CHAPTER 13

THE HELICITY FORMALISM

13.1. The Helicity States

The component of spin s along the direction of motion of a particle is known
as its helicity and the helicity quantum number is usually denoted by the
symbol A. It is also the component of total angular momentum J along
the direction of motion since the orbital angular momentum L = r x p is
perpendicular to the direction of motion p and consequently its projection
m; on the momentum axis is zero.

The helicity formalism has been developed by Jacob and Wick (1959) for
relativistic description of scattering of particles with spin and the decay of
particles and resonant states. It is equally applicable to massless particles.
The helicity formalism leads to simpler intensity and polarization formula
over the conventional method in the study of scattering and reaction of
particles. The advantages of using the helicity states are many.

1. There is no need to separate the total angular momentum J into orbital
and spin parts and hence avoid the difficulties and complications that
arise in the treatment of relativistic particles.

2. The helicity A is invariant under rotations and so states can be con-
structed with definite J and helicities.

3. The helicity A is well defined also for massless particles and so there is
no need for separate treatment for massless particles.

4. The helicity states are directly related to individual polarization prop-
erties of the particles and hence convenient for the polarization study
over the conventional formalism of choosing a reference frame with a
fixed quantization axis, say z-axis. In the conventional scheme, one has
to shuttle back and forth between two representations, one in which
the scattering or reaction is conveniently described and the other in
which the states are labeled with individual spin components.

In order to specify the helicity states of a particle of mass m and spin
s, it is not necessary to know the relativistic wave equation for such a
particle. It is enough to know that such a wave equation exists and their
plane wave solutions, representing states of definite linear momentum p
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and corresponding positive energy E = (m? + p?)"2, have the following
properties:
1. For each p, there are 2s + 1 linearly independent solutions which can
be characterized as states of definite helicity A.

A=s,8—1,...,—s. (13.1)

These states characterized by p and A form a complete set of orthog-
onal states for a free particle of mass m. If m = 0, the number of
independent solutions reduces to two: A = +s. For example, a photon
has only two independent helicity states A = =+ 1.

2. In the case of ordinary rotation in three dimensional space, the direc-
tion of p changes but the helicity A remains unchanged.

3. Under space reflection about the origin (i.e. parity operation), the he-
licity A of a moving particle changes sign.

4. When a Lorentz transformation is applied in the direction of p, the
magnitude of p changes and in some cases, the direction of p also, if
m # 0. If the direction of p is not reversed, the helicity A remains
unchanged under Lorentz transformation.

Let #, 1 denote the state of a particle with momentum p in the positive
z-direction. By Lorentz transformation, all states ¥, with fixed A and
variable p can be generated. If m # 0, it is possible to reach the rest state
with p = 0 by Lorentz transformation. In the rest state, since the total
angular momentum of the particle is equal to its spin, it is possible to
obtain the relative phases of the states ) by the requirement

(Jo £ i7,)00r = [(s F A)(s £ A+ DY *Pora. (132)

In the above equation, J, J, J. are the standard spin matrices. For a
massless particle, no finite Lorentz transformation can reduce p to zero.
For this, we have only two helicity states with A = +s and it is possible to
go from one state to another by means of a reflection,

Y =e'™vp, (13.3)
where 7 denotes the parity operator corresponding to reflection with re-
spect to the origin (x, y, z — -x, —y,—2, the operator e~*"™Js denotes a

rotation about the y axis through an angle m and Y, the reflection in the
xz plane. The operator Y transforms the state 1, , into %, _, apart from
a phase factor.

Y'fr"r)p,s = T.i"q{"p,—s- (134)
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Since Y commutes with a Lorentz transformation in the z direction, M
should be independent of p. It is therefore a constant which we shall call
the “parity factor” of the particle. For example, the A = =1 solutions
for a photon are A+ = Fv/2(e, * ie,)exp(ipz) such that YA+ = —Ag.
Comparing this with Eq. (13.4), we obtain 1 = —1.

It is instructive to check the consistency of Eq. (13.4) with Eq. (13.2) for
m # 0. In this case, P transforms o, into itself apart from a phase-factor
which must be independent of A (P commutes with J). Hence

P ox = nPon- (13.5)
Furthermore

e ™Y 4oy = Z d3 () Yo, (13.6)
A"

where the matrix element d3, ,(r)is given by
d3 () = (=1) Ay . (13.7)

Comparing Eqgs. (13.5) and (13.6) and applying a Lorentz transformation
in the z direction on both sides, we get

Y ain = n(—1)"" e, 1, (13.8)

which for A = s reduces to (13.4).

If 3,5 denotes a state with momentum in the positive z direction, how
can we define a state ¥, with momentum in the negative z direction? We
will have occasion to use the state %, in the treatment of two-particle
scattering in centre of momentum frame wherein one particle moves in the
positive direction while the other particle moves in the negative direction.
A rotation through an angle ® about the y axis corresponds to a transfor-
mation x, y, z — -x, ¥, -z and hence

Xon = (1) e T g (13.9)
The phase factor (-1)*=* is introduced such that
Xox = #0,-A- (13.10)

The result (13.10) is obtained from Egs. (13.6) and (13.7).
It is possible to generate states |p6¢; A} with momentum p’(= p6¢)in
an arbitrary direction specified by polar angles 6§ by means of a suitable
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Figure 13.1. The fixed frame of reference x,y, z and the helicity frame x'y'.z' (z
coinciding with the direction B’ ).

rotation R(o.B,y) applied to states i,, having a momentum p in the
positive z-direction.

PS5 A) = R, B,7) Yy (13.11)

Inthe present notation, the state 4,» can be equivalently denoted as
|p00; A). Two different conventions are in vogue for the choice of angles
of rotation in R. Jacob and Wick (1959) used o= ¢,f= 6,y= -0, corre-
sponding to a rotation through an angle 6 about the normal to the plane
containing p and p'. It is found more convenient to adopt the convention of
Jacob (1964) and choose o= 0,3= 6,y = 0. In this case, the x’ and y' axes
to be associated with the helicity direction p'as z' axis are as indicated in
Fig. 13.1. The positive x' direction is along the direction {(p x '} x # and
the positive y' direction coincides with the unit vector ( x p').

