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1. In class, I defined the matrix-valued covariant derivative operator in the adjoint represen-
tation, Z,,, by
2,V =(D,V),T=09,V +ig[A,, V], (1)

where V' = VT'* is a matrix-valued adjoint field and (D) = 00, +9 fmbAfL is the covariant
derivative acting on a field in the adjoint representation. The commutation relations satisfied
by the generators of the Lie group G are given by [T, , T} = i fap.1e, and the indices a, b and ¢
take on dg possible values, where dg is the dimension of G.

(a) Prove that for any pair of matrix-valued adjoint fields V' and W,
2, VIW = (2,V)W,

where [, ] is the usual matrix commutator. This means that 2,V = [Z,,, V] holds as an
operator equation.

By definition of the commutator, for adjoint fields V' and W,
2, VIW =2,V -VI)W =2,(VW)-VIW
= 0,(VW) +ig[A,, VW] =Vo,W —igVI[A,, W]
= (0, V)W +ig[A,, VIW = {9,V +ig[A,, V]}W
=(2,V)W.
This is true for an arbitrary adjoint field W. Hence,
DV =D, V], (2)

holds as an operator identity.

(b) Prove that for any matrix-valued adjoint field V',
(D D)V = 1g[F, V],
where F,, = Fj T is the matrix-value field strength tensor of the non-abelian gauge theory.
Using the definition of &, given in eq. (1),
Dy, 2V = 2,0,V +ig[A,, V]) = 2,0,V +ig[A,, V])
=0,(0,V +iglA,, V]) +ig[A,, 8,V +igl4,, V]]
—0,(0,V +1ig[A,, V]) —ig|A,, 0,V +ig[A,, V]]

= ig{[@MAV —0,AL, V]+ig[AL, [A, V]] —ig[Ay, [A,, V]]}.
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Using the Jacobi identity,
[Au, AL VI + VL [AG A+ [A [V, AY] =0,
and the antisymmetry of the commutator, e.g. [V, A,] = —[4,, V], it follows that,
(D, D)V =igl0, A, — 0,A, +ig[A,, A, V].
using the definition of the matrix field-strength tensor,
F.=0,A,—0A,+iglA,, A,
we end up with

(D, D)V =ig[F., V]. (3)

An alternative derivation:

Note that by using the definition of the commutator, for adjoint fields V and W,
(2, 2IV)W = (2,2, — 2,9)W
=(2.2,,V] - 2,[2,, V)W
=% (20 V] = (20 120, VIDW, (4)
after using eq. (2). The Jacobi identity implies that the following operator identity holds:
(2., 12, V| + [V, %., 2]+ %, ]V, 2] =0.

Thus, using the Jacobi identity and the antisymmetry property of the commutator, eq. (4)
yields
(2., 2,V)W =2y, 2], V]W.

This is true for an arbitrary adjoint field W. Hence,
(D, D)V = [[.@u, 2, V} , (5)

holds as an operator identity.
The matrix field strength tensor was initially defined in class via the operator identity

[Du> DI/] :igF/wa (6)

where D, is the covariant derivative defined by its action on a field that transforms according
to an arbitrary representation of the Lie group G. In particular, eq. (6) must hold in the
adjoint representation, which implies that

[‘@uv ‘@V] = igFHV
holds as an operator identity. Inserting this result into eq. (5) yields
(D, D)V =ig[F., V],

which again confirms eq. (3).



(c) Starting from the non-abelian Maxwell equation,
D F* =", (7)

prove that the current j¥ is covariantly conserved. That is,

25" =0.
Applying 2, to both sides of eq. (7),
23" = 9,2, F" = 59,9,(F" — F""), (8)
since ¥ = —F"#. After relabeling p <> v in the last term, we can rewrite eq. (8) as

2,j" = 5(20D, — 2.2 F" = =4 [Py, D) F™ .

Since eq. (3) applies to any matrix-valued adjoint field V', we may use eq. (3) with V' = F*
to obtain
2,j" = —%ig|F,, F*™] =0.

2. (a) Compute the differential cross section at O(a?) for qz — tt (where ¢ # t is any light
quark and ¢ is the top quark), in terms of the center-of-mass energy /s and the squared
four-momentum transfer ¢. Integrate your result over t to obtain the total cross section as
a function of the squared center-of-mass energy s. In your calculation, average over initial
colors and spins and sum over final colors and spins. You may assume that the initial quark
and anti-quark are massless, but do not neglect the mass of the top-quark.

Only one Feynman diagram contributes,

q ]{31 D1 t

—/{52 —P2 f

sy

where the direction of the four-momenta are indicated on the diagram (i.e. the incoming
four-momenta are k; and ko and the outgoing four-momenta are p; and p,).
The invariant matrix element for qg — tt is

_Z.glw 6ab

M = ) (=i T)otpe) (L Y 0 (=i Tl )

S

where g, is the strong coupling constant and the square of the center-of-mass energy,
s = (ki +k2)? = (p1 + p2)® = 2ky-ky = 2(M* + p1-pa) , (10)
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where we have neglected the masses of ¢ and g, and we have denoted the top quark mass by
M. 1t is also convenient to introduce the kinematic invariants,

t= (ki —p1)? = (p2 = ko)? = M? = 2p,-ky = M? — 2py-ks, (11)
u = (1{31 —p2)2 = (pg - ]{71)2 = M2 — 2p1']{?2 = M2 — 2p2'l{31 . (12)

In particular, note the identity,
s+ 1+ u=4M" +2p;-(py — k1 — kp) = 2M?, (13)

after applying the conservation of momentum, p; + ps = k; + ks, and using p? = M?.

