
irredicible. The matter fields of the gauge theory generally form a reducible rep-
resentation, which can subsequently be decomposed into their irreducible pieces.
Irreducible representations imply that the corresponding multiplets transform only
among themselves, and thus we can focus on these pieces separately without loss
of generality.

The local gauge transformation U(g) is also a function of space-time position, .
Explicitly, any group element that is continuously connected to the identity takes
the following form:

U(g(x)) = exp[—iga A*(2)T], (4.2.2)

where there is an implicit sum over the repeated index a = 1,2,...,dg. The T
are a set of dg linearly independent hermitian matrices? called generators of the
Lie group, and the corresponding A%(x) are arbitrary a-dependent functions. The
constants g, (which is analogous to e of the abelian theory) are called the gauge
couplings. There is a separate coupling g, for each simple group or U(1) factor of
the gauge group G. Thus, the generators T'® separate out into distinct classes, each
of which is associated with a simple group or one of the U(1) factors contained in
the direct product that defines G. In particular, g, = ¢, if 7% and T? are in the
same class. If GG is simple, then g, = ¢ for all a.

Lie group theory teaches us that the number of linearly independent generators,
dg, depends only on the abstract definition of G (and not on the choice of repre-
sentation). Thus, d¢ is also called the dimension of the Lie group G. Moreover, the

2 The condition of linear independence means that c®*T% = 0 (implicit sum over a) implies that
c* =0 for all a.
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commutator of two generators is a linear combination of generators:
[T, T =i febere, (4.2.3)

where the ¢ are called the structure constants of the Lie group. In studying the
stucture of gauge field theories, nearly all the information of interest can be ascer-
tained by focusing on infinitesimal gauge transformations. In a given representation
R, one can expand about the d(R) x d(R) identity matrix any matrix representation
of a group element U(g(x)) that is continuously connected to the identity element:

U(g(w)) ~ Lyry — iga A" (2)T, (4.2.4)

where the T% comprise a d(R)-dimensional representation of the Lie group gener-
ators. Then, the infinitesimal gauge transformation corresponding to eq. (4.2.1) is
given by ¢;(z) = ¢i(x) + d¢i(z), where

doi(x) = —igaAa(:C)(Ta)ij(bj (). (4.2.5)

From the generators T, one can reconstruct the group elements U(g(x)), so it is
sufficient to focus on the infinitesimal group transformations. The group generators
T“ span a real vector space, whose general element is ¢*T'*, where the ¢* are real
numbers.? One can formally define a “vector product” of any two elements of the
vector space as the commutator of the two vectors. For example, using eq. (4.2.3),
it is clear that the vector product of any two vectors [c®T%,d"T?] is a real linear
combination of the generators, which is also an element of the vector space. Con-
sequently, this vector space is also an algebra, called a Lie algebra. Henceforth, the
Lie algebra corresponding to the Lie group G will be designated by g. A Lie algebra
has one additional important property:

(T, [T°, 7)) + [T°,[T°, 7] + [T°,[T*, T"]] = 0. (4.2.6)

This is called the Jacobi identity, and it is clearly satisfied by any three elements
of the Lie algebra.

If the symmetry group G is a direct product of simple Lie group and U(1) factors,
then its Lie algebra g is a direct sum of a finite number of simple Lie algebras and
u(1).* A direct sum of simple Lie algebras [i.e., with no u(1) factors] is called a semi-
simple Lie algebra. If 7% and T belong to different classes (i.e., different factors of
the direct sum), then [T%, T?] = 0. Equivalently, f*¢ = 0 if 7%, T* and T do not
all belong to the same class.

In the next section, we will see that the gauge fields transform under the adjoint
representation of the (global) gauge group. The explicit matrix elements of the

3 With the T® hermitian, we require the c® to be real in order that U(g) be unitary. Then, the
T% span a real Lie algebra. Mathematicians consider the elements of the real Lie algebra to be
1c®T*, with anti-hermitian generators ¢T'*. Note that for real Lie algebras, the representation
matrices for 7% (or ¢7*) may be complex or quaternionic.

The Lie algebra u(1) is equivalent to the vector space of real numbers. The vector product is
the commuatator, which vanishes for any pair of u(1) elements. Thus, u(1) is an abelian Lie
algebra.
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adjoint representation generators are given by
(Ta)bc = _ifabc a, b, Cc = 1, 2, ey dG . (427)

Thus, the dimension of the adjoint representation matrices coincides with the num-
ber of generators, dg. Hence, we shall often refer to the indices a,b, ¢ as adjoint
indices. For real Lie algebras, the fu. are real numbers. Note that fope = — fach
[as a consequence of eq. (4.2.3)], so that in the adjoint representation the iT% are
real antisymmetric matrices. The representation matrices of the corresponding Lie
group elements [eq. (4.2.2)] are therefore real and orthogonal. Thus, the adjoint
representation provides a real representation of the Lie group and Lie algebra.

The choice of basis vectors (or generators) T is arbitrary. Moreover, the values
of the structure constants f**° also depend on this choice of basis. Nevertheless,
there is a canonical choice which we now adopt. The generators are chosen such
that:

Tr(TT?) = TR, (4.2.8)

where Tk depends on the irreducible representation of the 7%. Having chosen this
basis, there is no distinction between upper and lower adjoint indices.> Moreover,
in this basis the f*¢ are completely antisymmetric under the interchange of a, b
and ¢.% One can show that once T is chosen for any one non-trivial irreducible
representation R, then the value of Tk for any other irreducible representation is
fixed. Corresponding to each simple real (compact) Lie algebra, one can identify
one particular irreducible representation, called the defining representation (some-
times, but less accurately, called the fundamental representation); the most useful
examples are listed in Table 4.1. For the defining (or fundamental) representation
(which is indicated by R = F'), the conventional value for T is taken to be:

Tr=73. (4.2.9)

As noted above, the basis choice of eq. (4.2.8) with the normalization convention
given by eq. (4.2.9) determines the value of Tk for an arbitrary irreducible repre-
sentation R. The quantity Tr/TF is called the index of the representation R.

For the record, we mention two other properties of Lie algebras that will be
useful in this book. First, given any semi-simple Lie algebra g and a corresponding
irreducible representation of anti-hermitian generators 7%, one can always find an
equivalent representation VTV for some unitary matrix V. There exists some
choice of V' (not necessarily unique) that maximizes the number of simultaneous
diagonal generators, V~'T%V. This maximal number rg, called the rank of g, is
independent of the choice of representation, and is a property of the abstract Lie
algebra. The ranks of the classical Lie algebras are given in Table 4.1.

Second, a Casimir operator is defined to be an operator that commutes with

5 More generally, in an arbitrary basis, Tr(T*T?) = Trg?®, where g is the Cartan-Killing form
(which can be used to raise and lower adjoint indices).

6 By definition, f®¢ is antisymmetric under the interchange of a and b. But the complete anti-
symmetry under the interchange of all three indices requires eq. (4.2.8) to be satisfied.
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Table 4.1 Simple real compact Lie algebras, g, of dimension dg and rank 7¢.

+n. The defining

Note that [$n] indicates the greatest integer less than

representation refers to arbitrary linear combinations ic®T®, where the c® are
real and the 7'* are the generators of G.

g da ra defining representation for i7%
so(n) in(n—1) [3n] n X n real antisymmetric
su(n) n?—1 n—1 n X n traceless complex anti-hermtian
sp(n) n(2n+ 1) n n X n quaternionic anti-hermitian

all the generators T* of G. One can prove that a simple Lie algebra of rank rg
possesses rg independent Casimir operators. The most important of these is the
quadratic Casimir operator, which is defined by:

(T?) = (T*)M(T“)W = Créi . (4.2.10)

Any operator that commutes with all the generators must be a multiple of the
identity (by Schur’s lemma). The coefficient of §;7 depends on the representation R
and is denoted by C'r. By multiplying eq. (4.2.10) by 4,, one derives an important
theorem:

Trde = Crd(R), (4.2.11)

where d(R) is the dimension of the representation R. Note that for the adjoint
representation (R = A), d(A) = dg, so that C4 = T4. As an example, for SU(n),
Table 4.1 yields dg = n? — 1 and d(F) = n. Using eq. (4.2.9), one the obtains
Cr = (n? —1)/(2n). From an explicit representation of the f2 for SU(n), one can
also derive Cy = T4 = n.

4.3 Non-abelian gauge field theory

In order to construct a non-abelian gauge theory, we follow the recipe presented in

the case of the abelian gauge theory. Namely, we introduce a gauge field A, and a

covariant derivative D,,. By replacing 0,, with D, in the kinetic energy terms of the

matter fields and introducing an appropriate transformation law for A,,, the result-

ing matter kinetic energy terms are invariant under local gauge transformations.
As an example, consider a scalar field theory with the Lagrangian

&L = (0,9,)1(0"®;) — V(®,07), (4.3.1)

where the scalar potential V is invariant under gauge transformations, ®;(z) —
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Ui (g)®;(x); that is,

VU, (UR)) =V (D). (4.3.2)
Although .Z is invariant under global gauge transformations, the kinetic energy
term is not invariant under local gauge transformations due to the presence of
the derivative. In particular, under local gauge transformations 0,® — 0,(U®) =

U0, ®+(0,U)®. We therefore introduce the covariant derivative acting on a matter
field that transforms according to some representation R of the symmetry group

G:
(D*)i? = 670" +iga Al (z)(T)i7 a=1,2,...,dq, (4.3.3)

where the flavor indices i, j = 1,2,...,d(R). If the symmetry group is simple, then
ga = g. Otherwise g, = g3 if and only if 7% and T® belong to the same simple Lie
algebra [or u(1) factor] in the direct sum decomposition of the Lie algebra g.