The state [p00;A) (= 9,2} is a plane wave state with momentum p in
the direction of z -axis (chosen coordinate system) and it can be expanded
in terms of states |pjm; A} of definite angular momentum j and projection
m. In the chosen coordinate system, m = A for all j

1p00; A) ZC Ip 7 A; A, (13.12)
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where C, are the coefficients of expansion. Applying a rotation operator
R($,0,0) on both sides, we obtain

0, \) Zc DI\ (4,0,0)lpjm;A). (13.13)

The expansion coefficients C; are determined by specifying the normaliza-
tions of the plane wave states |[p# ¢, A) and the angular momentum eigen-
states |pjm;A) and by using the orthogonality relations of the rotation
matrices. The plane wave state |p#¢, A} is normalized such that

(06" &' N | DO A) = 6, 62(06,0'8") 63 (13.14)
where 8,(6¢, 8'¢") stands for
62(09,8'¢") = é6(cos @ — cos8') 6(d — &'). (13.15)
The eigenstates of total angular momentum obey the normalization
(p 7' m s XN pgmi X) = 8 851 Bpnr Gare (13.16)

The orthogonality relations of d-matrices are given by

/0 ', (B) dih(8) sin B dB = 2},—115‘”1, (13.17)

%Z(?j +1)d2, ,(8) di, (8') = &(cos § — cos 3). (13.18)

Using the normalizations (13.14) and (13.16) of the plane wave states and
the angular momentum states and the orthogonality of d -matrices (13.18),
we obtain the expansion coefficient C,

C; =1/ (13.19)

Thus, we obtain the important result of the expansion of the plane wave
state as a sum of angular momentum states for a particle of arbitrary spin s.

P09 N) = 3\ LI 02,0, 6, 0)lp i N, (13.20)
im

Since total angular momentum of the particle and its helicity are in-
variant under rotation, it is possible to obtain the inverse relation which
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enables us to project states of definite total angular momentum and helicity
from the plane wave state.

lpjm:\) = 1/25' 1 /D " ($,0,0)lp0 ¢ M) dQ, (13.21)

Q) = sin 6 d6 dé. (13.22)

where

Equivalently, the transformation matrix that corresponds to a transition
from the angular momentum state to the plane wave state is

, | 2+ 1
(pimiA|pBeiA) =4/ J4 D ($,6,0). (13.23)

It is easy to verify that the normalizations (13.14) and (13.16) are consistent
with the definitions (13.20) and (13.21), using the orthogonality relations
of d-matrices. From Eq. (13.20), we find

(P8 & Npog;A) = ZZ[ Dl (#,6,0)D7,,(4,6,0)

Jmo j'm’
x (p' 3'm'; N | pjm; A)
. 2j+1,
= b ) = DI"\(¢'6'0)D? \(¢,6,0)

jm
= 6, 82(00,0 ), (13.24)

using the normalization (13.16) and the orthogonality relation (13.18) of the
d-matrices. Similarly, starting with Eq. (13.21) and using the normalization
(13.14) and the orthogonality relation (13.17), we obtain

(P i Nlpimid) = /1] / o (6,6,0)D),(¢,6,0)
(p & &' Np 8 d; \)dQdQY’
= ‘5pp’ 53'3" ﬁmmr. (1325)

Equation (13.20) is the expansion of the angular function of a plane
wave. It may be noted that the angular dependence of the wave function
is given by a D-function instead of a spherical harmonic function which
occurs in the case of spin-zero particle. For spin-zero particle,

g [ 4m
— N I 7 — - rm=-=
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Hence, for spin-zero particle, Eqgs. (13.20), (13.21) and (13.23) reduce to

p8 ;A =0) ZY’“*(H Yim) =3 V(@) Y (#), (13.27)
im

lpimiA) — -Y1 (7). (13.28)

(pimiMpoa;A) — Y™(0,6) =Y, (D). (13.29)

13.2. Two-Particle Helicity States

In the two-body scattering such as a + b — ¢ + d, the initial and final
states are two-particle states. A non-interacting two-particle plane wave
state with helicities A, and A, can be written as a direct product of two
one-particle states (Martin and Spearman, 1970; Jacob, 1964).

[P1 P2i A1 A2) = [p15 A1) @ [pg5 Az (13.30)

It is advantageous to go to the centre of momentum (c.m) frame and
analyse the wave function in terms of centre of mass motion and relative
motion in c.m. system.

|y Po; M A2} = | P) @ [pi Ap Az), (13.31)

where |P) is the state vector denoting the c.m. motion and |p; A1 Az}, the
relative motion of the two-particle system.

In any physical problem, we are concerned only with the wave function
denoting the relative motion in c.m. system and our aim is to construct the
two-particle helicity states of definite total angular momentum.

To start with, let us consider the relative motion of the two particles
to be along the z-axis, one particle moving along the positive z-axis and
the other particle moving with the same momentum p along the negative
z-axis. Then

ips M Aa) = |p, 0 =0, ¢ = 0; A1 A2) = ¥pr, Xphas (13.32)

where ¢y, denotes the one-particle state with momentum p along the pos-
itive z-axis and helicity A, and ), as defined in Eq. (13.9), denotes the
state of the other particle with momentum p along the negative z -axis and
helicity A,. The resultant helicity A of the two-particle system is

A=A — Ao (13.33)

The two-particle state vectors |p#¢@; Ay A2, representing relative mo-
tion along any arbitrary direction can be generated by a suitable rotation
R(6,6,0).

|pBdi Ay Ag) = R(9,0,0)[p00; A1 Ag). (13.34)
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Figure 13.2. The two-body scattering in can. system

The plane wave state is a sum over all angular momentum eigenstates and
conversely an angular momentum eigenstate can be obtained by angular
momentum projection of plane wave state. Using the procedure followed
in Sec. 13.1, expressions for two-particle plane wave state and angular mo-
mentum eigenfunctions are obtained.

_ 27 +1 ;i :
IpOd; A ds) =D 4/ {hr D]\ (6,0.0)lpim; A Az),  (13.35)
-

‘ 27 + 1 - .
pimi ) = o L= [ D 6.0.0) 19801 Mdsjan. 1330

The normalizations of the state vectors in the two representations are given
by

(P8¢ A A2 P86; A1 da) = (00, 6'¢") 65,5 b3, (13.37)
{pi'm’s XA | pims Au Ag) = 6550 G 6301 G- (13.38)

13.3. Scattering of Particles with Spin
13.3.1. SCATTERING CROSS SECTION

Consider a two-body scattering of particles with spin
a+b—c+d (13.39)

in the c.m. system as described in Fig. 13.2. The differential cross section
is given by

do 27\ * .
o= (Z) Ha0oi AM TN P00 Aur)E, (1340
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where p denotes the relative momentum of the two particles along the z -axis
in the initial state and ¢ denotes the relative momentum of the scattered
particles in the final state making an angle ¢,0 with the incident direction
in the c.m. frame. The total energy in the c.m. system is denoted by W
and it is conserved in any reaction.
.1 1 . 5., L . 2,1

W= (p" +m2)? + (0" +m)7 = (¢ + md)7 + (¢ +mz.  (13.41)

For evaluating the 7T-matrix, it is transformed to jm representation.