Squaring the matrix element and performing an average over initial colors and spins and
sum over final colors and spins, we first focus on the color sum and average. It is instructive
to perform the color sum and average for an SU(N) gauge theory of strong interactions. (One
can set N = 3 which is relevant for QCD at the end of the computation.) Consider the
N x N matrix generators 7 in the fundamental representation of SU(N). The standard
normalization for these generators are:

Te(TT") = 200 (14)

We shall also employ the following identity [cf. eq. (10) of the class handout entitled, Useful
relations involving the generators of SU(N)],

1
T5Ti = 5 <5i£5jk - Néz‘j(skf) ) (15)
where there is an implicit sum over @ = 1,2,,..., N> — 1. Note that i,j,k,{ =1,2,..., N.
Focusing only on the color degrees of freedom and suppressing all other factors,
1 1
2 a b c d1* a b c d
|M|ave = m [Tz’jéakaé} [T;'j(schkZ} = ﬁ [Tij(Sakaé] [szdchmc]
1 - e 1 N2 -1
= mTr(T T )TI'(T T ) = W(Sabéab = W s (16)

where we have used the fact that the generators are hermitian to write (7}5)* = Tj;. Averaging
over the colors of the incoming quark and antiquark yields two factors of 1/N. Returning to
the full expression given in eq. (9), the average over initial spins (which yields two factors of
1/2) and the sum over final spins yields

9 1 N?2—1 gﬁ wy
ME = 3 = 5 el = My + M) Te( ko).

Working out the traces,

N?—1 g
\M\fm = AN2 49—;2 - 16 [pgupla + P2aPiy — gua(pl'p2 + M2)} [/{51“]{;20‘ 4+ flep2me _ g'ualﬁ']fz]
N2 —1 8g2
N S—%(pl'klp2'k2 + p1-kapa-ki + Mk ko)
N2 —1 2g2
E st [(Mz_t)2+(M2—U)2+2M2S] )
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where we have used egs. (10)—(12) to express the matrix element in terms of the invariants s,
t and u. Defining o = ¢?/(47) and setting N = 3,

64 2.2
M3 = 7(; fs [(M? — 1)+ (M? — u)? + 2M?s] .
s
The differential cross section for the scattering of two massless particles is given by
do 1 9
E - 167’(’82 |M|avo .

It then follows that
do  4ma?
dt — 9s
We now integrate over t to get the total cross section. To obtain the limits of integration,
we use eq. (11) to write

[(M? —t)* + (M? — u)* + 2M?s] .

t=M?—2p-ky = M? — 2E,E, + 27, -k,

The corresponding energies are Fy = E, = %\/E, whereas the magnitudes of the corresponding
three momenta are

|k1|:%\/ga |ﬁl|:%\/§ﬁa
where
4M?
B=1/1- p (17)
Thus
t=M>—1s(1—Bcosb), (18)
where 6 is the angle between the three-momenta p; and K. The minimum and maximum of
t correspond to cos® = —1 and +1, respectively. It is convenient to define t; = ¢t — M? and

u; = u— M?. Then,

1 1
—55(1-8) 4 Ara? [~250-8)
2 2
0’:/ —Udtl = 2% /1 (8] +ui + 2M?s) dty
— —58(14‘5)

In light of eq. (13),
2 ud 4+ 2M?s = 12 + (s +11)% + 2M?s = 2t + 2t 5 + s(s + 2M?).

Hence,

1
4 2 —58(1—5)
o= % / [Qt% + 2t1s + s(s + 2M2)} dty

9s* 1s0148)
oy s
— K {215‘;’ +t25 4 s(s + 2M2)t1}
—5s(1+5)

_ 47?0/51{_1_1283[(1 _B) - (1+5)3} + is?’[(l —B)?— (1+5)2] +532(s+2j\/[2)}.

4o 2M?
= ﬁ{%(3+62)+ : }




Using eq. (17), we end up with

. 8ma! 2 M AM2\
o(qqg — tt) = 775 1+ 1-— :

(b) Compute the differential cross section at O(a?) for gg — tt, where g is a gluon, in
terms of the squared center-of-mass energy /s and the squared four-momentum transfer ¢.
Integrate your result over t to obtain the total cross section as a function of s. In your
calculation, average over initial colors and spins and sum over final colors and spins.

Consider the process gg — tt. The incoming gluon momenta are denoted by k; and ks,
respectively, and the outgoing momenta of the ¢ and ¢ are denoted [as in part (a) of this
problem] by p; and ps, respectively. Once again we introduce the three kinematic invariants,

s = (/ﬁ + k2)2 = (p1 +p2)2 = 2ki-ky = 2(M2 +p1'p2)a (19)
t= (ki —p1)* = (po — k2)> = M? = 2py-ky = M* — 2ps-k» (20)
u= (ki —p2)® = (p2 — k1)> = M> = 2py ko = M* — 2ps-ky (21)

where M is the top quark mass. The identity given in eq. (13) still holds, since the gluon is
massless. Three Feynman diagrams contribute at tree-level to gg — tt,

]{31 P1 ]{31 P1

g "scsosoy—P»— 1 g oo y—»— ¢
Ap1—Fky Ap1—ky

g 0000 < ¢ g 99000 —=4—F
ko —p2 k1 —D2

and the corresponding invariant amplitudes will be denoted by M,, M, and M..
Employing the QCD Feynman rules,

i(pr — fr + M)
t— M2

'éMa = ﬂ(pl)(_igsfyuTa) (_igs’yuTb)U(pQ)eg(kb )‘1)62(1{:27 )‘2) )
where e”(k, \) is the polarization vector for a gluon of color a, helicity A and four-momentum k.
Slightly simplifying the above expression yields,