By introducing a suitable transformation law for AZ(:U), one can arrange D, ® to
transform under a local gauge transformation as

D,® - UD,®, (4.3.4)
in which case,
& = (D,®;)"(D'®;) — V(®, dT) (4.3.5)

is invariant under local gauge transformations.
The transformation law for Af,(z) is most easily expressed for the matrix-valued
gauge field”

Au(z) = go AL ()T (4.3.6)
Under local gauge transformations, the matrix-valued gauge field transforms as
A, = UAU —iU(0,U ). (4.3.7)
Using eq. (4.3.7), one quickly shows that D, ® transforms as expected:
D,® = (9, +iA,)® — [0, +iUAU ' +U©O,U U

=UD,® + [0,U +U(@,U U] ®

=UD,®. (4.3.8)

In the last step, we noted that
U+ U0, U U = [(8,U) U +U(0,U U (4.3.9)
= [0, (UU Y] U =0, (4.3.10)

since UU ! = 1.
It is also useful to exhibit the infinitesimal version of the transformation law, by

7 The matrix-valued gauge field that one employs in the covariant derivative depends on the
representation of the matter fields on which the covariant derivative acts.
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taking the infinitesimal form for U [eq. (4.2.4)]. This allows us to directly write
down the transformation law Af(z) — Af(z) + 6 A}, (x), where

SAS = go f*°APAS + 0, A" = DIPAP (4.3.11)
and
Dzb = (SabaH +gafabcAz (4312)

is the covariant derivative operator applied to fields in the adjoint representation
[i.e., insert eq. (4.2.7) for the T* in eq. (4.3.3)]. In particular, under global gauge
transformations, the gauge fields Ay, (z) transform under the adjoint representation
of the gauge group.

To complete the construction of the non-abelian gauge field theory, we must
introduce a gauge invaraint kinetic energy term for the gauge fields. To motivate
the definition of the gauge field strength tensor, we consider [D,,, D, ] acting on @,

[Dy,D,]® = [0, +iA,, 0, +iA,]D
= i{0uAy — 0L AL +i[Au, A} (4.3.13)

Thus, we define the matrix-valued gauge field strength tensor F,, = g, F);, T" as
follows:

[D,,, D,| = iF,, . (4.3.14)

Using eq. (4.3.13) and the commutation relations of the Lie group generators, it
follows that

Ff, = 0,A7 — 0,A% — ga [ A} A5 (4.3.15)

Under a gauge transformation, the transformation law for F),, is easily obtained.
Starting with ® — U® and D, ® — UD,® [eq. (4.3.4)], it follows that [D,, D, | ® —
U[D,, D,]®. One then easily derives F},,® — UF,,,® = (UF,,U~")U®. That is,

F.,—UF, U, (4.3.16)

which is the transformation law for an adjoint field. The infinitesimal form of
eq. (4.3.16) is F,,, — F,,, + 0F),,,, where

SF,(x) = gaf*°A°FS, (2) . (4.3.17)

Note that in an abelian gauge theory, UFW,U_1 = UU_lFW = F},, so that F*
is gauge invariant (i.e., neutral under the gauge group). For a non-abelian gauge
group, £}, transforms non-trivially; i.e., it carries non-trivial gauge charge.

We can now construct a gauge-invariant kinetic energy term for the gauge fields:
1

fgauge = 4_TR Tr(FuVFHV) . (4318)

Using eq. (4.3.16), we see that Zyauge is gauge invarinat due to the invariance of
the trace under cyclic permutation of its arguments. In light of,

Tr(F,, F*) = Fp, F*° Te(TT") = TrEFj, F*° (4.3.19)
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the form for Zyauge does not depend on the representation R and we end up with:

— 1 pa pppva
Loange = — 7L, I

= — (04 AL = O AY, — gu f*C AL A (DM AT — 9V AR — g, fUALAY).
(4.3.20)

Thus, for non-abelian gauge theories (in contrast to abelian gauge theories), the
gauge kinetic energy term generates three-point and four-point self-interactions
among the gauge fields.

To summarize, if Latter 1S invariant under a group G of global (gauge) trans-
formations, then

L = ggauge + gmatter(au — DH) (4321)

is invariant under a group G of local gauge transformations. Above, £ atter cONtains

a sum of kinetic energy terms of the various scalar and fermion matter multiplets,

each of which transforms under some irreducible representation of the gauge group.

In these terms, we replace the ordinary derivative with D,, = 0, +1g,A;;T* and use

the matrix representation 7'® appropriate for each of the matter field multiplets.
Note that there is no mass term for the gauge field, since the term:

Lrnass = 3m° AL AN (4.3.22)

would violate the local gauge invariance. This is a tree-level result; in the next
section we will discusee whether this result persists to all orders in perturbation
theory.

4.4 Feynman rules for Gauge theories
|

The Feynamn rules for the self-interactions of the gauge fields and for the inter-
actions of matter are simple to obtain. The triple and quartic gauge boson self-
couplings follow from the the form of the gauge kinetic energy term [eq. (4.3.20)].
The interactions of the gauge bosons with matter are derived from the matter
kinetic energy terms. For example, after replacing the ordinary derivatives with
covariant derivatives in the scalar field kinetic energy terms, the gauge field depen-
dence of D,, generates cubic and quartic terms that are linear and quadratic in A,,.
A similar replacement in the fermion field kinetic energy terms yields interactions
between the fermions and gauge boisons that are linear in A, as exhibited by the
Feynmen rules previously given in Figs. 2.6—2.8 [see also Figs. 3.1 and 3.2].
However, an apparent problem is encountered when one tries to obtain the Feyn-
man rule for the gauge boson propagator. In general the rule for the tree-level
propagator is obtained by inverting the operator that appears in the part of the
Lagrangian that is quadratic in the fields. In the case of gauge fields, this is the
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kinetic energy term, which we can rewrite as follows
_%(5;»145 — 0, Aj) (0" AV — 9" AMY)
= $A%(g" 0 - 9"9")A; + total divergence. (4.4.1)

Note that the total divergence does not contribute to the action. However, a more
significant observation is that (¢**0—0"9")0, = 0, which implies that g"*0—0"9"
has a zero eigenvalue and therefore is not an invertible operator.

The solution to this problem is to add the so-called gauge-fixing term and the
Faddeev-Popov ghost fields (anticommuting adjoint fields w® and w**). The jus-
tification of this procedure can be found in the standard quantum field theory
textbooks (and is most easily explained using path integral techniques). Here, we
take a more practical view and simply note that the following Yang-Mills (YM)
Lagrangian

Lyv = = F, FY = - (0,AL) + 0"wi Dby, (4.4.2)

1
28
is invariant under a Becchi-Rouet-Stora (BRS) extended gauge symmetry, whose
infinitesimal transformation laws arge given by:

SAS = eD%wy (4.4.3)
Owg = %egafabcwbwc, (4.4.4)
dw, = —%eaﬂAg, (4.4.5)

where € is an infinitesimal anticommuting parameter. Note that the gauge trans-
formation function A*(x) in eq. (4.3.11) has now been promoted to a field w®(z),
whose transformation law is given above. Eq. (4.4.2) generates new interaction
terms involving the gauge fields and Faddeev-Popov ghosts. The Faddeev-Popov
ghosts can therefore appear inside loops of Feynman diagrams. One can show that
any scattering amplitudes that involve only physical particles as external states
satisfy unitarity. Hence the theory based on eq. (4.4.2) is consistent.

In particular, due to the gauge-fixing term (the term that involves the gauge-
fixing parameter £), one observes that the part of the Lagrangian quadratic in the
gauge fields has changed, and the propagator can now be defined. Converting to
momentum space, the Feynman rule for a non-abelian gauge boson propagator is:

—»q _Z'(Sab

e
— G 1—
OO0 000 | +(1-9) 7z
a, [ b,v

The Feynman gauge (£ = 1) and the Landau gauge (£ = 0) are two of the more
common gauge choices made in practical computations. Of course, any physical
quantity must be independent of €. This provides a good check of Feynman diagram
computations of graphs in which internal gauge bosons propagate. Note that the
above considerations also apply to abelian gauge theories such as QED. In this case,



112

Gauge Theories and the Standard Model

one can introduce ghost fields to exhibit the extended BRS symmetry. However,
within the class of gauge fixing terms considered here, the ghost fields are non-
interacting (since the photon does not carry any U(1)-charge) and hence the ghosts
can be dropped. The photon propagator still takes the form above (but with the
factor of §%° removed).

Finally, let us examine the question of the gauge boson mass. We know that
the gauge boson is massless at tree-level. But, can one generate mass via radiative
corrections? One must compute the gauge boson two-point function (which corre-
sponds to the radiatively-corrected inverse propagator) and check to see whether
the zero at ¢®> = 0 (corresponding to a zero mass gauge boson) is shifted. Summing
up the geometric series yields an implicit equation for the fully radiatively-corrected
propagator 2" (q):

9" (q) = D" (q) + D"(q)illx (9) 27 () , (4.4.6)
where D" (q) is the tree-level gauge field propagator and i11#¥(q) is the sum over all
one-particle irreducible (1PI) diagrams (these are the graphs that cannot be split
into two separate graphs by cutting through one internal line). The Ward identity

of the theory (a consequence of gauge invariance) implies that ¢, IT"" = ¢, II"" = 0.
It follows that one can write:

iy (q) = —i(¢?g" — ¢"¢")11(¢?)5"". (4.4.7)

After Multiplying on the left of eq. (4.4.6) by D~! and on the right by 27! (where,
e.g., D;AlD’\” = g;,), one obtains:

Dyor (@) = Dyy(q) — il (q) - (4.4.8)

It is convenient to decompose D, (¢) and Z,,,(¢) into transverse and longitudinal
pieces. For example,

4uqv ququ
Dyuu(q) = D(q?) (g,w — Z—2> +D® (q2)’;—2 : (4.4.9)
Similar decompositions of the inverses D} (¢) and Z,,}(q) are easily obtained; for
example,
- 1 4uqv L 4y
D (@) = = | guv — = . 4.4.10
Qv (Q) D(qg) (gﬂ q2 ) + D(E)(q2) q2 ( )
Since I, (q) is transverse [eq. (4.4.7)], one easily concludes from eq. (4.4.8) that
O (2) = DO(g2) = & 4411
7(a”) () = 577% (4.4.11)
771q*) = D7 (¢*) +ig°I(q?) (4.4.12)
Using D~1(¢?) = iq?, we conclude that®
—i ¢"q"\ _ i€q"q”
D () = —— (g‘“’ - ) _RTq 4413
RN e ) #) a19)

8 We have dropped the explicit +ie that is associated with the pole of the propagator.
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Thus, the pole at ¢? = 0 is not shifted. That is, the gauge boson mass remains zero
to all orders in perturbation theory.