(O A x| TWI[005 2, ) = DD (05 A Ag| 5 m'; A Ad)

sm j'm’

(5 s Ae Ag | T(W) 7 Aa M) (G ms Ag Ap (00325 As). (13.42)

The rotational invariance implies the conservation of angular momentum
and hence j is a good quantum number.

{:jf "rn!; /\c /\{1'- | r('ﬂ') |} L /\a )\b) = é_;_;’ 6mm’ (Ar )‘d | TJ(W) |)\a Ab) (1343)
Using Eqgs. (13.35), Eq. (13.42) becomes

. 2j+1
(065 A A | T(WI005 00 M) = > g mf(m 6,0)

Jm

% (A | THW) [ X M) D2, (0,0,0), (13.44)

mA;
with A, = Ay — Ay and Ay = A, — Ag . Since
D'.l'n,\,(“'s U}O) = 57?1-}\,': (1345)

we obtain
2 + ]
(032 A | T(W) (0050 0) = > J'*
7

(A | T9(W)Y | As Asd. (13.46)

DJ\\(@HO)

Denoting the scattering amplitude in the helicity basis by [, \;r.0.(8 @),
the differential cross section becomes

do
a0

From Egs. (13.40),(13.46) and (13.47), we find

Frorairars(8:6) = Z(mw (0,000 fL (W), (13.48)

= |Froranars(8:9)° (13.47)
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with
BonW) = 5o THW) Pads). (13.49)

For scattering of spinless particles,

j =v J; )\:’13 )\bs /\cv )\d — O )\ia )‘f — 0. (1350)
4T
2041

Prorarars(8:8) = Y (21 + 1) Pilcos ) i W). (13.52)
4

1
. * z 2
D3\, ($,6,0) — Dgo(¢,6,0) = ( ) Y28, ¢) = P(cos@).  (13.51)

The amplitude fi(W) (= T.(W)/2p) is known as the partial wave scattering
amplitude for spinless particles. When the particles considered have spin,
the total angular momentum j is a good quantum number and for each j,
there are several scattering amplitudes which depend on helicity states but
the number of independent amplitudes get reduced by invoking parity and
time reversal invariance.

Equations (13.47) and (13.48) are general expressions applicable for
scattering of particles with arbitrary spin. These formulae are relativisti-
cally correct and they are applicable equally well to massless particles and
to particles without spin. It is found that the D-functions that occur for
particles with spin reduce to Legendre functions for particles without spin.

Let us now explicitly square the scattering amplitude (13.48) and obtain
an expression for the differential cross section and total cross section.

do‘ . . g P "
70 Prars 2(22 + 1)(25" + 1)f§f.\,-ﬂ’" (W)
i
% Dj':/\f((ﬁ,ﬁl,(})f)i;\f(z,b, 8,0), (13.53)

where p,.., denotes the density matrix that describes the initial state.
Using the symmetry property of the D -functions and using the C.G. series
(5.48), we obtain

DY, (6.0,0)D1, (,6,0)
= (_1))‘5—)‘_{_1){)‘&:_)\.]}((13191 0) D‘;.;)‘f((;ﬁ’ 9, (])

3 A=) i il Y i .
= (_'1) 1 Z [ _)\i "\i 0 ] [ _’\f ’\f 0 DOO(¢*9~U) (1'554)
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If the incident and the target particles are not polarized and if the polar-
ization of the final particles are not observed, we need to sum over A. and
A, and average over A, and A,

Note that

98, ¢) = Py(cosb). (13.55)

do 1
aQ " (25, + 1)(2‘=;g,+1)(ZA}:Z(ZJHLI)(QJ + DRe(S} A fAf\}
XZ fevy [ N i {;} } [ Jif :\?; Hmwsﬁ), (13.56)

where the summation index (A) stands for helicities A, A, A, A, of all in-
cident and scattered particles and Re stands for real part of {f{ . £ ;A}

In the above formula, the statistical weight (2s + 1) has to be replaced by
2 for a massless particle.
Integrating (13.56) over the solid angle, we obtain the total cross section

" (25 +1 (235+ %Zj:(zf“ 1l (13.57)

using the following relations:
/B(Ltosﬂ)dﬂ = 4760, (13.58)
BRSNS 1359

13.3.2. INVARIANCE UNDER PARITY AND TIME REVERSAL

From Eq. (13.56), we find that, for each wvalue of j, there are in total
2s, + 1D(2s, + 1)(2s. + 1)(2s, + 1) helicity amplitudes. Invariance under
parity and time reversal reduces the number of independent amplitudes.

The helicity defined by J-p changes sign under space inversion. A state
with helicity A is transformed into a state with helicity —A. If P is the
parity operator,

P 1imi Aa As) = M= 1) 7527 jm; =Aa, = Ap), (13.60)
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where M, M, denote the intrinsic parities of the two particles with spin s,
and s, P is a unitary operator and invariance of the S-matrix under parity
implies that PSP = 8. Since S = 1 + (7, it follows that pirp =1.

Do Ml V(WA dey = (Ae, Al PHTTHI ) P AL, M)

??a?}'b'ﬁ‘c?]‘d(— 1)3c+3d—30_3b
X (=Ae, =M TI(W) | = Ay —Ae). (13.61)

Il

Under time reversal, both J and p change sign and hence the helicity
does not change. By applying the time reversal operator 7 to the state
|7m : Ay Ap), we obtain a new state with the same angular momentum and
helicities but with an opposite eigenvalue of J. With the phase conventions
of Jacob and Wick (1959),

T 15 m; Aa Ap) = (=17 7| — m; Ag Ap). (13.62)

The operator 7T is antiunitary and hence the invariance under time reversal
implies 71577 = §.
THWY Ao As) = (G Ae Ag] THW) [jms Mg Ap)
= (§m; A Al TTTIWYT |5 Ag As)
= (=1 7(Gm; A | TIN5 = m5 o)
= (=1)7™(5 — m; A M} THW) T [ m; Achg)
= —m A N THWY |5 — ma Adg)
= (Ao V(W) [ AcAG). (13.63)

{Ac Ag

This yields the familiar result that under time reversal invariance, the tran-
sition ¢ + b— ¢ + d is equal to the inverse transition ¢ + d —a + b.
For identical particles, we have a further relation.

(A Al TV(W) [Aa As) = (Aa Ac| T2(W) (A Aa). (13.64)

13.3.3. POLARIZATION STUDIES

Since the polarizations of the particles are considered separately, formulas
giving polarizations take a simple form in the Helicity Formalism. The
longitudinal polarization can obviously be introduced by giving different
weights to the positive and negative helicity amplitudes in Eq. (13.56).
However, it is the angular distribution of the transverse polarization that
is more informative.