2

Mo = 2 e, M)ey o, M) T T Tp ) — o+ Mvo(pa). (22)

Next, M, is obtained from M, by exchanging the two initial gluons. Hence,

2
My = % et (K1, Ar)ey (ko, Aa)TPT T(p1) v (1 — Fa + M)y0(p2) - (23)



Finally, M, involves the three-gluon vertex. After some minor simplification,

2
M, = gf e (k1, M€y (Ko, A2) (i fare TE)T(p1 )Y 0 (p2) Crav (24)

where
Covp = Gu(ka — k1)p + gpu(2k1 + k2)u + gup(—2ka — k1), - (25)

Since these are complex calculations, it is always a good idea to check your results by some
independent method. Here, I shall check gauge invariance. In class, I showed that given an
invariant matrix element involving two external gluons, which is of the form

MWJEM(]{ZD )\1)6”(]{72, )\2) y

where the color labels have been suppressed, then one must obtain zero if either e*(ky, A1) is
replaced by k' or if €’(ks, Ay) is replaced by ki. For example,

k‘{LMMVEV(kQ, )\2) = O . (26)

Let us now verify eq. (26). We consider the effect of replacing e*(ky, A1) with k}' in M,, M,
and M., respectively. In the case of M,, we must evaluate

(p1) (P — K+ M)y,o(p2) = a(p1) kb (Pr + M)y, 0(p2)
= 2k -p1(p1) Y0 (p2) — U(p1) (Pr — M)F1v(p2)
= (M? = tyu(p) 1o (ps) (27)

In obtaining eq. (27), we first used f1f; = k? = 0 (since the gluon is massless). Next, we used
the anticommutation relations of the gamma matrices, {7, , 7} = 2g,,, to write

Fappy = 2k1-p1 — Pofs = M> —t — i f .

Finally, we made use of the Dirac equation to obtain u(p;)(py — M) =
A similar computation arises when considering M,,.

u(p1)ye (1 — Ko + M)Frv(p2) = u(p1) v (k1 — P2 + M)Frv(p2)
= u(p1) k(P2 + M)v(p2) — 2k paui(p1)y,v(p2)
= (u— M?)u(p)1v(ps) (28)

Note that in this calculation, it was useful to use momentum conservation, p; — ko = k1 — pa.
At the penultimate step, we invoked the Dirac equation, (po + M)v(py) = 0.

When eq. (27) is employed in M, and eq. (28) is employed in M), we note that the
denominators are conveniently canceled. Thus, we conclude that

(Mo + M,) = gy (ka, o) (TT" — T"T*)Vu(p1) v (p2) - (29)

e1—k1



Finally, we examine M, with e"(k1, \;) replaced by k{. Then, using eq. (25),
kY Cp = k1, (ko — k1) + k1p(2k1 + ko) — 2gu5k1 k2
after noting that k¥ = 0. In what follows, we shall denote €5 = €”(kz, A3). Then,
KYesClup = ki-€a(k + ko) — 2k1- ko €25, (30)
after using ky-eo = 0. The factor of (ki + k2)s then ends up in the expression,

U(p1) (Fr + K2)v(p2) = ulp1)(P1 + pa)v(p2) =0,

after using four-momentum conservation and the Dirac equation. After noting that s = 2k ko,
which conveniently cancels the denominator factor in M., we are then left with

M, = gzey (ka, M) (=i f T )Va(p1) v (p2) -

61—>k1

Combining this with eq. (29),

(Mg + My + M.) = 9365 (ka, o) (TT° — T°T* — i f***T)a(p1)v,0(p2) =0,

61—)k1

after employing the commutation relations of the generators, [T, T% = if,,.T°. Thus, the
gauge invariance check is successful.

It should be noted that an essential aspect of the gauge invariance check was keeping the
factor of €} (ka, A2), since eq. (30) was obtained only after using ks-€} (k2, A2) = 0. This implies
that although eq. (26) is satisfied, the following relations (which do hold in QED),

kM, =0, ks M, =0 (31)

do not hold in QCD. In For example, one can easily modify the above computation to obtain

2
kM., = gf i fabe T ko, (1) Frv (p2) (32)

Of course, eq. (26) does hold as expected, since if one multiplies the above equation by
€y (ka, A2) and employs ks-€}(ka, A2) = 0, we do get zero as expected.

Looking ahead to the calculation of the spin and color summed and averaged squared
matrix element, the gluon spin sum is given by

EPEY + kY kM
+ ;_) , (33)

52 bl ) ek Ay = s (-9 + EEE

A
where k* = (k°: k) and & = (k°: —k). The consequence of egs. (26) and (32) is that in
a QCD scattering process, one is free to drop the (k*k"™" + kVEk")/k-k term in the spin sum

corresponding to one (and only one) external gluon line. Thus, in the present calculation of
gg — tt, one would have to employ the full expression given by eq. (33) for one of the two
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gluon spin sums. In contrast, if eq. (31) were to hold (as it does in QED), then one would be
justified in making the replacement,

D ek, A) ek, A) — —6ap g™ (34)

A

Let us now return to egs. (24) and (25) and note that we can slightly simplify this result
by writing

2
M= 22 ik, A)ef (o, Ao) (e TV(p1)7 0 (p2) G (35)

where

Cuvg = G (k2 = k1) + 298,k10 — 2gupkay - (36)
Here we have eliminated two of the terms in C),p by invoking the properties of the gluon
polarization vectors, ki-e?(ki, A1) = ko-€)(k2,\a) = 0. Using the version of M, given in
eq. (35) in the total amplitude M, e*(ki, M1)€ (ko, o) = M, + My + M., it is a simple
matter to verify that eq. (26) holds! Note that we have not actually changed the value of
M., but we have changed the value of M,,,. Thus, by employing the form of M. as given by
eq. (35), we can now safely use eq. (34) in the gluon polarization sums for both gluons!
We are now ready to perform the calculation of the cross section for gg — tt. In computing
the absolute square of the invariant amplitude, there will be six terms,

M| = | M| + My|* + | M* + 2Re(M M) + 2Re(M M) + 2Re(My M) . (37)

We first focus on the color factors, suppressing all other factors. As in part (a), it is instructive
to perform all color computations using an SU(NV) color group, and only set N = 3 at the end
of the calculation.