This elegant argument has a loophole. Namely, if I1(¢?) develops a pole at ¢> = 0,
then the pole of 2#¥(q) shifts away from zero: I1(¢?) ~ —m?/q¢? as ¢*> — 0 implies
that 2(¢%) ~ —i/(q*> — m?). This requires some non-trivial dynamics to generate a
massless intermediate state in I, (g). Such a massless state is called a Goldstone
boson. The Standard Model employs the dynamics of elementary scalar fields in
order to generate the Goldstone mode. We thus turn our attention to the vector
boson mass generation mechanism of the Standard Model.

4.5 Spontaneously broken gauge theories
|

Start with a non-abelian gauge theory with scalar (and fermion) matter, given by
eq. (4.3.21). The corresponding scalar potential function must be gauge invariant
[eq. (4.3.2)]. In order to identify the physical scalar degrees of freedom of this model,
one must minimize the scalar potential and determine the corresponding values of
the scalar fields at the potential minimum. These are the scalar vacuum expectation
values. Expanding the scalar fields about their vacuum expectation values yields
the tree-level scalar masses and self-couplings. However, in general the scalar fields
are charged under the global symmetry group G, in which case a non-zero vacuum
expectation value would be incompatible with the global symmetry.

4.5.1 Goldstone’s theorem

In the absence of the gauge fields, Goldstone proved the following theorem:

Theorem: If the Lagrangian is invariant under a continuous global symmetry
group G (of dimension dg), but the vacuum state of the theory is not invariant un-
der all G-transformations, then the theory exhibits spontaneous symmetry break-
ing. In this case, if the vacuum is invariant under all H-transformations, where H
is a subgroup of G (of dimension dy), then we say that the gauge group G is spon-
taneously broken down to H. The physical spectrum will then contain n massless
scalar excitations (called Goldstone bosons) where n = dg — dg.

Goldstone’s theorem can be proved independently of perturbation theory [1, 2].
However, it can be demonstrated rather easily with a tree-level computation. Let
¢i(z) be a set of n = d(R) hermitian scalar fields.” The scalar Lagrangian

L = 5(0u9:)(0"di) — V(¢s) (4.5.1)
is assumed to be invariant under a compact symmetry group G, under which the
scalar fields transform as ¢; — Q;7¢;, where Q is a real representation R of G. Using
a well-known theorem, all real representations of a compact group are equivalent

9 Classical real scalar fields are promoted to hermitian scalar field operators in quantum field
theory.
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(via a similarity transformation) to an orthogonal representation. Thus, without loss
of generality, we may take Q to be an orthogonal n x n matrix. The corresponding
infinitesimal transformation law is

5¢i(z) = —ig A (T") i ¢ (), (4.5.2)

where g, and A* are real and the 7% are imaginary antisymmetric matrices. One
can check that the scalar kinetic term is automatically invariant under O(n) trans-
formations. The scalar potential, which is not invariant in general under the full
O(n) group, is invariant under G [which is a subgroup of O(n)] if the following
condition is satisfied:

aVv

V(o +08) = V(9) + 50

b = V(9). (4.5.3)

The first (approximate) equality above is simply a Taylor expansion to first order
in the field variation, while the second equality imposes the invariance assumption.
Inserting the result for d¢;(x) from eq. (4.5.2), it follows that:

%(T“)ﬂ@ =0. (4.5.4)

Suppose V(¢) has a minimum at (¢;) = v;, which is not invariant under the
global symmetry group. That is,

Qij’Uj >~ (5ZJ — Z.gaAa(Ta)ij) Uj }é Vi . (455)

It follows that there exists at least one a such that (T%v); # 0, and we conclude that
the global symmetry is spontaneously broken. In general, there is a residual sym-
metry group H whose Lie algebra b is spanned by the maximal number of linearly
independent elements of the Lie algebra g that annihilate the vacuum expectation
value v. That is, we choose a new basis of generators for the Lie algebra g (which
we denote by 7), such that

(T%); =0, a=1,2,...,dg, (4.5.6)
(T%); #0, a=dy+1,dg+2,...,da, (4.5.7)

where dp is the dimension of H, which is identified as the maximal unbroken
subgroup of G. Eqgs. (4.5.6) and (4.5.7) define the unbroken and broken generators,
respectively. We then say that the symmetry group G is spontaneously broken down
to the group H.

Now, shift the field by its vacuum expectation value:

¢i = vi + @i, (4.5.8)
and express the scalar Lagrangian in terms of the ¢;
2L = 5(0upi)(0"¢i) = M 0105 + O(9%), (4.5.9)

where we have made use of the scalar potential minimum condition, (OV/9¢;) ¢, =y, =
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0, and

92V
2 = —_—
M3, = <8¢i8¢j)¢l_w : (4.5.10)

The terms cubic and higher in the ¢; do not concern us here. Since V' must satisfy
eq. (4.5.4), we can differentiate eq. (4.5.4) with respect to ¢y, and then set all ¢; = v;.
Invoking the scalar potential minimum condition, the end result is given by

M2(T*); = 0. (4.5.11)

Hence, for each broken generator [see eq. (4.5.7)], (T%v); is an eigenvector of M2
with zero eigenvalue. The corresponding eigenstates can be used to identify the
linear combinations of scalar fields ¢; that are massless. These are the Goldstone
bosons, G, x i%i‘;vj. Clearly, there are dg — dp independent Goldstone modes,
corresponding to the number of broken generators.

4.5.2 Massive gauge bosons

If a spontaneously broken global symmetry is promoted to a local symmetry, then
a remarkable mechanism called the Higgs mechanism takes place. The Goldstone
bosons disappear from the spectrum, and the formerly massless gauge bosons be-
come massive. Roughly speaking, the Goldstone bosons become the longitudinal
degrees of freedom of the massive gauge bosons. This is easily demonstrated in
a generalization of the tree-level analysis given previously. If the scalar sector of
eq. (4.5.1) is coupled to gauge fields, then one must replace the ordinary derivative
with a covariant derivative in the scalar kinetic energy term:

L = 5[0u0i +igaAL(T) §51[0"di + ign A (T"): 1] . (4.5.12)

As above, the ¢;(x) are real fields and the T are pure imaginary antisymmetric
matrix generators corresponding to the representation of the scalar multiplet. It is
convenient to define real antisymmetric matrices

Lo =ig,T". (4.5.13)

If we expand the ¢; around their vacuum expectation values [eq. (4.5.8)], then
eq. (4.5.12) yields a term quadratic in the gauge fields:

gmass = %MgbAZAMb, (4514)
where

M2, = (Lqv, Lyv) (4.5.15)

a

is the gauge boson squared-mass matrix. Here, we have employed a convenient
notation where:

(z.y) = 3 _wibi- (4.5.16)
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If Lov # 0 for at least one a, then the gauge symmetry is broken and at least one
of the gauge bosons acquires mass. The gauge boson squared-mass matrix is real
symmetric, so it can be diagonalized with an orthogonal similarity transformation:

OM?*0OT = diag (0,0,...,0, m?,m2,...). (4.5.17)
The corresponding gauge boson mass-eigenstates are:
Al = 0, A (4.5.18)

Indeed, one can easily check that M2 A%AM = 7 mig‘ﬁfl‘“’. Likewise, we may
define a new basis for the Lie algebra:

Lo=OuLy. (4.5.19)

It then follows that:
(OM207T) 0y = (Lav, Lyv) = m28ap - (4.5.20)
In particular m2 = 0 when zav =0fora=1,...,dy (corresponding to the unbro-

ken generators) and m?2 # 0 when Lov#0fora=dyg+1,...,dg (corresponding
to the broken generators). That is, there are dg — dy massive gauge bosons.?
It is instructive to revisit the scalar Lagrangian:

L = 1Oubi + (L) ALH)) (0" 65 + (L) FALd) — V(6). (4521

Note that the covariant derivative D,, = 9, + LaAZ can also be written in terms of

gauge boson mass eigenstates AZ if the new generators Za are also employed, due
to the identity:

LoA% = 04cOap LAl = LA, . (4.5.22)

Expanding the scalar fields in eq. (4.5.21) around their vacuum expectation values
[eq. (4.5.8)], and identifying the gauge boson mass eigenstates (while not displaying
terms cubic or higher in the fields), we find:!!

L = §(9up) (0" i) + smo AL AV
+%(Zagﬁv, ") + (O, Zagﬁv) +...

= 1(0,G")(0"G®) + tm2 A% AM® 4+ m A% Gy + ..., (4.5.23)
where there is an implicit sum over the thrice repeated index a and
1 ~
Go = — (Lav, ), [no sum over q . (4.5.24)
Mq

We recognize G, as the Goldstone bosons that appeared in the scalar theory with
a spontaneously broken global symmetry [see eq. (4.5.11) and the discussion that

10" The number of massive gauge bosons, or equivalently the number of broken generators, is equal
to the dimension of the coset space G/H.

11 Terms involving the physical scalars are also omitted here. These terms will be addressed in
Section 4.5.4.
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follows]. Here, the normalization of the Goldstone field has been chosen so that G°
possesses a canonically normalized kinetic energy term.