Transverse polarization is usually defined by means of the expectation
value of a transverse component of the spin. The definition of transverse
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components of spin is somewhat arbitrary in the relativistic case and for a
massless particle, the transverse component cannot be defined at all. So, in
what follows, we consider only the transverse polarization of a particle with
finite mass, for which one can go to the rest frame by Lorentz transforma-
tion. The helicity remains unchanged in Lorentz transformation and so also
the density matrix in helicity basis. Using the known non-relativistic form
for spin matrices, we obtain after simplification that (the reader is referred
to solved problem 13.1 for derivation)

(sy) = Tr(syp)
= Y {(s+ N = A+ D} Im(pr-1,0), (13.65)
A

where Im(...) denotes the imaginary part of the quantity within the bracket.
Using the algebraic form of C.G. coefficient,

1] - )

s 1 s
—[ A1 1 A}’ (13.66)
Equation (13.65) can be rewritten as

8

5 1
11 /\Jlm(m_l,x). (13.67)

(s) = —{2s(1+ )}y [ e

A

We shall consider two specific cases. 1. The incident particle a is trans-
versely polarized with the polarization (sqy). What is the “polarized cross
section” i.e., the part of the cross section do/d€2 which is proportional to
{84y)? 2. The incident and target particles are unpolarized. What is the
transverse polarization (s.,) of the outgoing particle ¢ in the reaction?
Case 1
If the incident particle a has transverse polarization (Sgy), then its spin
density matrix can be written as (the reader is referred to solved problem
13.2 for derivation)

! 3
- ]' L, ny, M .
Pe = 2sa+1 [ (e 1) ey } (13.68)

If we restrict our consideration to vector polarization and neglect higher
order tensor contributions, the density matrix for the initial system is

1 [l | 3
(28, + 1)(2s5 + 1) Sq(8q + 1)

Pi = Paf = (Say) Sayjl . (13.69)
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The cross section depends on the density matrix for the final state which is
evaluated if the scattering amplitude f and the density matrix of the initial
state p, are known.

Trpy = Tr(fpiff) = Tr(pif1))
= > (P STy (13.70)
A

where { fTf) can be considered as the density matrix p?, corresponding to the
final state when the incident particles are unpolarized. Using Eq. (13.69)
for the density matrix for the initial system, the polarized cross section

( %)p that is propotional to {s,,}is obtained from (13.70).

(%), - mermm
d), (280 + 1)(285 + 1)sa(sa + 1)“‘”’
= Z{Say)h—lw\i Im(_fT e =ns (13.71)
,\"

Expanding (fT f)a,.,1 as Z,\f(fT),\,-,)\f (f)x; -1 and substituting the ex-
pansion (13.48) for the scattering amplitude f, we obtain

do 3 . o of)
(E)p = B D + Dale 7 D)o 2, 2 i+ DG+ 1)

FEPYRE

x Im {Dj{‘.,)‘f(qb,ﬂ?O) D:?\,-—l,,\f(.qﬁ'-‘ g, U) f,{j,,\‘ fif,)\(—l}
X (S(J.y)A"—l‘/\,' . (13?2)

Equation (13.72) can be simplified by coupling the two D -matrices by using
C.G. series (5.48).

Di‘“’\f (¢’ 8,0) Dif—l.)\f (4,8, 0)
= (—1)A‘._1—»\1D3/\i’/\f(¢>,9,U) Di —A!(‘?Ba 8,0)
-y

= A
- Ai—1—A J j L J J L L
=(-1) f? { A oloX 1 } [ A <A 0 } Dyys (13.73)

with

DE(6.0,0) = e diy(8)
= o [{L(L+ D} Fsin0 Pl (cos0)] . (13.74)
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Using Eq. (13.66), we obtain the matrix element of s,,.
(Sa?;)/\,-—'l‘,\,; = {lsa+Ai){sa = Ai 4+ 1)}1!2
S

8y 1
—{253(1+sa)}”2{/\:_1 1 A} (13.75)

I

Substituting Eqgs. (13.73) - (13.75) into Eq. (13.72), we obtain the polarized
cross section arising from the transverse polarization {s,,) of particle a.

do B 3 2 o)
Q) (28 + (28 + 1) 5al+5a)

x S5 25+ 1)(25 + DIm {f\f \ f\f‘\ _1 —“»6}

3L Mg
Nedg |7 3L J j* L
x (=1) ‘r[)\i 1=\ ][/\f —A; 0
x| 1 s NUp(L41)} st 6 Pl(cos). (13.76)
Ao -1 h-1 | - ' '

Case 2

Let us now consider the transverse polarization of one final particle, say c,
when the initial particles are not polarized and when the polarization of
the other final particle d is not observed. The polarization of particle ¢ of
spin s, normal to the production plane is

TI L‘-Oy:pf)
Seyt) = T 13.77
( cy > Tr Py : ( )

where Trp, is just the differential cross section dc/d€. So,

do
T‘r(m pr) (13.78)

< cy’ ) ,JQ
Using Egs. (13.65) and (13.67), we obtain

Tr (seyps) = 9 A(se+A)(se = A+ 1)}7 Im (pp)r,-1,

_{236(1+sc)}1f22[,\ji1 i ;C}

AL

xIm(ps)a,—1,5. (13.79)
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Since the particles in the initial state are not polarized, the elements of
the spin density matrix of the final state is given by

1
(25, + 1)(2s5 + 1)

where, for brevity, single helicity quantum number is used to denote a two-
particle helicity state as shown below.

Av=H{Aa, Ak Ap = {As Ad)s )\’f = {A. = 1, A4}. (13.81)
Substituting Eq. (13.48) for the helicity amplitudes fA} Ao f'{*f, 5> We obtain

(Pf)x ;= Py £y (13.80)

Z((23+1) 27’ -|—1)

28, + 1)(28 + 1) )‘ A (¢,6,0) f'\‘_’\f(ga‘);ﬂ,{})

(ps) MNoAg

X f}\},)\‘_ fjf,}“_. (13.82)

Coupling the two rotation matrices using C.G. series (5.48) and using Eq.
(13.79), we obtain

do

(.scy:)E = (23a+1)265+1 [ {2s.(1 + s }][/\

&
1 A
XZZ(QJ+1)(21’+1)(—1J’“‘"[J&i i %}]

(\) 4i'L

[4

L ; i
x [ a1 ] D§2(6,6,0) £, A, (13.83)
Using the analytical expression for the rotation matrix,
DE(6,6,0) = df(6) = {L(L+ 1)} "% sinf Pi(cos),  (13.84)

we finally obtain

do 1 _ 1 3 1
o) 3 = (254 + 1)(2s5 + 1) {_{236(1 + 5o} ] [ Ae—1 1

1
. o =N 7 i L
X >0 (274 D25 + D=1 [ oo

(A} 33'L

i 4 L} sin 0 Py (cos 6) { ; e } ..
X S| ——e—l Im < fY, Yoy p . (13.85
[_,\} Ao ]I+ ) BoaBipsi g - (13.85)
A similar formula may be obtained for {s../) and may be shown to van-

ish, as one expects, if the scattering matrix satisfies the symmetry condition
for parity conservation discussed in Sec. 13.3.2.
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]

X

Figure 13.3. The unprimed coordinate system is the rest frame of y and the primed
coordinate system is the helicity frame for the decay products o and .