In addition to egs. (14) and (15), the following results, taken from the class handout
entitled Useful relations involving the generators of SU(N), will also prove useful. First, by
setting j = k in eq. (15) and summing over N colors yields the quadratic Casimir operator in
the fundamental representation of SU(N),

N%2 -1

(TaTa)iZ - W 6% . (38)

Also useful is the Casimir operator in the adjoint representation of SU(/N), which is given by

fabcfabd = Nécd s (39)

where there is an implicit sum over the two pairs of repeated indices. Two other trace relations
obtained in egs. (14) and (24) of the class handout cited above will be used in the computations
that follow,

faba Te(TTT€) = 2iNGoq (40)
1

Te(TTPTTC) = ——— by, . 41

r( ) v (41)

The color factors for each of the six terms in eq. (37) can now be obtained. We sum over
the final state colors of the ¢ and ¢ and average over the initial gluon colors. Since the gluon
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field transforms under the adjoint representation, it possesses N2 —1 colors in an SU(N) gauge
theory. Thus, we must divide by (N? —1)? to perform the color averaging of the initial gluons.

M (T°T?),;(T*T);;  Te(T°TPT*Te) 1 N2 -1\ vo b
o (N2—-1)2 (N2 —-12  (N2—-1)2\ 2N 4N’
My (T*T)yy (T°T");i  Te(T°T°T°T%) 1
b (N2—1)2 (N2 —-1)2 4N’
‘M ‘2 X (ifabcﬂcj'>(_ifab67}¢i) _ fabcfabe Tr(TCTe) _ N(Sceéce _ N
o (N2 —1)? (N2 —1)2 2(N2—1)2  2(N2—-1)’
o (DT (ToT%);  Te(T°T'T°TY) 1 - 1
2Re(MaMy) VE—1)7  © (Vo1 ANV T TINGVE )
o (TT)i(=ifaneTs)  ifae Te(TOTVTC) N N
2Re(M M) : (N2 —1)2 T (NZ—1)2 AN — 1)2566 T A4(N2 1)
o (TTYi(=ifaseTs)  ifape Te(TPTOT®) N B N
2R6(M5Mc) : (N2 — 1)2 = — (N2 — 1)2 = _méee - _m .

Note that the factors of 2 appearing in the interference terms are not incorporated in the color
factors obtained above. These factors of 2 will be included separately below.

We now proceed to write out the spin and color averaged matrix element, considering
separately the six terms in eq. (35). The average over gluon helicities is performed using
eq. (34) [although the d,, factor has already been employed in obtaining the color factors
above]. The sums over the final state ¢ and ¢ spins are computed in the usual fashion, resulting
in traces of gamma matrices. In the average over initial gluon helicities, we include a factor
of 1/2 for each gluon since we are averaging over two polarization states. Thus, we obtain

Mol = i () oDl = b+ Ml = MG — I+ M+ ).
M = g () Tl = Bt M) — DG — ot M+ 20
(MM ) = 1o (37 — oy ) Tl — o+ Ml = 305

X (1 — Ko + M)~ (1 + M)] ,

M= 2 (s ) G Tl — MG + M)

2(V?
(Mo Moo = i (e ) Cons T = M — o+ D) + 1),
2Re(MpM) aye = 48(]\328_ ) (4(]\7_2]\1 1>) Iy Tr[ (}52 M)V (pr — Ko+ M) (1 + M)} ,
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where é’u,,g is defined in eq. (36). The factor of 2 in the interference terms appear explicitly in
the three initial numerator factors above. The color factors computed earlier are given inside
parentheses in each expression. Note that for the case of 2Re(M,M})ave, we have written

vt N
4N(N%2—1) 4N 4(N2—-1)

The reason for doing this is that one can now see the existence of two independent color
factors, 1/(4N) and +N/(N? — 1). Indeed, |M|2,, consists of two independent terms—one
proportional to the first color factor and the other proportional to the second color factor.
Although it may not be obvious, one can show that these two independent terms are separately
gauge invariant. Indeed, this allows one to take the QED limit of the above result, simply
by omitting all terms proportional to 3 N/(N? — 1), since the latter involves the three gluon
vertex, which is absent in QED. But, we also learn that part of 2Re(M M)y must also be
omitted in the QED limit—this is the piece that is sensitive to the non-commuting nature of
the generators T°.

Identifying these two separate pieces is also useful computationally, as one might expect
some significant cancellations within the two independent gauge invariant sets. It should be
emphasized that this separation is only possible if one computes SU(N) color factors rather
than SU(3) color factors, since the N dependence allows one to identify the two independent
pieces of |M|%,.. Of course, at the end of the day, we will set N = 3 to get our final result.

The rest of the computation involves the calculation of traces. This is straightforward
but tedious. After reducing the traces to products of dot products, one makes use of the
kinematics [cf. egs. (19)—(21)] to express the result in terms of the kinematic invariants. The

end result is summarized below.