The coupling m,Aj;0"G, provides an explanation for the vector boson mass
generation mechanism. Namely, this coupling yields a new interaction vertex in the
theory:

k
—_—
OO -~ - - - k5
a, b

We can then evaluate the contribution of an intermediate Goldstone propagator to
i (q):

k
E—
“00000® ----<%00000"
a, [ a,v
o N o kFEY
i (k) = m2 k" (—k )ﬁ—l—...:—zmi ERREEE (4.5.25)

where terms that are finite as k2 — 0 are indicated by the ellipsis. That is, the
Feynman diagram above is the only source for a pole at k% = 0 at this order in
perturbation theory. But, gauge invariance requires:

AT (k) = i(k"E — kg )TI(K?) . (4.5.26)
It therefore follows that
2
-m;
(k%) ~ el (4.5.27)

and (up to an overall wave function renormalization that we absorb into the defi-
nition of the renormalized Z),
1 1

TRATOE)] R —m2

D(k?) (4.5.28)

We say that the gauge boson “eats” or absorbs the corresponding Goldstone boson
and thereby acquires mass via the Higgs mechanism.

4.5.3 The unitary and R, gauges

The spontaneously broken non-abelian gauge theory Lagrangian contains Goldstone
boson fields. However, as we shall now demonstrate, the Goldstone bosons are gauge
artifacts that can be removed by a gauge transformation. Consider the transforma-
tion law for the shifted scalar field, @;(x) = ¢;(x) — v;. Promoting eq. (4.5.2) to a
local gauge transformation, where A* = A%(x), and noting that dv; = 0,

dpi = —A(pi +vi), (4.5.29)
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WhereNA~ = igT*AN* = L A% If we define AT = OuA®, then we can also write
A = L, A% Then, under a gauge transformation, the Goldstone field [eq. (4.5.24)]
transforms as G, — G, + 6G,, where

1~ 1~
0Go = — (Lqv,d¢) = ———(Lav, Ap + Av)
Ma Ma
__L.5 L7 7 Rkb
= (Lqv, Ap) o~ (Lqv, Lyv)A
= —L(Zav, Ap) — maAq (4.5.30)
m

a

after using eq. (4.5.20) for the gauge boson masses. Note that the second term
in the last line above, ma1~\a, is an inhomogeneous term independent of . As a
result, one can always find a A,(x) such that G, + 6G, = 0. That is, a gauge
transformation exists'? in which the Goldstone field is completely gauged away to
zero. The resulting gauge is called the unitary gauge.

So far, we have not mentioned the gauge fixing term and Faddeev-Popov ghosts.
In spontaneously-broken non-abelian gauge theories, the R¢-gauge turns out to be
particularly useful.!® The R¢-gauge is defined by the following gauge-fixing term:

1 ~ ~ 2
Lor = —o [04AL — ¢ (Lav, )

28
_ - 2
:_%@wmﬁw%@wwm—&?Gﬁm (4.5.31)

after using eq. (4.5.24). At this point, we notice that the term maGa(B”EZ) of
eq. (4.5.31) combines with maﬁzaﬂaa of eq. (4.5.23) to yield

Ma[Gad" A% + AL Go) = mad* (G, AL) (4.5.32)

which is a total divergence that can be dropped from the Lagrangian. One must
also include Faddeev-Popov ghosts [5]:

Lrp = G“wZDzbwb — Ewr M2 wy — Egagpwiwp (@, TPT™), (4.5.33)

Dﬁb is defined in eq. (4.3.12) and leb is the gauge boson squared-mass matrix
leq. (4.5.15)].

In the R¢ gauges, the Feynman rules for the massless and massive gauge boson
propagators take on the following form, respectively:

12 In a general non-abelian gauge theory, the gauge transformation that eliminates the Goldstone
fields Gq () [for all values of x] cannot be explicitly exhibited [3]. Nevertheless, one can prove
that such a gauge transformation must exist [4].

13 The R stands for renormalizable, and & is the gauge fixing parameter. In the R¢-gauges, the
theory is manifestly renormalizable although unitarity is not manifest and must be separately
proved. The opposite is true for the unitary gauge.
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—q> Z'(Sab +(1 Qs
AN porrll /T S
q? + e In ¢ q?
Qi b,v
—q> _Z'(Sab quq
T g, (1 - )T
SR EER qg_mgﬂ-e{ u +( €>q2_§mgj
a,p b,v

Above, the massless gauge bosons are indicated by wavy lines, and the massive
gauge bosons are indicated by curly lines.!*

In addition, we note from eq. (4.5.31) that the Goldstone bosons have acquired
a squared-mass equal to &m?2. This is an artifact of the gauge choice. Neverthe-
less, for a consistent computation in the R¢-gauge, both the Goldstone bosons and
the Faddeev-Popov ghosts must be included as possible internal lines in Feynman
graphs. As noted previously, any physical quantity must ultimately be independent
of .

As in the unbroken non-abelian gauge theory, the two most useful gauges are =1
(now called the ‘t Hooft-Feynman gauge) and £ =0 (still called the Landau gauge).
As an additional benefit, the Goldstone bosons are massless in the Landau gauge.
Finally, we note that one can attempt to take the limit of ¢ — oc. This corresponds
to the unitary gauge, since the Goldstone boson masses become infinite and thus
decouple from all Feynman graphs. Moreover, one can check that the massive gauge
boson propagator reduces to

q .
- » _Z5ab Qudy :|

5 |G +
“00000 C—m2 +ic { Iww T T2
Qi b,v

which resembles the gauge boson propagator of massive QED. The fact that the
unitary gauge is a limiting case of the R¢-gauge played an essential role in the proof
that spontaneously-broken non-abelian gauge theories are unitary and renormaliz-
able [7].

4.5.4 The physical Higgs bosons

An important check of the formalism is the counting of bosonic degrees of free-
dom. Assume that the multiplet of scalar fields transforms according to some d(R)-
dimensional real representation R under the transformation group G (which has
dimension d¢). Prior to spontaneous symmetry breaking, the theory contains d(R)

14 In the so-called generalized Re¢-gauge [6], the § that appears in the two Feynman rules above
may be different.
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scalar degrees of freedom and 2dg vector-boson degrees of freedom. The latter con-
sists of dg massless gauge bosons (one for each possible value of the adjoint index
a), with each massless gauge boson contributing two degrees of freedom correspond-
ing to the two possible transverse helicities. After spontaneous symmetry breaking
of G to a subgroup H (which has dimension dy), there are dg — dy Goldstone
bosons which are unphysical (and can be removed from the spectrum by going to
the unitary gauge). This leaves

d(R) — dg + dg physical scalar degrees of freedom, (4.5.34)

which correspond to the physical Higgs bosons of the theory. We also found that
there are dy massless gauge bosons (one for each unbroken generator) and dg —
dpy massive gauge bosons (one for each broken generator). But, for massive gauge
bosons which possess a longitudinal helicity state, we must count three degrees of
freedom. Thus, we end up with

3da — dm vector boson degrees of freedom. (4.5.35)

Adding the two yields a total of d(R)+2d¢ bosonic degrees of freedom, in agreement
with our previous counting.
It is instructive to check that the physical Higgs bosons cannot be removed by
a gauge transformation. We divide the scalars into two classes: (i) the Goldstone
bosons Gy, a = dg + 1,dy + 2,...,dg [see eq. (4.5.24)] and (ii) the scalar states
orthogonal to GG,. These are the Higgs bosons:
-~ k
Hy = cPy;, (4.5.36)
where k = 1,2,...,d(R) — dg + dy. The ¢\
orthogonality conditions:
> (Lav); =0, e = ke (4.5.37)
J J

are real numbers that satisfy the

Under a gauge transformation [eq. (4.5.29)],

3 0)) = M op; =~ (Ap + Av); =~ (Ap); (4.5.38)

where we have noted that cg-k)(Av)j = cg’“)Txa(Zav)j = 0 [after invoking eq. (4.5.37)].
Thus the transformation law for H, r is homogeneous in the scalar fields, and one
cannot remove the Higgs boson field by a gauge transformation.

The states I_NIk are in general not mass-eigenstates. We may write down the
physical Higgs mass matrix by employing the {G,, LNIk} basis for the scalar fields.
This is accomplished by noting that the orthogonality relations of eq. (4.5.37) and
eq. (4.5.20) yield:

0; = Lav)s o 4 M Hy, (4.5.39)

Mg

where the sum over the repeated indices a and k respectively is implied. Finally,
we note that the scalar boson squared-mass matrix, given in eq. (4.5.10), is real
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symmetric and satisfies (M?);;(Lov); = 0 [eq. (4.5.11)]. Thus, the non-derivative
quadratic terms in the scalar part of the Lagrangian are given by

Licalar mass = — 5 (M) we Hp Hy (4.5.40)
where the physical Higgs squared-mass matrix is given by:
(Mo = el M2, (4.5.41)

Diagonalizing M?%, yields the Higgs boson mass-eigenstates, Hy, and the corre-
sponding eigenvalues are the physical Higgs boson squared-masses.

4.6 Complex representations of scalar fields
I —

We now have nearly all the ingredients necessary to construct the Standard Model.
However, in our treatment of spontaneously broken non-abelian gauge fields, we
considered hermitian scalar fields that transform under a real representation of the
symmetry group. In contrast, the Standard Model employs scalars that transform
under a complex representation of the symmetry group. In this section, we provide
the necessary formalism that will allow us to directly treat the complex case.