13.4. Two-Body Decay

Let us now investigate the two-body decay of an unstable resonance or,
more generally, of a system of definite angular momentum and parity (Lee
and Yang, 1958; Byers and Fenster, 1963; Jackson, 1965). The observables
are the intensity and polarization of the angular distributions of the decay
products. There are two main objectives. 1. One is to obtain information
on the mechanism of production of a resonance. In this case, it is better
to work in terms of the density matrix elements themselves since they give
direct information on the population of the angular momentum substates. 2.
The other is to determine the spin and parity of the resonance by studying
various moments of angular distributions. For this, it is often convenient to
express the density matrix in terms of multipole parameters.

To be specific, we choose the rest frame of ¥ with a fixed z axis (quan-
tization axis) to describe its two-body decay into o and B (vide Fig. 13.3).
If p and —p are the momenta of oo and B in this frame, then the state
vector of the two particles containing the angular and helicity informa-
tion is denoted by |p € ¢; Az} which can be expanded in terms of angular
momentum eigenstates.

2+1
PG Aag) = 3 ki ,0,0) [jm; Aag), (13.86)
?r\

with

= e — S (13.87)
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The amplitude for the decay y —o+ [  from a definite state |jm) of y is
given by (suppressing the label p hereafter)

f}\m(’\cr)‘ﬁ) = (9 ¢ P A /\ﬁl H |j??1)

2 1
_ ?1+ D7 (6,8,0)(jmi Aadgl H [jm).  (13.88)

Since the interaction Hamiltonian H is a scalar under rotation, its matrix
element depends on A, and A; but not on m. So, let us denote the matrix
element by H (A, Ap).

If the resonant state y is denoted by the density matrix p, then the
density matrix p, corresponding to the final state is given by

(pf)'\f"\_f" = Z f}\fm p-mm’f;f;m'

mm’

27 +1 b ] ' ; ]
= >, j.1 D3, (9:6,0) D}y (6,6,0)(im; Aadg| H |jm)

x {Gm| pi |gm'y (Gm; /\L/\H H|jm')* (13.89)

with Az = AL — Ay and A, = Ao - A .
The angular distribution 7(0,0) of the decay particles is obtained by
taking the trace of p,

[(8,6) = Trpyg
) ,
= 2 S LD (6,6,00D9,,(6,6.0)

AaAg mm!
XH(Aa'e ’\ﬁ) H*(_’\a:’\ﬁj(pi)mm’: (1390)
with the notation
A=do—Ag H(hawAg) = (Gm; Aa Agl H |j m). (13.91)

Separating the terms that depend on m and m' we get

3" D3 (6,6,0) D2 (6,8,0)(p: o

!

= Z(_l)m_}‘ D.?. (('D 9 U) m’/\(Q 9 U (pz)mm'

st

— Z(_l)m—,\ Ci(mnm-‘}(}l‘ d? /\(9 m’\(g) (:O‘e)m,m* (1392)

it
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The rotation matrices d(0) are known and hence the angular distribution
can be obtained in terms of the density matrix of the initial system. The
normalized angular distribution is given by

I(0,)
fI(B,c;b)dQ' (13.93)
It is easy to show that
/f'{e..qs)dn: S HOw Al (13.94)
Aasha
since
D7 (6.6.0) D 1\ (6,8,0)dQ = —§
. a(9,0,0) D7\ (4,6,0) = g5 7 St (13.95)
and
Z(Pi)mm" (smm’ =Tr P = 1l (1396)

mimn’

Let us now illustrate the above discussion by considering the decay of
a spin-1 system into two spin-zero particles. For this, there is only one
helicity matrix element H(0,0) since A, = Ay = 0. Since j = 1 and A = 0,
the required & matrix elements are

1 1
dly = ——=sin#; di, =cos; d',,=—=siné. 13.97
10 00 1,0 \/5 ( )

V2

Substituting these values of d’ matrix elements, the normalized angular
distribution of the decay particle is obtained in terms of the spin density
matrix of the parent system.

iGN 3 ’ .
f_[ ( (b))dQ = 4—— |:('.Cl51l 8,00,!) + % Slllz g (.01,1 + ,(),,,1‘__1)

— sin® O Re(e?? £1,-1)

—\/gsin‘Zf)Re(ewpl,g—e “o_10)l. (13.98)

As discussed in Sec. 11.2,the density matrix can be expanded in terms of
spherical tensor parameters which are also known as multipole parameters.
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Using Eq. (11.23), the elements of the density matrix can be written as

23tk
1 y
(Pidmm = Z Z (T;lk)*<jm'lﬂznk [7m)
2j+1 k=0 m.k——fc
25 . )
- o Sapr [ E o
'}+ E=0rm,=—k kM
27 J
—_ Sy .
B ZJ"l' Z Z (T™)” [m Mg m} [£]. (13.99)
E=0my=—Fk

The product of two rotation matrices that occur in Eq. (13.90) can be
simplified using the formula (5.48), familiarly known as the C.G. series.

D7 \(4,8,0) D ,\(¢,6,0)
= (=)™ D2, (6,6,0) Dl (6,0,0)

. P T
=(-1) Az[_in -nj?," M”j/\ f'\ UJ Dro(¢.6,0). (13.100)
L

The resulting rotation matrix ﬁﬁ‘m(gﬁ, ¢,0)can have only integer values for
L and it can be expressed as a spherical harmonic using Eq. (5.76).

4w
2L + 1
Substituting Egs. (13.99 - 13.101) into Eq. (13.90), we obtain

18.6) = > Y D {ar(2L+ 1)} 23—y

D¥o(6,6,0) = Y170, 6). (13.101)

Aahgmm! L
o _L a - L .
. [ S M H_j,\ )\ U} Y28, 8) | H(Ma» Ag) I
X; { m’ e m J [RI(T™)" (13.102)
KL

Equation (13.102) is simplified by performing first the summation over m
and then replacing the summation over m' by M.