Mol = s (37 ) [OF = 008 ) = 207002 + 0]
2 293 1 2 2 20172
| Mbove = O — )y (m) [(M? = ) (M? — u) = 2M*(M? + u)]
% 49;1 1 N 2 2
2Re(/\/la/\/lb)ave = (M2 _ t)(M2 _ u) (m - m) M (S —4M )>

gt/ N
Me[oe = sgg (m) (M? = t)(M? — u),

. _ _49;1 N 2 2 2
2Re(M M) ave = EYERTY <4(N2 — 1)) [(M? —t)(M? —u) + M*(u—1t)],
% _ 492‘ —N 2 2 2
2Re(MpM) ave = SO =) (4(N2 — 1)) [(M? —t)(M? —u) + M*(t —u)] .
The invariant cross section is given by
do 1 9
E - 167T82|M|av0

11



Adding up the six expressions above, putting N = 3 and defining a? = ¢2/(47), we end up
with

do  2ma? {( 1 ) (M2 — 1) (M? — ) = 2M*(M* +1) (112> (M2 — £)(M? — u) — 2M?(M? + )

dt 82 12 (M2 —t)? 12 (M2 — u)?

! (_%) (z\%i(f)(_]\jy_z>u> + (%) 2(M2 — t8)2(M2 —w)

B <i) 2[(M? —t)(M? — u) + M?(u — )] N (_i) 2[(M? —t)(Mz—u)+M2(t—u)}}
32 s(M? —t) 32 s(M? — u) ’

where the color factors for N = 3 are specified inside the parentheses above.

In light of eq. (13), s+t+u = 2M?, so that at fixed center-of-mass energy /s, the variable
u = 2M?—s—t1is also a function of t. Note that ¢ is related to the scattering angle as indicated
in eq. (18), which we repeat below:

t=M?—1s(1— Bcosb),

= (1—4M2)1/2. (42)

where

S

The kinematical limits on t are easily obtained by imposing the condition, |cos@| < 1. It
follows that

M? —1s(1+8) <t < M*—1s(1-p). (43)

The final step is to integrate over ¢ to obtain the total cross section. As in part (a), it is
useful to define t; =t — M? and u; = u — M?. Then,

do 2w | tyuy — 2MP(M? + ty) N tyuy — 2M?(M? +uy)  M?(s — 4M?)
dt; s 12t 12u? 48t uy

3t 3ltiur + M?(uy — t 3[tiug + M3(ty —
i 1u1+ [1U1 (Ul 1)} [1“1 (1 U1)]}’ (44)

882 16St1 + 16SU1
Using eq. (13), it follows that
s+t1+u; =0.

Due to the symmetry under the interchange of ¢; and wq, it follows that do/dt; = do/du,.
This means that in computing the total cross section, the integral of the first two terms in
eq. (44) yields the same result, as does the integral of the last two terms in eq. (44).

In addition, eq. (43) implies that

—ls(1+8) <t < Lis(1-8),
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which provides the limits for the integral over t;. Hence, utilizing the symmetry noted above,

o =

1
oma’ /—isﬂ—ﬁ) ” { ti(s+t) +2M2(2M? + )  M?(s—4M?)  3ti(s+t)
p _

_l’_
52 %5(14‘5) 6t% 48t1(5 + tl) 882

3[ti(s +t1) + M?(s + 2ty)]
B 8St1 ’

The integration is straightforward. It is simple enough to perform by hand, although a
computer algebra system such as Mathematica is also suitable. The end result is

e av? Mt (1T EE N 1 a2 s
o(gg = tt) = —< [ 1+ +—|In —— (1= 7+ ,
3s s s? 1 [ am2 4 s s

after using eq. (42) to express the final result as a function of M? and s.

3. Consider the following model Lagrangian density for a theory with two real scalar fields ¢,
and ¢9 and a Dirac fermion field v,

L = 3(001)” + (2,02)°] + 512 (87 + 83) — $A(0F + 83)” + 0P — g0 (61 + is62)0, (45)
where the parameters ;2 and A are assumed to be positive.

(a) Show that this theory possesses the following global symmetry,

¢1 — ¢1 COs . — o sin « (46)
Py — ¢18ina + ¢y cos (47)
v — exp{—%z'cwg,} ) (48)

Show that the solution to the classical field equations with the minimum energy breaks this
symmetry spontaneously.

Define the transformed fields,
P = ¢ cosa — g sina
¢y = ¢y sin o + g cOS v
Y = exp{—3iav;Jv.
Then, it is straightforward to check that
L[(0u61)” + (9u05)%] + 312 [(61) + (65)°] — IA[(6) + (63)*)°
= 3[(0u61)? + (9u02)%] + 31 (83 + 63) = A (61 + 63)°.
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This is most easily verified using matrix notation by writing

, o
<¢,1) 0 <¢) . whee 0= <C?SO‘ Sm“) |
o2} 103 sin « COoS (v
with OTO =1 (i.e. O is a real orthogonal matrix).
Next,
Pt = Tyt = @' exp{gians }y 0" exp{—gian; ¥
= ' " exp{giars; } exp{—gia; } = vy,
after using the anticommutativity property, {75, 7“} = 0, to write
exp{%z'a%}vov” = ~0qH exp{%iavf)} .

Finally, using (75)? = 1, one can use the series expansion of the exponential to compute

exp{iay;} =1 +ioy; + (i;)2 (v5) + (i;)g ()2 4 -
:ﬂ<1—3—?+j—?—--->+i75<a—§—?+§—j—---), (49)
which we recognize as
exp{iay;} = Lcosa + iyysina. (50)
Multiplying eq. (50) by iy, yields
ivs exp{ioy; } = —Lsina + iy; cosa. (51)

Hence, it follows that

W(QZ)& + i75¢/2)¢/

Y exp{—3iav; } [1(¢1 cosa — gasina) + iv5(¢1 sina + ¢o cos )] exp{ —siavy; }¢

|
<

exp{—iay; } [(1 cosa + iy;sin )dy + (—1 sin o + iv; cos a) o]

|
<

exp{—ia%} exp{ioz%}(]l(bl + 1y502)1)

=P (P1 + iv502)0

after employing egs. (50) and (51) at the penultimate step. That is, .Z given by eq. (45) is
invariant under the transformation of fields given in eqs. (46)—(48).