Let ®@;(x) be a set of n = d(R) complex scalar fields. The scalar Lagrangian

L = 1(0,9,)1(0"®;) — V(D;,]) (4.6.1)

is assumed to be invariant under a compact symmetry group G, under which the
scalar fields transform as:

O, » U, ot — oTI(YT),7, (4.6.2)

where U is a complex representation '° of G. Using a well-known theorem, all
complex representations of a compact group are equivalent (via a similarity trans-
formation) to a unitary representation. Thus, without loss of generality, we may
take U to be a unitary n x n matrix. Explicitly,

U = exp|—iga N*T], (4.6.3)

where the generators 7 are n x n hermitian matrices. The corresponding infinites-
imal transformation law is

5@ (7) = —iga A“(T*)7 ®; (), (4.6.4)
SO (z) = +iga @1 () A (T*),",

where the g, and A% are real. One can check that the scalar kinetic energy term is
invaraint under U(n) transformations. The scalar potential, which is not invariant

15 In this context, we call a representation complex if and only if it is not equivalent (by similarity
transformation) to some real representation. This is somewhat broader than the conventional
group theoretical definition.
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in general under the full U(n) group, is invariant under G [which is a subgroup of
U(n)] if eq. (?7) is satisfied.

There are 2n independent scalar degrees of freedom, corresponding to the fields
®; and ®T?. We can also express these degrees of freedom in terms of 2n hermitian
scalar fields consisting of ¢4; and ¢p; (j =1,2,...,n) defined by:

1 - 1

O; = —(paj +iop;), O =—

J \/5((25143 ¢BJ> \/5

It is straightforward to compute the group transformation laws for the hermi-
tian fields ¢4; and ¢p;. These are conveniently expressed by introducing a 2n-

dimensional scalar multiplet:
_ ¢A(w))
o(x) = <¢B(UC) . (4.6.7)

That is, ¢a;(z) = ¢;(z) and ¢p;(x) = ¢jin(x). Then the inifintesimal form of
the group transformation law for ¢(x) is given by ¢r(z) — ¢r(z) + d¢i(z) for
k=1,2,...,2n, where

(¢paj —idBy) - (4.6.6)

0 (x) = —igh*(T*)u" ¢e(x) (4.6.8)
and [8]

e [(~ImT® —ReT@

iT* = ( Re T —Im’T“) . (4.6.9)

Note that Re 7 is symmetric and Im 7 is antisymmetric (which follow from the
hermiticity of 7%). Thus, ¢T% is a real antisymmetric 2n X 2n matrix, which when
exponentiated yields a real orthogonal 2n-dimensional representation of G. Con-
sequently, using the real representation for T [eq. (4.6.9)], we may immediately
apply the formalism of Section 4.5 that was established for the case of a real rep-
resentation, and obtain the corresponding results for the case of a complex repre-
sentation.

We can also apply the above analysis to a non-abelian gauge theory based on the
compact group G coupled to a multiplet of scalar fields. We assume that the scalars
transform according to a (possibly reducible) d(R)-dimensional complex unitary
representation R of G. We proceed to transcribe some of the results of Section 4.5
to the present case. The vacuum expectation value of the complex scalar field is
assumed to be (®;(x)) = v;. Consequently, in the real representation,

v = (¢(z)) = % (_ii;_”;)) . (4.6.10)

We now shift the complex fields by their vacuum expectation values:
o=+ T, ol =u + T (4.6.11)

Using the real scalar field basis, the gauge boson mass matrix is given by eq. (4.5.15),
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which can be rewritten as:
M3, = gagb(TaTb)jkvjvk ) (4.6.12)

after noting that the 7% are antisymmetric. Plugging in eqs. (4.6.9) and (4.6.10),
we obtain the corresponding result with respect to the complex scalar field basis [2]

M2y, = 2gags Re(V' T*T"0) = gago (TT® + T*T)v, (4.6.13)

where the last step above follows from the hermiticity of the 7. As before, M? is
a real symmetric matrix that can be diagonalized by an orthogonal transformation
OM?*OT [eq. (4.5.17)]. The corresponding gauge boson mass-eigenstates are given
by eq. (4.5.18).

It is again convenient to introduce the anti-hermitian generators:
Lo =19,T¢, (4.6.14)

and then define a new basis for the Lie algebra:

Ly =0uLy. (4.6.15)
It follows that
(OM207T) 0y = (Lav) T (Lyv) + (Lov) T (Lav) = m26ap . (4.6.16)
Hence, one can easily identify the unbroken and broken generators:

(T); =0, a=1,2,....du, (4.6.17)
(T); #0,  a=dy+1,dg+2,...,dg. (4.6.18)

Consider next the scalar squared-mass matrix and the identification of the Gold-
stone bosons. Although these quantities can be obtained from first principles (see
problem 1), our derivations here are based on results already obtained in Sec-
tion 4.5.1, where we employ the connection between the real and complex basis
outlined above. To identify the Goldstone bosons, we insert egs. (4.6.7), (4.6.9) and
(4.6.10) into eq. (4.5.24). Rewriting ¢4 and ¢p in terms of the shifted complex

fields @ and ET, we obtain dg — dy Goldstone boson fields:
_ 1 stF NS
Ga= o [(I) Lav + (Lav) @} : (4.6.19)

where a =dg +1,dg +2,...,dg. The scalar squared-mass matrix is obtained from
eq. (4.5.10):

Tm

1
Licalar mass = —3M;0id; = -5 (op @) .2? ( ) . (4.6.20)

n

To determine the matrix .#?, it is convenient to introduce the unitary matrix W

wo L1 We — o 4621
_ﬁ<1 u)’ ¢_<q>>’ (4621



124

Gauge Theories and the Standard Model

and ¢"W~! = ( & @7 ), where I is the d(R) x d(R) identity matrix. Finally, we
use the chain rule to obtain:

e = (2 =W W (4.6.22)
9\ 0¢i0g; B ’ -
and
9*V 9*V
M* = : (4.6.23)
0*v 0*vV

OPTEODTm acpyaq)n .

with k,¢,m,n=1,2...,d(R). Indeed, one can check (see problem 1) that:

2 ( (Zay)*m )
M =0, (4.6.24)
(‘Ca’/)n

which confirms the identification of G [eq. (4.6.19)] as the Goldstone boson.
Finally, we identify the physical Higgs bosons. In this case, the counting of bosonic
degrees of freedom of Section 4.5.4 applies if we interpret d(R) as the number of
complex degrees of freedom, which is equivalent to 2d(R) real degrees of freedom.
Following the results of Section 4.5.4, we define the hermitian Higgs fields:

where k =1,2,...,2d(R) — dg + dg and the c§k) are complex numbers that satisfy
orthogonality relations:

Z{ (Lav); e + [Lav]* TP} =0, (4.6.26)
Z [cF ) elO 4 [cO4]3cP) = b (4.6.27)
J

The orthonormality of the scalar states {G,, Hy,} follows from egs. (4.6.16), (4.6.25)
and (4.6.26). We may therefore solve for the shifted complex fields Fand T' in terms
of G, and H ke

3, = (Lav) Go + P H, . (4.6.28)

Me

Inserting this result into eq. (4.6.20) and using eq. (4.6.24), we end up with:

%Calar mass — _%(%I?I)Pq E[Pﬁq ’ (4629)
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where the physical Higgs squared-mass matrix is given by:

2 2
2y ) (B (9)xm oV @ 9V
(Aii)ea {C’“ N g ae T o 5500,

0?V

4_[0(17)*]f[c(q)*]mW +

0%V
EI*ecld) ————— : 4.6.30
[P ] ey 0Pt LoD, }%—w ( )
Note that .#7 is a real symmetric matrix. Diagonalizing .#7 yields the Higgs
boson mass-eigenstates, Hy, and the corresponding eigenvalues are the physical
Higgs boson squared-masses.

4.7 The Standard Model of particle physics

The Standard Model is a spontaneously broken non-abelian gauge theory based on
the symmetry group SU(3)xSU(2)xU(1). The color SU(3) group is unbroken, so
we put it aside and focus on the spontaneous breaking of SU(2)xU(1)y to U(1)gm.
Here, we have distiguished between the hypercharge-U(1) gauge group (denoted by
Y") which is broken and the electromagnetic U(1) gauge group which is unbroken.
The breaking is accomplished by introducing a hypercharge one, SU(2) complex

doublet of scalar fields:
+
o — @0) . (4.7.1)

The SU(2)xU(1)y covariant derivative acting on ® is given by:
Dy ®; = 9,0, + W (LF)7®; + B, (L) ®; (4.7.2)
where 7,5 = 1,2; k =1,2,3 and
(L") = Jig(T")i? (LY =ig'Y ;7. (4.7.3)

Here, we have introduced the SU(2) gauge fields, W,’f, the respective gauge couplings
g and ¢’, and the hypercharge-U(1) gauge field B,,, and the SU(2)xU(1)y group
generators (L% = ig,T*, where a = 1,...,4 with g1 23 = g and g4 = ¢') acting
on the hypercharge-one, SU(2) doublet of scalar fields. The 7% are the usual Pauli
matrices '® and the hypercharge operator Y is normalized such that Y& = +1®. 17

We begin by focusing on the bosonic sector of the Standard Model. The dynamics
of the scalar field are govered by the scalar potential, whose form is constrained by
renomalizibility and SU(2)xU(1)y gauge invariance,

V(®,0") = —m?(®7Td) + A(®TD)?2, (4.7.4)

16 Here, ¥ = &. We use a different symbol here to distinguish the 7¢ from the ¢ that appear in
the formalism of two-component spin-1/2 fermions.

17 Another common normalization in the literature is (£*);7 = %ig’Y&ij, in which case the doublet
of scalar fields possesses hypercharge one.
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where m? and X are real positive parameters. Minimizing the scalar potential yields
a local minimum at ®T® = m?/(2)\). Thus, the scalar doublet acquires a vacuum
expectation value. It is conventional to choose:

v = (@) = % (2) , (4.7.5)

where v = m/V/\ is real.'®

Using eq. (4.6.13), the gauge boson mass matrix is easily computed. After noting
that 777 + 7771 = 269 and vTv = v?/2, we end up with two mass degenerate states:
W' and W? with m%, = % g*v?, and a non-diagonal matrix which in the W3-B
basis is given by

v? 9> —g9
M?=— . 4.7.6
4 (_gg/ g/2) ( )

This matrix is easily diagonalized by

~ (cosOw  —sinfy
0= < sin Oy cos GW) ’ (47.7)
where the Weinberg angle is defined by
g/
sinfy = ———. (4.7.8)
/g2 +gl2
From eq. (4.6.15), we deduce that Ly = Ly for k=1,2 and
Eg = £3 COS 9W — ,64 sin 9W = il [TB — Q Sin2 ew} s (479)
cos Oy
EN4 = LgsinOy + L4 cosOy = ie@, (4.7.10)
where
: 99’
e=gsinfy =g cosOy = ———, (4.7.11)
/92 +gl2
and
Q=T*+Y. (4.7.12)

Note that eqgs. (4.7.9), (4.7.10) and (4.7.12) are representation independent, and
thus can be applied in any representation.