Z ( -1 )m —A .? J L j k ]
-m m' M m' my m

i’

ZZ(_I]M(W J— #+\{[i%5 e OM e (13.103)
M
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Also

DMV My = Y YT, (13.104)
L M

Substituting these results in Eq. (13.102) and replacing & and m; by L and
—M because of the delta functions, we finally obtain

8,6 = (-1) ;3 L
syl 4]
X [H(Aa Ag)[* Y (TENYE (0, 6). (13.105)
M

Integrating over the solid angle and using the following identities

/1»}?"'*(9,@@ = V47 610 bpr0, (13.106)

;o3 0] _ (=W
[A " 0] = O (13.107)
(Tg) = 1, (13.108)

we retrieve the result (13.94).

Jro.6100= 3 1HOG )

AaAg

By inspection of Eq. (13.105), it is seen that the statistical tensors (T}
are related to the spherical harmonic moments of /(0,0).

" B Cviea j i L
/.f(e,qs)YL (6,4)d2 = > (-1) \/LE[L][A —A 0]

Aok
X [H(Aa» Ag)|* (T, (13.109)
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Case 1: Decay into two spinless particles
In the case of decay into two spinless particles,

Ao = Ag= A =0,

Equation (13.109) now reduces to

Mg _ v ] 71 1L
/1(9 YL (6,0)d2 = /\;ﬁ( 1) 4¢.—[L]{U 0 0]

x |H(0,0)> (TM). (13.110)

Here j is an integer and L should be even because of the parity C.G.

coefficient. Since
/ I(0,0)d) =

it follows that the normalized spherical harmonic moments of angular dis-
tribution is

[0V B0 _ s~
J1(6,6)dQ =, \/E[L}

(13.111)

H 3 ‘H(iﬁvf). (13.112)

Case 2: Decay into a spin-% and a spin-zero particle

From parity considerations, the two amplitudes H(3,0) and H(—4%,0) are
related.

H(-1,0) = e H(L,0), (13.113)

where ¢ = +1. From (13.60), it follows that

€= 10 gy (=1)773. (13.114)

If parity is conserved in the decay, thene¢ = £1 corresponding to the orbital
angular momentum (! = j F 1) of the ab system. The conservation of
parity requires that the product of intrinsic parities M.MN, = (-1). Thus
determines the intrinsic parity of the Yy resonance. However

|H(~1,0)|* = |H(%,0)% (13.115)

2

Consequently,

]f(a,@dn:|H(%,o)|2+1H(—%,o)|‘f’:ziﬂ(%,u)|2, (13.116)
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and the normalized angular distribution is given by

JI6,9)YM(0,6)d0 (1y-4_U] [ L}
[1(8,4)dQ - Var|[L] 0
(

x(TM) {—5——)—} : (13.117)

The C.G. coefficient ensures that the spherical harmonic moments with
L > 2;j vanish, and so the observation of a statistically significant non-
vanishing average value of ¥;¥ means that the spin of the y resonance is
at least L.

The distribution of the longitudinal polarization of the spin-i particle
that comes from the decay is

Bl S,

J

na—

I
I

(93 QS) - ]—%(G*Q)

P8, ¢) = (13.118)

[ RPN [CT TS

The denominator I1(#,¢)+ I_1(8,@)is just equal to 7(6,0). Hence
B(6,6)1(6,9) = 1,(6,) ~ 1_1(6,9). (13.119)

Using Eq. (13.105), we obtain the helicity distributions.

7] MyuM*g o )i 1vie
Bif, o) 1(0,¢ E ——=—(T;")Yi" (0,¢)(=1)
! ¢) = — VL] I {

[STE
1

x{l—( DEY (1, 0))2 (13.120)

After normalization, the longitudinal polarization of the angular distribu-
tion is
[P0, 4) (8, 9) Y2 (8, ) D2

[1(8,6)dQ
[] -1l J 7L 1- (-1t
- m(—u [ I ] (Tﬂ’*’){ ; } (13.121)

It is observed that the longitudinal polarization yields information about
odd L multipole parameters while the particle distribution gives informa-
tion about even L multipole parameters. These studies do not throw any
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light on the parity of the resonant (parent) state. Only the study of the
transverse polarization of the decay products gives valuable information on
the parity of the parent state.

Since we are considering two-body decay, of which one particle has spin-
3 and the other spin zero, we need to consider only the transverse polariza-
tion of the spin-§ particle. The transverse polarization is the expectation
value of 6. or G, operator. Let us illustrate the method by calculating the

x component of polarization.

Tr (0n
Py = (0,) = %P’;’f). (13.122)

Equivalently,
P 1(6,¢) = Tr(ozp5). (13.123)

To evaluate Tr (0.p,;) we proceed in steps. First let us show that Tr (c.p,)
is just the real part of the spin density matrix element (py) 1ot

Tr(o.py) = LIr{(os+0-)ps)
= 3 {Z(M)A»(Pf)m +> (o (Pf)»,\}

¥V AN
= 3 {Z dva-1(pf)an + Z Ox—1,0 (Pf))w,\}

AN AN

= 3 {Z(PI).\—M 2Py }
A A
= 1 Z {{pr)r-1a+(prhaa-1}
X

= Re ) (pr)aa-1. (13.124)
A

The last step is obtained by invoking the Hermitian property of the density
matrix. For the spin-3 particle, the helicity can assume only two values +3
and —z and hence A in the above expression can take only one value 3

Hence we obtain a simple result that

TI‘(prf) :Re(pf)%!_%. (13.125)
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Using Eq. (13.69), we obtain (suppressing for the present the Euler angles
of rotation (¢,0,0) in the rotation matrix)

Re Y oDl D, HEL0) B (40 (o

mm’

2j+L m__ j G
e X Bk apein 0

Tr{ozpy)

0 — 1 C[II 0)' (pt)mm’

mm!

B 25 +1, imod g3 L
= Re Z{ P (—1)"z Z.': [ -m m M
1 ] L ¥
X [ R ] Dy c|H(3, 017 (pi)mme- (13.126)
2 2

The above result is obtained using the C.G. series for the coupling of the
rotation matrices and the relation between the helicity amplitudes, viz.,
H(-1,0) = ¢ H($,0) Expressing the density matrix of the initial resonant
state in terms of the multipole parameters as given in Eq. (13.99),

_ 1 mapx | J Rk
() —— m (T.™*) [mf — (%],

kmp

it will be convenient to separate the terms that depend upon m and m' and
perform the summation over m and replace the summation over m' by M.