The classical field equations are obtained from the Lagrange field equations (cf. Sections
3.1 and 3.2 of Schwartz), which yield

5% —
Upy = _yﬁ —gvp,
oV —
Ugy = —% - ig@b%,w,

PPy = g(d1 +iv302)0

14



where we have introduced the scalar potential,

Vg1, ¢2) = —31°(0F + 63) + 3A(97 + ¢3)°. (52)

The total energy density can either be identified with the Hamiltonian density (written in
terms of the fields and their derivatives) or by the 00 component of the energy-momentum
tensor. Given the Lagrangian density specified in eq. (45), the corresponding Hamiltonian is

1
=51\ % ot

A1\ 9\ 9 ol T oS - :
<—) +<—) + (Vo) + (Vo) —mﬂ'y-Viﬁ—i-V(ébl,¢2)+9¢(¢1+VY5¢2)¢-

The solution to the classical field equations with the minimum energy corresponds to choosing
1 =1 =0, and ¢; = v; and ¢ = v, where v; and vy are constants chosen to minimize the
function V' (vq,v9). This implies that

ol
G P L ] PRI
These conditions yield
(1% + A(vf +v3)]vr =0, (53)
(=12 + Mv] +v3)]vs = 0. (54)

Egs. (53) and (54) have two possible solutions:

(1) U1 :’UQIO, EE V(Ul,Ug):O,

2
(i) 02+ 02 =p2/) :»me@:—%.
Since p? > 0 and A > 0 by assumption, it follows that the minimum energy vacuum field
configuration corresponds to ¢ = ¢ = 0 and ¢? + ¢2 = p?/A. The latter condition implies
that at least one of the scalar vacuum expectation values is nonzero.

Without loss of generality, we can choose to expand around the vacuum state corresponding
to vacuum expectation values, (Q|p1|Q) = v and (Q|p2|Q?) = 0, where

|
vV=—F=. 55
¥ (55)
However, this choice is not invariant under the transformation of fields given in egs. (46) and
(47). Indeed any choice of scalar field vacuum expectation values, subject to the require-
ment that (Q] ¢? + ¢2 |Q2) = p?/), is not invariant under these transformations. Hence, the
corresponding global symmetry is spontaneously broken.

(b) Without loss of generality, one can assume that ¢; possesses a non-zero vacuum expec-
tation value, (¢1) = v, in the ground state, whereas (¢2) = 0. Define new scalar fields o(x)
and 7(z) such that,

(61(z), ¢2(z)) = (v+0(z), 7(2)). (56)
Write out the Lagrangian in terms of the new scalar fields o(z) and m(x), and show that the
fermion acquires a mass. Evaluate the fermion mass in terms of g and v.

15



Inserting eq. (56) into eq. (45) yields
£ =1[(0,0) + (0,7m)%] + 21°(v* + 200 + 0% + %) — 2 (v* + 200 + 0% + 7%)°

+ipPY — g (v + 0 + ivsm)e),
[(0,0)* + (0,m)%] + 21°0° + pPvo + LpP0” + LpPm® — 100 (v + dvo + 407)

1
2

=3\ (v +20)(0? +7%) = IA(0% +7°)° + i@ — g (v + 0 + i)Y
using eq. (55), we can eliminate p? in favor of v. The end result is:
L ="+ 1(0,0)+(0,m)% | = MP0® = Mo (o +7°) = IN (0 +72) + i Pip— g (v+o+ivsm)i) .
(57)
The constant term, $Av? = zi?/(4)), corresponds to the negative of the vacuum energy, which

can be dropped. The fermion mass would correspond to a term in the Lagrangian density,
Z 35 —myyp. Comparing with eq. (57), we conclude that

mwzgv.

(c) What are the masses of the physical scalar bosons of this model?

To determine the masses of the physical scalars, we compared eq. (57) with
£ > —L(mio® + min?).

It immediately follows that m? = 2\v? = 2u? and m, = 0. We recognize 7 as the Goldstone
boson field, which is massless as expected.

4. Consider the Abelian Higgs model (i.e., scalar electrodynamics where the U(1) gauge
symmetry is spontaneously broken).

(a) Suppose you wish to do calculations in the R¢-gauge. Derive the Faddeev-Popov
Lagrangian and the corresponding Feynman rules for the ghost propagator and vertices.

In class, the Abelian Higgs model Lagrangian (prior to gauge fixing) was given by
L = =1 FwF" 4+ (Dug)"(D"6) = V(9,¢7),
where the covariant derivative acting on the complex scalar field is given by
D,¢ = (0, +ieA,)¢,
and the scalar potential is given by
V(g,¢") = —12¢" ¢ + 1A (6°9)*,
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with 12 and \ assumed to be positive. It is convenient to express the complex field ¢ in terms
of two real fields, ¢ = (®; + i¢)/v/2. As in problem 3, the U(1) symmetry is spontaneously
broken. The scalar potential is minimized for v? = (¢? + ¢2) = 4u*/\. We therefore define
shifted fields, (¢1(z), ¢o(z) = (v + o1 (), b (z)). In terms of the shifted fields,

L = 1(0,01)% + (8,62)%] — 120%(61)? — IAGL[(61)2 + ()] — £A[(1) + ()°)°
—iFWF‘“’ + evAlﬁ“gg + %ezvauA“ + 62@5114”14“ + 614“515‘)@2 + %6214“14”[(51)2 + (52)2} .
(58)

Note that (Zl is the Higgs field, 52 is the Goldstone field, and a photon mass, m., = ev, has
been generated.
The gauge fixing term for the Rc-gauge in the Abelian Higgs model is

Low = —%(@A*‘ — Eevdn)® .