These results imply that Loy # 0 for a = 1,2,3, while L = 0. That is, LA s
the unbroken generator, which we have identified as ieQ), where @ is the U(1)gm
generator. Indeed, SU(2)xU(1)y is spontaneously broken down to U(1)guy.

18 Using the SU(2) gauge freedom, it is always possible to perform a gauge transformation to
bring (®) into the form given by eq. (4.7.5).
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The gauge boson mass-eigenstates are given by eq. (4.5.18). Explicitly, these are
denoted by Wj, WE, Z,, and A, where

Zy, =W cosw — By sinfy (4.7.13)
A, =Wisinbw + By, cos by . (4.7.14)

Note that from eq. (4.7.6), it follows that det M? =0 and Tr M? = 1v2(¢* + ¢'?).
Thus, the field A, is massless and is identified with the photon, while the Z-boson
is massive, with mz = $v?(g? + ¢’2). This can be used to set the scale of the
vacuum expectation value v. Plugging in the observed values of e, sinfy and mz
yields v = 246 GeV.

The electric charge of the gauge bosons can be determined by determining the
eigenvalues of the charge operator when applied to the gauge boson field. Let @ be
the charge operator that acts on the Hilbert space of quantum fields. Then, for a
multiplet of gauge fields Aj,

QA" = QAL (4.7.15)

where Q. is the representation of @ in the adjoint representation of the gauge
group. The adjoint representation of the SU(2)xU(1) Lie algebra consists of a direct
sum of the three-dimensional adjoint representation of SU(2), given by (T%);; =
—iei, and the trivial one-dimensional representation of U(1), given by 7% = 0.
Thus, in the adjoint representation, @ is a 4 X 4 matrix. Using eq. (4.7.12), the
explicit form for the adjoint representation matrix @ is

0—i 0 0
5 0 i 0 0 0
Q:(O 0): 00 0 o (4.7.16)
00 00

In eq. (4.7.16), Q is defined relative to the W1, W2, Z, A basis of vector fields. But
Q as exhibited in eq. (4.7.16) is not diagonal. The form of @ implies that Z and A
are neutral under ), whereas W' and W2 are not eigenstates of Q. However, it is
simple to diagonalize () by a simple basis change. We introduce:

1
+ _ .
With respect to the new W+, W~, Z, A basis,

1 0
ST3S—1 0 0—1 1718
0 0

o O O O
o O O O

S = % G _z> . (4.7.19)
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Therefore, @Wi = :l:Wj[. That is, W are the positively and negatively charged
W-bosons, respectively, with m, = %9202 [as noted above eq. (4.7.6)]. Having
fixed the Z mass by experiment, the value of the W mass is now constrained by the
model. At tree-level, the results above imply that my, = myz cos 6y . This is often

rewritten as:

2
My

=1. (4.7.20)

P=—"5 95 =
m3, cos? Oy

The result p = 1 is a consequence of a “custodial” SU(2) symmetry that is implicit
in the choice of the Higgs sector.'® In theories with more complicated Higgs sectors
(that involve different multiplets), the value of p is generally a free parameter of
the model. The fact that the precision electroweak data finds that p ~ 1 is a strong
clue as to the fundamental nature of the electroweak symmetry breaking dynamics.

Having identified the gauge boson mass-eigenstates, it is useful to re- express the
covariant derivative operator D, = 0, + EaAZ =0,+ Zagz in terms of these fields:

ig r—
D#:8#+E(T+W:+T W)

ig : .
P (T? = Qsin® 0w ) Z, +ieQA,,, (4.7.21)

where 7% = T +4iT2.

We turn next to the scalar sector. First, we note that ® is a complex ¥ = —l—%,
SU(2)-doublet of fields, so we will need to introduce the corresponding antiparticle
multiplet which is a complex Y = —%, SU(2)-doublet of fields. However, the correct
anti-particle multiplet is not ®f, which does not possess the correct transformation
properties under SU(2). The correct procedure is to define the antiparticle multiplet
by:

O; =Pl = (ﬂiﬁ) : (4.7.22)

where @~ = [®*]T and

o, (01
€=1io —(_1 0) (4.7.23)

The proof that ® has the correct SU(2) transformation law, d— P+ 5‘5, where

0P = —

6-79, (4.7.24)

[NSRECEN

relies on the identity among Pauli matrices given by eq. (1.3.7). The mathematical

19 In the Standard Model, the Higgs scalar potential [eq. (4.7.4)] possesses a global SO(4) 2
SU(2)xSU(2) [see problem 2(a)]. One of the SU(2) factors is identified with the gauged SU(2)
of electroweak theory. The second SU(2) is the so-called custodial SU(2), of which only a
hypercharge U(1)y is gauged. The custodial SU(2) is responsible for the tree-level relation
p = 1. Since the custodial SU(2) is not an exact global symmetry of the gauge and fermion
sectors of the Standard Model, there exist finite one-loop corrections to the quantity p — 1.



129

The Standard Model of particle physics

implication of this result is that the two-dimensional representation of SU(2) is
equivalent to its complex conjugated representation.?’ The electric charge of the
scalar bosons can be determined by determining the eigenvalues of the charge oper-
ator when applied to the scalar field. For scalar fields in the doublet representation
of SU(2)

(Q2): = Q7 ¢, (4.7.25)

where Q;7 is the representation of @ in the fundamental representation of the gauge
group. In this case,

Q=1+ 1L)= Lo . (4.7.26)
2 0 0

Note that Q&+ = +®+ and Q®° = 0, as expected. For scalar fields in the

Y = —1 complex-conjugated doublet representation of SU(2)xU(1), we have 7 =

%7‘-’ Y- %IQ}. Consequently, if we denote the charge operator in this representation
by @Q*, then
A~ o i e 1, 3s 0 0
(Q®); = (Q7)i’®;, where Q" =35(1°" —1Iy) = 0 e (4.7.27)
Thus, @@_ =—®~ and @@*0 = 0, as expected.

Eq. (4.6.19) provides an explicit formula for the Goldstone bosons. Applying this
formula to the electroweak theory is straightforward, and we find:

G =V2Im®*,  Gy=vV2Redt, G3=-v2Imd°. (4.7.28)

The physical Higgs state must be orthonormal to the G, so in this case it is trivial
to deduce that:

H=vV2Red®" —uv. (4.7.29)

Thus, the complex scalar doublet takes the form

— 1 GQ"”LGl o G""

which defines the Goldstone states of definite charge: G* and G° (where G~ =
[GH]T). Finally, the Higgs mass is determined from eq. (4.6.30). In this case, there
is only one physical Higgs state, so that ¢; = 0 and ¢ = 1/4/2. Thus,

2 2 2
2 { oV il +% oV } : (4.7.31)
D;=v;

1
MH = 55995 T 2059950 | 3 9H0r oot

20 However, neither of these representations is equivalent to a matrix representation of SU(2) in
which all the group element matrices are real. Such a representation is called a pseudo-real
representation, although such representations were treated as “complex” in Section 4.6.
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Plugging in v; = 0 and v, = v/v/2 and using the potential minimum condition
m? = M? [see text following eq. (4.7.5)], we end up with:

mi = 2 7. (4.7.32)

The interactions of the gauge bosons and the Higgs bosons originate from the
scalar kinetic energy term

ogkinetic - (DM(I))T(D#CI)) 5 (4733)
where the covariant derivative is given by eq. (4.7.21) with generators Tk = %Tk
and @ is given by eq. (4.7.30). In the unitary gauge, we simply set G* = G° = 0
and obtain:

Ainetic = (0" H)(0,H) + 19°(v* + 2vH + H)WHTW,-
2
g 2 2
_— 20H + H*)Z"Z, . 4.7.34
800529W(v +20H + H7) Iz ( )

As expected, eq. (4.7.34) yields m$, = m% cos? Oy = 19%0?, as well as trilinear and
quadralinear interactions of the Higgs boson with a pair of gauge bosons.

Table 4.2 Fermions of the Standard Model and their SU(3)xSU(2), xU(1)y
quantum numbers. The generation indices run over ¢ = 1,2, 3. Color indices for the

quarks are suppressed. The bars on the two-component antifermion fields are part of
their names, and do not denote some form of complex conjugation.

Two-component

fermion fields SU(3) SU(2) L Y T3 Q=T3+Y
w; triplet 4 1 2
Q, = doublet f f i’
d; triplet 5 ) -3
@ anti-triplet singlet - % 0 — %
d anti-triplet singlet 3 0 2
Vi singlet =2 1 0
= doublet i f
L singlet -1 —1 1
Iz singlet singlet 1 0 1

The fermion sector of the Standard Model consists of three generations of quarks
and leptons, which are represented by the two-component fermion fields listed in
Table 4.2, where Y is the weak hypercharge, T3 is the third component of the weak
isospin, and Q = T3 + Y is the electric charge. After SU(2), xU(1)y breaking, the
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quark and lepton fields gain mass in such a way that the above two-component
fields combine to make up four-component Dirac fermions:

U i D % L b 4.7.35
i — ’ELTZ bl i d—_h bl [ Z_h b ( b )

while the neutrinos v; remain massless. The extension of the Standard Model to
include neutrino masses will be treated in Chapter 5.