'”'l-_-l j J L j k J
Z(_l) : [—m m' M’} [m’ Mk m]

mmnt

:(—1)25*"“(—1)3"%%Z(—l)M&L,kaM,,mk- (13.127)
M

Substituting the above result, we get after simplification

, 1(0,6) = T (0, pg) = Ro;“]( koM [ ] 1]
x DY _1(¢,0,0) (T My e|H(L,0)]%. (13.128)

In a similar way, one can calculate the transverse polarization P,.

P, 1(0,8) = Tr (0, p7) = 5 Tr{(04 — o) ps). (13.129)
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Following the same procedure as before, we can show that
P I(8,¢) = —Im(ps)s 1
— ] j=te M| 3 J7 L
= ~Imy_ S -ECM | ]
LM
X Dig_1(,0,0) (Tp My e |H(£,0)7. (13.130)

Thus the study of the transverse polarization, which depends on ¢, will
yield the parity of the resonant state.

Hitherto, we have considered only the parity conserving two-body decay.
For parity non-conserving weak decay such as the decay of hyperons, only
small modifications are necessary. The interaction Hamiltonian, in this case,
is a sum of two terms, one scalar H, and the other pseudoscalar H..

H=H.+ H,. (13.131)
Under parity operation,
PlHP=H; P'H,P=-H,. (13.132)
This means that the matrix element is a sum of two terms,
He( Ay Ag) + Ho( Ao, Ag), (13.133)

where H, and H, obeys the following relations:

il

!:-{e(_’\as _’\6)
HO(_’\CH _—)\,{3)

TangTy(—1) 5758 (13.134)
~ Ty (= 1) 2%, (13.135)

t

To be specific, let us consider a weak decay of a hyperon into a baryon
of spin-1 and a meson of spin zero. The various distributions involve the
following combinations of #.(%,0) and H,(%,0):

2 Re(He(3,0) 115(3,0))
[He(3,0)2 4 |Ho(5,0))%
2Im (He(},0) H;(3,0))
"o |He(3,0)12 4 |Ho(3,0)|2° (13.136)
|Ho(L,0))2 — |Ho (3, 0){2
[He(3, 0P + [Ho(3,0)1

It is easy to observe that a? + b? + ¢ = 1. The various changes that oc-
cur in our earlier study of parity conserving two-body decay can easily
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be determined and we only quote the final results for normalized angu-
lar distribution and the longitudinal polarization. Equations (13.117) and
(13.121) get modified to yield

J1(6,0)YM(8,0)d02 [71 i L M
[1(6,¢)d%2 = (-1 \/E[L][ —3 U](T”

N\ 1\
x{1+(-2 D | o g ) )}, (13.137)

B b,

[P0, 10.9)YM6.8)00 _ iy A
Togdn = mm [ o]

X {1_( b* )L)}. (13.138)

The reader may note the interchange of the roles played by even and odd
L in the above equations.

For the relativistic treatment of angular momentum states for three-
body system and for the three-body decay, the reader is referred to Wick
(1962) and Berman and Jacob (1965).

13.5. Muon Capture

We shall now apply the helicity formalism to discuss the capture of muon
by spin-zero target nucleus,

o+ AJ: =0)—= B(jy > 1)+ v, (13.139)

and investigate the asymmetry in the angular distribution of the recoil
nucleus B and its polarization.

The usual source of muon is from m decay and it is polarized in the
direction of its flight. When it is incident on a target, it is slowed down and
caught in Bohr orbits. It cascades down to lower orbits emitting X-rays
known as muonic X-rays and ultimately reaches the 1s orbit before it is
captured by the nucleus through weak interaction. It is observed that de-
polarization takes place during the process of slowing down and cascading,
but yet there is a residual polarization of order 15 to 20% in the 1s orbit
at the time of capture by spin zero nucleus.

The muon polarization which coincides with the direction of incident
muon is assumed as the z-axis of the rest frame of the initial system as
shown in Fig. 13.4. This corresponds in the final state, to the centre of
momentum system, with the recoil momentum p = -v, making an angle
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Z
z

1—:'34 ]A)
g

o =y
¢

X
Figure 13.4.  The muon polarization is along the z-axis of the rest frame of the

muon-nucleon system and the momentum of the recoiling nucleus is along the z'-axis
of the rotating frame which is otherwise called the helicity frame.

0,0 with the z-axis. For describing this process, we have two frames of
reference, one is the fixed frame of reference with z-axis in the direction
of muon polarization and the other, the rotating frame of reference with
z'-axis coinciding with the direction of recoiling nucleus. The latter frame
of reference is obtained from the former by rotation through Euler angles
(9,8,0)

Since the target nucleus is of zero spin, the total angular momentum
of the initial system (u- + A4) is % and is described by the state vector
|3 m}). The final state is the recoiling nucleus B with spin j; and helicity
If, and the muon neutrino v, with spin-i and helicity —%. Expanding the

final state in terms of definite angular momentum following Eq. (13.35),
2 1
16,; Mg, —1) = Zﬁ/ ” 2D (9,0,0)5 M Ap, —1),  (13.140)
iM

the transition amplitude can be obtained in the helicity basis.

f)\m = 9(;5 )\fs ‘H| m)
= 21/2“11} (6,6,0) (GM;Ap,—1 [H|Lm). (13.141)
M

Since H is a scalar under rotation, j = % and M = m, there can be only
two partial wave helicity amplitudes ($M; Ay, —[H|3m) corresponding to
the total angular momentum %. These partial wave helicity amplitudes will

7
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hereafter be represented by H, where A = A, + 1 = +1. Thus,

/ 1
fram = m\(@,ﬂ 0) H). (13.142)

The elements of the density matrix for the final system is given by

(Pa = D Fam (Pi)mmt frimss (13.143)

where p; denotes the density matrix for the initial system which is taken
to be in the diagonal form in the rest frame.

pi=i1+o-Py=11+2s-P,), (13.144)

where ¢ denotes the Pauli spin operator, s the spin of the muon and P,
the polarization of the muon which is in the z direction. Substituting the
eigenvalue of 5. in the density matrix of the initial state,

(o = %Y Fam (L +2mPy) flin,. (13.145)

Using Eq. (13.142) and the explicit form of D7 rotation matrices, we obtain
the following results:

Zf/\m fl\*’m = —ZD /\(QS?H 0) Dm\‘(éﬂgfo) ‘H)‘ HK’

= Z d,\m m»(ﬁ' HyH}

— |H,\|26A A (13.146)
Y Pmm iy, = me/\(qs,a 0) mDm/\,(gi), 8,0) Hy H3,
43
= — {2 M H|? cos B8y 3 — Hy H 1 sin88,_y
AT 2 3
- H_yH} sinaé,\_,\;,_l} . (13.147)
2

Consolidating the above results, we obtain the angular distribution of the
recoil nucleus /7(0,0).