Adding Zp to eq. (58) and dropping the total divergence, ev(Aua“gg—i-gga“A”) = ev@u(Augg),
we end up with

2 = 1[(0u01)* + (9u62)’] — 1A (01) — 3em2(8)” — S0 [(61) + (62)°] — FA[(61)* + (82)°]°

1 ~ ~ &~ ~ ~
_iFquW B E(@MAMF + %m?/AMA” + emy g1 A, A" + e AR, 0" gy + %62AMAM [(¢1)2 + (¢2)2} :
(59)
The Faddeev-Popov determinant is
dF (z) B i ~
det (W) , where F(z) = 0,A"(x) — Levpa(x) — f(2),

and

OF(x) _ [ o (0F(x) 6A,(z)  0F(x) 5pa(2)
oA(y) /d <5Au(2) SALy) 8(2) 5A(y)) '

Under an infinitesimal gauge transformation,
Au(x) = Ay(x) + 9uA(2)
o(z) = [1 —ieA(z)] (), (60)
where ¢(x) = v 4 ¢1(z) + ido(x). That is, A, — A, + 0A, and ¢y — o + 6¢, where

A, = O,A, 361 = Ay, Sp2 = —eA(dy +v).
Hence, it follows that
0F(x) 4 4 4 2, (7 4 4
A (y) /d 2 [O,6%x — 2)8* (y — 2) + e*vE(d1(z) +v) 6 (z — 2)0* (y — 2)]

= [0, + ev*¢ + v 551(3:)}54@ —-y). (61)

17



Therefore, following the steps given in class, the Faddeev-Popov Lagrangian is obtained via
the path integral representation,

det (iiig))) :N/Dn*DneXp {—i/d4x d*y n*(y)gig))n(:ﬂ)}

= N/Dn*Dn exp {—z’ / d'zn*(z) [0, + e20%€ + v édn (x)] 77(:1:)}

ZN/Dn*DneXp {z’/d‘lziﬂpp} ,

ZLyp = 0 OFn — 5m3,77*77 —emy Epr ()™, (62)
after performing an integration by parts (assuming that the fields fall off at infinity so that
we can drop the surface term). Note that we have identified the photon mass, m, = ev. We
can now read off the squared-mass of the Faddeev-Popov ghost fields, §m?{, and the strength
of the coupling of the Faddeev-Popov ghosts to the Higgs field, g,., 5, = —efm,.

The Feynman rules for the Faddeev-Popov fields can be immediately read off from eq. (62).
The rules for the Faddeev ghost propagator and interactions are given by:

where

_
k2 —&m2

\{

o} R —ie&m,

(b) Let my and my be the masses of the Higgs boson (H) and vector boson (V') respec-
tively. Assuming that my > 2my, compute the tree-level rate for the decay H — V'V.

We identify H = 51 and V = v. The Feynman rule for the 5177 vertex can be read off
from eq. (59) and is exhibited below. Note the factor of 2 due to identical photons.

H 2iem~ g"”

The invariant matrix element for H — V'V is
M =2em. €€, (63)
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where the ¢; are the polarization vectors of the outgoing spin-1 particles. To compute the
decay rate, we shall first square the amplitude and sum over outgoing polarizations. The spin
sum for a massive spin-1 boson is

v . v PP
Z Eu(pv >\)6 (p7 >\) = _gl/« + T o
X p

where the sum is taken over the three physical polarization states of the massive photon, V.
Thus, denoting the four-momenta of the outgoing massive photons by p; and ps, it follows
that

Wov D)2
5 I = a2 (g s ) (g ) it o )
A1,A2 7 ! !

where we have employed the mass-shell conditions, pj = p3 = m2.

In light of the kinematics of the decay, we have

my; = (p1 + p2)? = 2m2 + 2p1-ps,

1

from which it follows that p;-ps = 3m7 —m?2. Inserting this result in eq. (64), we end up with

Z MP? = e*(my — 4mizm? 4 12m3)
m32 '

(65)
A1,A2

—.

In the rest frame of H, the Higgs boson four-momentum is The total decay rate is p = (my ; 0),
and the rate of Higgs boson decay into a pair of massive photons is given by

1 / d3p1 d3p2

I' =
QmH(27T)2 2E1 2E2

5 (p = p1 — p2) Z M, (66)

A1,A2

To evaluate the phase space integral above, we employ the following identity,
d3p; d?

2—511 2—522 §(p—pr—p2) = /d4p1 d'py 6(p' — m?y)é(p2 - m3)54(p — p1 — p2)0(p10)0(p20)

B /d4p1 3(p} —m2)8((p — p1)* — m2)0(pro), (67)

after using the delta function to integrate over p,. Next, we make use of a well known delta
function identity and write!

L 1 /-
Q(Plo)é(p% - m?{) = 9(p10)5(p%0 - P12 - m?{) = %5@910 - P12 + m%) .