Note that u, @, d, d, £ and ¢ are two-component fields, whereas the usual four-
component quark and charged lepton fields are denoted by capital letters U, D and
E. Consider a generic four-component field expressed in terms of the corresponding

two-component fields:
F= f . (4.7.36)
f’r

The electroweak quantum numbers of f are denoted by T3f , Yy and Q¢, whereas
the corresponding quantum numbers for f are T?fc =0and Q5 =Y; = —Qy. Thus
we have the correspondence to our general notation [eq. (3.1.5)]

fe—x f+—n. (4.7.37)
The QCD color interactions of the quarks are governed by the following interac-
tion Lagrangian:

Lrne = —gs AL T (T) 0" qi + 95 AL, T (T "™, (4.7.38)

nt

summed over the generations i, where ¢ is a (mass eigenstate) quark field, m and n
are SU(3) color triplet indices, A% is the gluon field (with the corresponding gluons
denoted by g.), and T are the color generators in the triplet representation of
SU(3).

The electroweak interactions of the quarks and leptons are governed by the fol-
lowing interaction Lagrangian:

Ly = _% {(a“a“cii + 0V WE 4 (dVF a, + éTiE“ﬁi)W;]

LS @ - hQnitethi i) 2,
W =t

—e Y QT fi - i) A, (4.7.39)
f=u,dt

where sy = sin Oy, ey = cos Oy, the hatted symbols indicate fermion interaction
eigenstates and i labels the generations. Before we perform any practical compu-
tations, we must convert from fermion interaction eigenstates to mass eigenstates.
In order to accomplish this step, we must first identify the quark and lepton mass
matrices.

In the electroweak theory, the fermion mass matrices originate from the fermion-
Higgs Yukawa interactions. The Higgs field of the Standard Model is a complex
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SU(2)r, doublet of hypercharge Y = i, denoted by ®,, where the SU(2)., index
a = 1,2 is defined such that ®; = ®* and ®, = ®° [cf. eq. (4.7.1)]. Here, the
superscripts + and 0 refer to the electric charge of the Higgs field, Q = T3 + Y,
with ¥V = % and Ts = :I:%. Since ®, is a complex field, its complex conjugate
oie = (@, (®°)7) is an SU(2)., doublet scalar field with hypercharge Y = —1,
where ®~ = (®1)T. The SU(2);, xU(1)y gauge invariant Yukawa interactions of the

quarks and leptons with the Higgs field are then given by:
A =€V ,)8,Q,1 — (Vo) ;@1°Q,.d" — (Y)'; @ *Loil? + hec., (4.7.40)

where €% is the antisymmetric invariant tensor of SU(2);,, defined such that ¢'? =
—€2l = +1. Using the definitions of the SU(2); doublet quark and lepton fields
given in Table 4.2, one can rewrite eq. (4.7.40) more explicitly as:

— A = (Yu)ij [(I)Oﬁiéj — (I)+Ciiéj} + (Yd)ij [@_ﬁijj + (I)O*Ciij]}
H(Y2)'s [@7 0l + 0O 4il?] + e, (4.7.41)

The Higgs fields can be written in terms of the physical Higgs scalar hgy and
Nambu-Goldstone bosons G, G* as

Y = %(v + hsm +iG?), (4.7.42)
T =Gt = (o) = (G (4.7.43)

where v = 2my /g ~ 246 GeV. In the unitary gauge appropriate for tree-level
calculations, the Nambu-Goldstone bosons become infinitely heavy and decouple.
We identify the quark and lepton mass matrices by setting ®° = v/v/2 and &+ =
&~ =0ineq. (4.7.41):

v v

V2 V2

The neutrinos remain massless as previously indicated.

v .

(M) =—F=(Yu)';, (Ma);=—72=(Ya);, (Mé)ijZ\/i(Ye)lj(-4'7-44)

To diagonalize the quark and lepton mass matrices, we introduce four unitary
matrices for the quark mass diagonalization, L,, L4, R, and R4, and two unitary
matrices for the lepton mass diagonalization, Ly and Ry [cf. eq. (1.6.8)] such that

i = (Lu)uy,  di=(La)dy, @ =(R,)'jw,  d = (Ra);q4,7.45)

b= (Lodty, = (RS0, (4.7.46)

where the unhatted fields u, d, % and d are the corresponding quark mass eigenstates

and v, £ and £ are the corresponding lepton mass eigenstates. The fermion mass

diagonalization procedure consists of the singular value decomposition of the quark
and lepton mass matrices:

LIM R, = diag(m.,, m., m;), (4.7.47)

LIM Ry = diag(mg , ms, my), (4.7.48)

L} MR, = diag(me , my, , m,), (4.7.49)
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where the diagonalized masses are real and non-negative. Since the neutrinos are
massless, we are free to define the physical neutrino fields, v;, as the weak SU(2)
partners of the corresponding charged lepton mass eigenstate fields. That is,

191‘ = (Lg)ijyj . (4750)

We can now write out the couplings of the mass eigenstate quarks and leptons to
the gauge bosons and Higgs bosons. Consider first the charged current interactions
of the quarks and leptons. Using eq. (5.2.49), it follows that 4/5"d; = K;/ul'5"d;,
where

K=1LIL, (4.7.51)

is the unitary Cabibbo-Kobayashi-Maskawa (CKM) matrix [?].2* Due to eq. (4.7.50),
the corresponding leptonic CKM matrix is the unit matrix. Hence, the charged cur-
rent interactions take the form

9 Jytighg Wt D I dtighy W + uTighe Wt 4 ptighy W
S =5 (KT a W+ (K e W+ e e+ et
(4.7.52)

where [K'];7 = [K;/]*. Note that in the Standard Model, @, d and ¢ do not couple
to the W+,

To obtain the neutral current interactions, we insert egs. (5.2.49)—(4.7.50) into
eq. (4.7.39). All factors of the unitary matrices Ly and Ry (f = u,d, {) cancel out,
and the resulting interactions are flavor-diagonal. That is, we may simply remove
the hats from the quark and lepton fields that couple to the Z and photon fields in
eq. (4.7.39). This is the well-known Glashow-Iliopoulos-Maiani (GIM) mechanism
for the flavor-conserving neutral currents [?].

The diagonalization of the fermion mass matrices is equivalent to the diagonal-
ization of the Yukawa couplings [cf. eqs. (4.7.44) and (4.7.47)—(4.7.49)]. Thus, we
define??

Y = V2mygi/v, f=u,d,¢l, (4.7.53)

where ¢ labels the fermion generation. It is convenient to rewrite eqs. (4.7.47)—
(4.7.49) as follows:

(LK (Y p)Fm(Rp)™: = Yyi6] f=u,dl, (4.7.54)
with no sum over the repeated index 7. Using the unitarity of Ly (f = u, d),
eq. (4.7.54) is equivalent to the following convenient form:

(Y Rp)*: = Yyu(L})" (4.7.55)

21 The CKM matrix elements Vij as defined in ref. [?] are related by, for example, Vy = K33 and
Vs = K12

22 Boldfaced symbols are used for the non-diagonal Yukawa matrices, while non-boldfaced symbols
are used for the diagonalized Yukawa couplings.
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Inserting egs. (5.2.49), (4.7.50) and (4.7.54) into eq. (4.7.41), the resulting Higgs-
fermion Lagrangian is flavor-diagonal:

1 _ _ _.
Lt = _ﬁhSM [Ym—uiﬁz + Yydid + }/zzézgq + h.c. (4756)

4.8 Parameter count of the Standard Model
|

The Standard Model Lagrangian appears to contain many parameters. However, not
all these parameters can be physical. One is always free to redefine the Standard
Model fields in an arbitrary manner. By suitable redefinitions, one can remove
some of the apparent parameter freedom and identify the true physical independent
parametric degrees of freedom.

To illustrate the procedure, let us first make a list of the parameters of the
Standard Model. First, the gauge sector consists of three real gauge couplings (g3, go
and g¢1) and the QCD vacuum angle (6gcp). The Higgs sector consists of one Higgs
squared-mass parameter and one Higgs self-coupling (m? and )). Traditionally, one
trades in the latter two real parameters for the vacuum expectation value (v =
246 GeV) and the physical Higgs mass. The fermion sector consists of three Higgs-
Yukawa coupling matrices y,,, ¥4, and y,.. Initially, y,,, y,, and y, are arbitrary
complex 3 x 3 matrices, which in total depend on 27 real and 27 imaginary degrees
of freedom.

But, most of these degrees of freedom are unphysical. In particular, in the limit
where y,, =y, =y, = 0, the Standard Model possesses a global U(3)® symmetry
corresponding to three generations of the five SU(3)xSU(2)xU(1) multiplets: (v,
em)is (€5)ny (Um, dm) L, (uS,) L, (dS,)r, where m is the generation label. Thus, one
can make global U(3)® rotations on the fermion fields of the Standard Model to
absorb the unphysical degrees of freedom of y,,, y,, and y.. A U(3) matrix can be
parameterized by three real angles and six phases, so that with the most general
U(3)® rotation, we can apparently remove 15 real angles and 30 phases from y,,,
Y4, and y,. However, the U(3)® rotations include four exact U(1) global symmetries
of the Standard Model, namely B and the three separate lepton numbers L., L,
and L;. Thus, one can only remove 26 phases from y,,, y,, and y.. This leaves 12
real parameters (corresponding to six quark masses, three lepton masses, 23 and
three CKM mixing angles) and one imaginary degree of freedom (the phase of the
CKM matrix). Adding up to get the final result, one finds that the Standard Model
possesses 19 independent parameters (of which 13 are associated with the flavor
sector).

23 The neutrinos in the Standard Model are automatically massless and are not counted as inde-
pendent degrees of freedom in the parameter count.
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Exercises

4.1

4.2

Consider a scalar field theory consisting of a multiplet of n identical complex
scalars, ®;(z). Suppose that the scalar potential, V (®, ®T) is invariant under
U(n) transformations, ® — U®, where U = exp|[—igA*T"].