I(6,¢)=Trp; = —Z[ Hy* + —~ZA[HA|2P cosf. (13.148)
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Writing it in a more compact form,

I(8,¢) = (13.149)

with
I'=) |Hy? A(0)=1+aP, cosb, (13.150)
A

we find the asymmetry coefficient of the recoil angular distribution to be

AP
SR F—L e ks S 13.151
DA (13450
The quantity I' represents the capture rate.
The longitudinal polarization of the recoil nucleus is
Tr(J -
p, = U -Plpy
Trps
Yo (P (pr)y
. (13.152)
2 (Pr)an
Since
(J-phay = Apdan = (A= 3) 0w, (13.153)
the longitudinal polarization becomes
1A =3) (s, Y
Pr, = (13.154)
> (P
In the absence of muon polarization (P, = 0),
XA =DHLE a1
P? =—— -, 13.155
2R N I (13159

Thus we arrive at a well known relation for the observables in muon capture.
a-2P) =1, (13.156)

Since the muon capture process is completely described by two helicity am-
plitudes H 1 and H_ 1, , all the observables in muon capture can be expressed
in terms of these amphtudes and their relative phase. Hence it follows that
there cannot be more than three independent observables in muon capture.
For further details of helicity formalism as applied to muon capture, the
reader is referred to Bernabeu (1975) and Subramanian et al. (1976, 1979).
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Review Questions

13.1 (a) Write down the non-interacting two-particle wave function in
terms of the plane wave helicity basis and the angular momentum
basis and obtain the transformation from one basis to the other.

(b) Discuss the advantages of using the helicity formalism for the study
of two-particle scattering and obtain expressions for the angular dis-
tributions and polarization of the scattered particles.

13.2 (a) Consider the two-body decay of a resonant state and deduce an
expression for the angular distribution of the decay products in terms of
the decay products in terms of the statistical parameters (7}') defining
the initial system. Also find the spherical harmonic moments of the
angular distribution.

(b) Apply the above consideration to the decay of a resonant state into
(i) two spinless particles and (i) one spin-i and the other spin-zero
particle.

13.3 Discuss how is it possible to determine the spin and parity of a res-
onant state by observing the angular distributions and polarization of
the decay products. Restrict your considerations to the decay into two
particles.

13.4 Consider muon capture by a spin-zero target nucleus and show that
the asymmetry in the angular distribution of the final nucleus with re-
spect to the polarization vector of the initial muon is related to longitu-
dinal polarization of the final nucleus by a simple relation o — 2P = 1,
where o denotes the asymmetry coefficient and P denotes the longi-
tudinal polarization of the final nucleus for muon polarization zero.

Problems
13.1 If a particle with spin j has transverse polarization, show that

(Jo) = {G+NG =2+ 1)} Repyoin,
(Jy) = {G+NG-A+ 1) Impaia

13.2 A particle with spin s is transversally polarized. If the transverse
polarization is denoted by (s,), then show that its spin density matrix
is given by

i

g 1+ L(% ) s
- 2541 s(s+ 1)V

Show that the density matrix reduces to the familiar formula

for the spin-1 particle with vector polarization P.



196 CHAPTER 13

13.3 Discuss the pion-nucleon and nucleon-nucleon scattering using the he-
licity formalism and enumerate the number of independent scattering
amplitudes in each case.

13.4 Discuss the following decays

(a) Y*(1385MeV) — Ax
(b) Z*(1530 MeV) — Z

k]

and explain how you will determine the spin and parity of the parent
systems. (These are parity conserving decays through strong interac-
tion. The spin of the hyperons A and E is % and the spin of T is zero.)

Solutions to Selected Problems

13.1 The transverse polarization of a particle with spin j is the expectation
value of the operators J, and J.

ey = Tr(Jzp) Z—II‘{(J++J )}

o | =

AN IWY

{ J—X (G+AN+1) }?5/\)\r+1(p)x

'y

b =
/

(
{ (J4 Ia ﬂ]v}HrZ J ) (p)a v

+ 3 G+ N0 = A+ D)}E yar (P
P Y

= % Z{(j FA)G - A+ DY {()acip + (Phaaoa)
N

Since p is a Hermitian matrix, it follows that

=S {G+ N0 = A) + 1} Re (P
A

Since J, = 5:(J4 — J~), it can be shown in a similar manner that

=3 (G NG = A+ DY ()
A
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13.2 Retaining only the first order term and neglecting higher order tensor
orientations, the density matrix can be written as

]
T 2541

p A+ (T T,

where the tensor operator Ty is normalized such that
Te (T TF) = (25 + 1) 6, .

The normalized 77" operator is

3
v | @
= s(s+1) 1

Substituting it in the expression for p, we get
[ 3 w
p= 25+ 1 (1+ s(s+1) (S1>S1) '

For spin-% particle, the density matrix reduces to

po= 31445
= (14 a"(c"))
= %(] +o - P)

13.3 For each partial wave scattering amplitude, the number of helicity
amplitudes is (2s, + 1)(2s, + 1)(2s. + 1)(2s, +\ 1). But by the applica-
tion of invariance and symmetry principles, the number of independent
amplitudes is considerably reduced.

For pion-nucleon scattering, the number of helicity amplitudes is 4,
since the pion spin is zero and the nucleon spin is 1. Explicitly, the

amplitudes are

G) (0, }Tl0, by, i) (0, }TIo, -1),
(iii) (0, —3|710, 3), (iv) (0, =370, —3).

By application of parity conservation, the helicity amplitudes (i) and
(iv) are equal and (ii) and (iii) are equal. The application of time
reversal invariance implies that amplitudes (ii) and (iii) are equal and
so it does not give any new relation. Hence the number of independent
amplitudes required for describing the pion-nucleon scattering is only
two.
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For describing the nucleon-nucleon scattering, the total number of he-
licity amplitudes required is 16, since the nucleon has spin-%. The par-
ity invariance reduces the number of independent helicity amplitudes
from 16 to 8 and the time reversal invariance reduces further the num-
ber of independent helicity amplitudes from 8 to 6. By invoking the
relation for the identical particles, the number is further reduced to 5.
The five independent partial wave helicity amplitudes are given below
in a matrix form.

TF | =] =1 | ==
t+ | AR f
+- | VB AR

—+ |\ A AL A LA

— A [ATHTA
The rows and columns denote the helicity states of the final and initial
systems, using for brevity + for +% and - for —% helicity states. For

instance, in the table, f; denotes the helicity amplitude

| : 1 .
F = o (HhHIT 4 4 H) = o 4T = §,-0).