Inserting this result in eq. (67), we can immediately perform the integration over pjo. Using
p = (mg; 0), we obtain (p — p1)* —m2 = p*> — 2p-p; = m¥ — 2mypye. It follows that

Note that due to the presence of the step function, 8(p1g), the second term of the delta function identity

involving § <p10 + 4/ ﬁf +m2 > does not contribute.
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d3p1 d? p2 4(

bp—pP1— p2 / —Qmelo .
2E1 2E2 2 /15'12+m2 pro= /71_7’124-7712/

We now use spherical coordinates to carry out the integration over p. Note that

) (68)

dp1 |p1\ d‘171|dQ |p1\E1dE1dQ,

where By = /P> + m?2. Hence, eq. (68) can be evaluated as follows:
d*pr d°py 4 1 [ 2 2 2
2—E112—E72(5 (p—pl—pg) = 5 dEldQ El —mkyé(mH—QmHEl)
1 /
\/ M — 4m2
=——— [ d2. 69

Thus, egs. (66) and (69) yield

,/mH—4m2
/dQ S IME.

64mm2 =
The integrand is independent of angles, so we can perform the integration over solid angles
immediately. But, we must be careful since the two outgoing massive photons are identical.
Thus, integrating over 47 steradians double counts, since the two outgoing massive photons are
indistinguishable. Thus, we should only integrate over 2 steradians (or equivalently, integrate
over the full 47 steradians and then include an extra factor of 1/2 due to two identical particles
in the final state). Hence,

2 _ Am?2
my — 4m

5
r=+—— _ - IM|?.
32mm?, Z

A1,A2

Employing eq. (65) then yields our final result

o~

2

T'(H—VV)= —
H

e*(my — 4miym? 4 12m3) (1 B 4m2)1/2

327rm3{m H

(c) The Equivalence Theorem states that the S-matrix amplitude involving external lon-
gitudinally polarized gauge bosons may be evaluated in the R¢ gauge by substituting the
corresponding Goldstone bosons as external particles. This equality holds up to corrections
of order my /Ey, where Ey is the vector boson energy. Verify this theorem by applying it to
the Higgs boson decay of part (b).
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The amplitude for H — V'V was obtained in eq. (63), which we reproduce here:
M =2em, €€ . (70)

We are interested in the limit where £, > mp, where E, is the energy of either photon in
the rest frame of the Higgs boson. Indeed, energy conservation applied to the Higgs boson
1

rest frame yields E, = jmpy. To evaluate the amplitude in this limit, we need to examine

the explicit forms for the massive photon polarization vectors, e“(l;:’v, A), where l_c’y, A are the
photon three-momentum and helicity, respectively, which are given in eqs. (8) and (22) of the
class handout entitled Polarization Sum for Massless Spin-One Particles.? The transverse and
longitudinal polarization vectors of a massive spin-1 boson traveling in the direction k= kyz
are given by:

¢ (ky2,+£1) = —(0; F1, —i, 0) (71)

[\

é(k,2,0) = m—(ky; 0,0, E,), (72)

Y

where B, = /kZ + m2. Note that the polarization vectors satisfy k:-e(l_c’w A) = 0, where the
four-vector of the massive photon is given by

k= (E,; 0,0, k,). (73)
Comparing egs. (72) and (73) and noting the identities,

E, m,  El-ml+kE, k,

m, k,+E,  m(k,+E) m,

Y

ﬁ—i— m. _k3+m3+kﬁ,Eﬁ,_&

m, k,+E,  m(k,+E) m’

after employing E?{ = k?{ + m,zy, it follows that
kH LH
a0 = 0,0, = 2 o (1)
My k’Y + Eﬁ/ My
Indeed, the result
(K,,0) = — + 0O <%> , (74)

is more general and applies to a massive photon traveling in an arbitrary direction I;:’V. This
can be easily demonstrated by an appropriate rotation of the coordinate system.

A comparison of egs. (71) and (74) shows that in the limit of £, > m,, the contribution of
the longitudinal (helicity-zero) polarizations dominates over the contribution of the transverse

2 Alternatively, see e.g., Elliot Leader, Spin in Particle Physics (Cambridge University Press, Cambridge,
UK, 2001) p. 71; Hartmut Pilkuhn, The Interaction of Hadrons (North-Holland Publishing Company, Ams-
terdam, 1967) p. 62.
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(i.e., helicity £1) polarizations in eq. (70). Hence, employing eq. (72) for the polarization
vectors in eq. (74),

M~ Qemvpl.f2 )

2
Using

2p1-p2 = (p1+ p2)* — Pl — P = miy — 2m,2y ~ 2m3;
in the limit of E, = %mH > m., it follows that
em?,

M ~

75
o (75)
Hence, summing over the polarizations, the contribution of the longitudinal polarizations
dominates which means that

2,4 m2
S Mp =5t o (23]
= m2 my
which is consistent with the exact result obtained in eq. (65).
We shall now compare the amplitude for the decay of the Higgs boson to a pair of Goldstone

bosons. We identify H = gbl and G = ¢», so that the relevant interaction term is the gbl(gbg)
term in eq. (59). This equation also provides the mass of the Higgs boson q51,

mi = 1x?. (76)

The Feynman rule for the ¢ (¢2)? vertex is

where we have included a factor of 2 for the identical Goldstone bosons and we have made use
of eq. (76) to express the HGG coupling in terms of the Higgs boson mass. Thus, we identify

the amplitude for H — GG as

2 2
My emiy

’
(Y m~

after using m., = ev. That is, we have verified the relation,

M(H = VV) = -M(H — GG).
M >>My

Apart from an unimportant overall minus sign, we have demonstrated that the high energy
limit of the H — V'V decay amplitude is given by the amplitude for H — GG computed in
the Re gauge. This is an explicit example of the Equivalence Theorem. It is a particularly
useful observation since the computation of the amplitude for a process consisting entirely of
spin-zero bosons is far easier as compared to the computation of the amplitude for a process
that involves massive spin-1 bosons.
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