(a) Show that V must satisfy:

v
790,

0V _y. (4.Ex.1)

ay j
(T )1 P odti

—(T%);'e!

(b) By taking the derivative of eq. (4.Ex.1) with respect to ®; and ®f* re-
spectively, show that the resulting expression when evaluated at &), = (®y) =
vi/V/2 coincides with eq. (4.6.24). Conclude that the Goldstone boson G, is
given by eq. (4.6.19). In particular, check that the normalizaiton of the Gold-
stone boson state given in eq. (4.6.19) is required for a properly normalized
kinetic energy term for G,.

(c) Expand V(®, ®") around the scalar field vacuum expectation values up
to and including terms quadratic in the fields. Show that the quadratic terms
are given by egs. (4.6.20) and (4.6.23).

(d) Couple this scalar field theory to an SU(n) Yang Mills theory. After
replacing ordinary derivatives with covariant derivatives in the scalar kinetic
energy term, write out the full scalar Lagrangian in the complex scalar field
basis. Writing ®;, = @) + v/ V2, evaulate all terms up to and including
terms quadratic in the fields. Show that one directly obtains the vector boson
squared mass matrix given in eq. (4.6.13).

(e) Write down the R¢-gauge fixing term in the complex scalar field basis.
Show that the resulting couplings of the gauge field and Goldstone boson fields
coincide with those previously obtained in eqgs. (4.5.23) and (4.5.31).

Consider a scalar field theory consisting of n identical complex fields ®;, with
a Lagrangian

& = 10,9)1(0rd;) - V(21D), (4.Ex.2)

1
2
where the potential function V is a function of ®7¢®;. Such a theory is in-
variant under the U(n) transformation & — U®, where U is an n X n unitary
matrix.

(a) Rewrite the Lagrangian in terms of hermitian fields ¢ 4, and ¢5; defined
by:

. 1
;= (¢Aj + i¢Bj)a Pl = —2(¢Aj — i(ij), (4.Ex.3)

1
V2
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and introduce the 2n-dimensional hermitian scalar field:

pa(x)
P(x) = ( . 4.Ex.4
@=L on@ B
Show that the Lagrangian is actually invariant under a larger symmetry group
O(2n), corresponding to the transformation ¢ — O¢ where O is a 2n x 2n
orthogonal matrix.

(b) Working in the complex basis, show that the Lagrangian [eq. (4.Ex.2)]
is invariant under the transformation:

O —» UID; + TV, (4.Ex.5)

where U and V are complex n X n matrices, provided that the following two
conditions are satisfied:

@) UU+VIV) =67, (4.Ex.6)

(i) VTU is an antisymmetric matrix. (4.Ex.7)

(c) Show that the 2n x 2n matrix

o_ (Re(U—i—V) —Im(U+V)>

(U -V)  Re(U-V) (4Ex.8)

is an orthogonal matrix if U and V satisfy eqs. (4.Ex.6) and (4.Ex.7). Prove
that any 2n x 2n orthogonal matrix can be written in the form of eq. (4.Ex.8)
by verifying that Q is determined by n(2n — 1) independent parameters.

(d) Use the results of parts (b) and (c) to conclude that if U is a unitary
n X n matrix, then the 2n x 2n matrix

ReU —ImU
Qu = (ImU ReU) (4.Ex.9)

provides an explicit embedding of the subgroup U(n) inside O(2n). By writ-
ing Qu = exp[—igA®T*] and U = exp[—igA*T“], show that T is given by
eq. (4.6.9) in terms of the 7.

Likewise, define Qv by taking U = 0 in Q [eq. (4.Ex.8)]. Show that Qy also
provides an embedding of the subgroup U(n) inside O(2n). Prove that Qy and
Qy are in fact equivalent representations of U(n) by explicitly constructing
the similarity transformation such that S~'Qp .S is of the same form as Qv
(with U substituted for V'). Note that Qp and Qy depend implicitly on the
group element g € U(n), whereas S is a fixed invertible matrix.

(e) Define the unitary matrix

I, —i,
A= (i[n I > , (4.Ex.10)
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4.3

4.4

where [,, is the n x n identity matrix. Consider a real orthogonal 2n x 2n
matrix R that satisfies:

RTAR=A. (4.Ex.11)

Using an infinitesimal analysis (where R ~ I 4+ Z where Z is an infinitesimal
real antisymmetric 2n X 2n matrix), prove that R provides an n@®n* reducible
representation of U(n). Verify that both Qp and Qy satisfy the constraint
given by eq. (4.Ex.11)

(f) The natural embedding of the SO(2n) subgroup inside U(2n) can be
constructed by considering the matrix

Uov
U= (V U*) , (4.Ex.12)

where U and V satisfy eqs. (4.Ex.6) and (4.Ex.7). Verify that I/ is a unitary
matrix. Then, prove that Q and U provide equivalent representations of O(2n)
by explicitly constructing the similarity transformation & = P~tQP for some
fixed invertible matrix P (which is independent of the group element).

Repeat parts (a)—(d) of problem 2, under the assumption that ®(z) is a
quaternionic-valued field.

(a) Show that an analogous analysis yields an explicit embedding of Sp(n)
as a subgroup of U(2n) [or equivalently as a subgroup of O(4n)].

(b) How does the fundamental representation of O(4n) decompose with
respect to the Sp(n) subgroup? How does the fundamental representation of
U(2n) decompose with respect to the Sp(n) subgroup?

Consider the spontaneous breaking of a gauge group G down to U(1). The
unbroken generator Q) = ¢, T is some real linear combination of the generators
of G.

(a) Prove that a2, = ¢,/gp is an (unnormalized) eigenvector of the vector
boson squared-mass matrix, M 317, with zero eigenvalue.

(b) Suppose that A, is the massless gauge field that corresponds to the gen-
erator . Show that the covariant derivative can be expressed in the following
form:

D, =0, +ieQA,+ ..., (4.Ex.13)

where we have omitted terms in eq. (4.Ex.13) corresponding to all the other



138 Gauge Theories and the Standard Model

gauge bosons and

e \2]1/2

e= lz (—“) 1 . (4.Ex.14)
a Ja

HINT: The vector boson mass matrix is diagonalized by an orthogonal trans-

formation OM?OT according to eq. (4.5.17). The rows of the matrix O are

constructed from the orthonormal eigenvectors of M?2.

(¢) Evaluate @ in the adjoint representation (i.e., Q@ = ¢, where the
(T*)pe = —ifabe are the generators of G in the adjoint representation). Show
that Qpex. = 0, where z. is defined in part (a). What is the physical inter-
pretation of this result?

(d) Prove that the commutator [Q, M?] = 0, where @Q is the unbroken U(1)
generator in the adjoint representation and M? is the gauge boson squared-
mass matrix. Conclude that one can always choose the eigenstates of the gauge
boson squared-mass matrix to be states of definite unbroken U(1)-charge.

(e) Apply the results of part (b) to the spontaneous breaking of SU(2)xU(1)y
to U(1)gm in the Standard Model of electroweak interactions. Show that
eq. (4.Ex.14) reproduces eq. (4.7.11).

4.5 The generators of SU(2)xU(1) in the hypercharge-one SU(2) doublet repre-
sentation can be expressed as 4 x 4 matrices by using the real representation
of eq. (4.6.9).

(a) Using the explicit form for this real representation, derive the gauge bo-
son squared-mass matrix. Diagonalize the mass matrix and explicitly identify
the real antisymmetric matrix generators L®.

(b) Use eq. (4.5.24) to obtain the Goldstone bosons and identify the physical
Higgs boson.

(c) Using the real representation, write down an explicit form for D, ® as
a four-dimensional column vector. Then, evaluate eq. (4.7.33) in the unitary
gauge and verify the results of eq. (4.7.34).

4.6 Derive the interaction Lagrangian for the charged and neutral Nambu-Goldstone
bosons and the fermions of the Standard Model and verify that

ﬂm = Ym' [K]ijdj’aiG—i_ — Ydi[KT]ijUjJiG_ - ngiViEiG_
b [Yadid® — Yyt + Yeilil'] G° +he.,  (4Ex.15)

V2
where K is the CKM matrix and Yy, (for f = u,d, {) is given by eq. (4.7.53).
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Exercises

4.7 1In Section 4.7, we examined in detail the structure of a spontaneously broken

SU(2)xU(1)y gauge theory, in which the symmetry breaking was due to the
vacuum expectation value of a Y = %, SU(2) doublet of complex scalar fields.
In this problem, we will replace this multiplet of scalar fields with a different
representation.

(a) Consider a spontaneously broken SU(2)xU(1)y gauge theory with a
Y = 0, SU(2) triplet of real scalar fields. Assume that the electrically neu-
tral member of the scalar triplet acquires a vacuum expectation value. After
symmetry breaking, identify the subgroup that remains unbroken. Compute
the vector boson masses and the physical Higgs scalar masses in this model.
Deduce the Feynman rules for the three-point interactions among the Higgs
and vector bosons.

HINT: Since the triplet of scalar fields corresponds to the adjoint represen-
tation of SU(2), the corresponding SU(2) generators that act on the triplet
of scalar fields can be chosen to be (T%)p. = —i€ape. The hypercharge opera-
tor annihilates the Y = 0 fields. Define L* = ig,T“, and follow the methods
outlined in Section 4.5.4.

(b) Consider a spontaneously broken SU(2)xU(1)y gauge theory with a
Y = 1, SU(2) triplet of complex scalar fields. Again, assume that the elec-
trically neutral member of the scalar triplet acquires a vacuum expectation
value. After symmetry breaking, identify the subgroup that remains unbro-
ken. Compute the vector boson masses and the physical Higgs scalar masses
in this model.

(c) If both doublet and triplet Higgs fields exist in nature, what does this
exercise imply about the parameters of the Higgs Lagrangian?
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