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1. Consider the spontaneous breaking of a gauge group G down to U(1). The unbroken
generator () = ¢,T'* is some real linear combination of the generators of G.

Before we solve parts (a)—(d) of this problem, we review the general structure of sponta-
neously gauge theories that is relevant for the analysis that follows. The Lagrangian for the
gauge theory based on a simple compact gauge group G is

a ra T
L= —iFWF” + %(D,ﬁb(z)) (DM(I)(x)) —V(®), (1)

where we are employing a real basis for the scalar fields, ®(x) = (gbl(:)s),gbg(x), - ,gbn(x)),
and the covariant derivative is defined by

D, = 0y, + igT A" 2)

Since the ¢;(z) are real scalar fields, the generators i7" are real antisymmetric matrices.! At

the minimum of the scalar potential V' (®), the scalar field vacuum expectation values are
identified,

ov
=0.
a¢’ Di=v;
We then define shifted scalar fields, B
i =9 — v, (3)

In more detail, the kinetic energy term of the scalar fields is given by

L 3 3(0u0i + 19T Asy) (0uhi + 19T AL ) -

i

Writing % in terms of the shifted fields defined in eq. (3), we see that terms quadratic in the
gauge fields arise corresponding to replacing ¢; — v;,

gmass = _%g2AzAub(7;(;Uj)(EI;cvk) : (4)
Note that because T is antisymmetric, we can write T;;TfiC = —(T°T");. We can identify

the squared-mass matrix of the gauge bosons,
gmass - %MabAZAuba (5)

where
M2b = g2’Uj (TaTb)jk’Uk . (6)

a

Suppose that the T are represented by n X n antisymmetric matrices, which act on a
multiplet of n scalar fields. The group G is spontaneously broken down to U(1) when the

!Given a compact group G, the generators T are necessarily hermitian. In addition, the i1 are real, since
for a real representation of scalar fields D, ® must also be real. Hence, it follows that the T'* are antisymmetric.



vacuum expectation values of the scalar fields is given by v, which can be represented by a
column vector of n rows. The unbroken generator,

Q=cT", (7)
is some real linear combination of the generators of G that satisfies

Qjrvr =0, (8)
where there is an implicit sum over k =1,2,...,n.

If the gauge group G is a direct product of the form G = Gy X Gg - - - G,., where the G; are
either simple compact Lie groups or U(1), then we associate an independent gauge coupling
g1, 92, - - -, g- with each factor. In this case, we generalize eq. (6) slightly,

Mz, = gagovs(TT®) 0 (9)

a

where there is no sum over the repeated indices a and b. Here, we associate g, with the
generators that belong to the appropriate subgroup G; of the direct product. In particular, if
T® and T are generators of G;, then ¢, = g, = ¢; and

[Ta ) Tb] = ifabCTC )

where the f,,. are the structure constants of G; if T is a generator of G;, and fu. = 0 if T¢ is
a generator of G; with j # 7. Likewise, if T is a generator of G; and T" is a generator of G
with i # j, then g, = gi, g» = g; and [T, T°] = 0 (or equivalently, f.,. = 0) as a consequence
of the direct product structure of G. One consequence of these observations is that

(ga - gb)fabc = 07 (10)

where there is no implicit sum over a and b.

(a) Prove that x, = ¢,/gp is an (unnormalized) eigenvector of the vector boson squared-

mass matrix, M2, with zero eigenvalue.

We now consider he spontaneous breaking of a gauge group G down to U(1). The unbroken
generator () = ¢, T* is some real linear combination of the generators of GG. Then,

Cb a Cb a a
Z be% = Zgagbvj (T Tb)jkvk % = 9T}, (Z CbTZbk> Uk = gaV; 15y Quvr =0,
b b b

after using eqs. (8) and (9). That is, c¢p/gs is an eigenvector of M?% with eigenvalue zero. This
corresponds to the massless U(1) gauge boson which remains massless due to the residual
unbroken U(1) gauge symmetry.

(b) Suppose that A, is the massless gauge field that corresponds to the generator ¢). Show
that the covariant derivative can be expressed in the following form:

Dy, =0, +ieQA, + ..., (11)
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where we have omitted terms in eq. (11) corresponding to all the other gauge bosons and

e= [Z (;—“)2] o . (12)

Employing a real basis for the scalar fields, we define real antisymmetric generators via
L =ig, T, (13)

where there is no implicit sum over a [cf. the comment following eq. (9)]. Using eq. (4), we
can rewrite the gauge boson squared-mass matrix [cf. eq. (9)] as

M?, = (L,¥, L) . (14)
Here, we have employed a convenient notation where the components of ¥ are v; and

(z,y) = szyz (15)

The gauge boson squared-mass matrix is real symmetric, so it can be diagonalized with an
orthogonal similarity transformation:

OM?*O" = diag (0,0,...,0, m?,m2,...). (16)
The corresponding gauge boson mass-eigenstates are:?
A = 0y AL (17)
Likewise, we may define a new basis for the Lie algebra:
Lo= Ouply. (18)
It then follows that: L
(OM?OT) oy = (LT, LyT) = m26,, , (19)

is the diagonalized vector boson squared-mass matrix, and the covariant derivative is given
by o
D, =0,+ LA, =0y + LA, = 0y +1eQA, + -+,

where A, is the gauge boson corresponding to the unbroken U(1) generator.
Let us choose O such that m; = 0 is the mass of the gauge boson that corresponds to the
unbroken U(1). Then, we can identify the unbroken generator as

Ly = ieQ = Oy Ly, (20)
where there is an implicit sum over b. Moreover, eq. (19) yields O, M?% Oy, = 0. The rows of
the diagonalizing matrix O correspond to the normalized eigenvectors of M?. Thus,

lcb
= — — 21
On= (21)

is the eigenvector corresponding to the zero eigenvalue found in part (a), and N is a constant.

%Indeed, one can easily check that M, 3bAﬁA“b = migﬁg““.
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The normalization constant N that appears in eq. (21) is chosen such that the eigenvector
has unit length,
2
N =3 (ﬁ) . (22)

5 \9b
Egs. (20) and (21) yield

. 1 Cp 7 b 7
—— 2L = — T —
e sz o sz “ N

after making use of eqs. (7) and (13). It immediately follows that e = 1/N. In light of eq. (22),

1/2

e = [; (%)2] o (23)

(c) Evaluate () in the adjoint representation (that is, @ = ¢, 7%, where the (T%)pe = —i fupe
are the generators of the gauge group in the adjoint representation). Show that Qp.x. = 0,
where z. is defined in part (a). What is the physical interpretation of this result?

By convention, we take e > 0.

Using z. = ¢./g. and eq. (7), we obtain

CaCc CaCc

=0 facb (24)

Ge Ge ’
using the antisymmetry properties of the fu.. Employing eq. (10),

CaCec CaCc CaCc CaCc CaCec CaCc
E facb = E Ja facb E gcfacb = E facb = E fcab = - E facb 5
a,c Ye a,c a,c YaYe a,c a,c Ye a,c Ye

chxc = CaTI;lcxc = _ifabc

Ja9c B 9a

where in the penultimate step we relabeled a — ¢ and ¢ — a, and in the last step we used
feab = — facp- Hence, e

Z facbﬂ =0 )

e Y

which means that Q,.z. = 0. The physical interpretation of this statement is that the U(1)
gauge boson is neutral with respect to the unbroken generator .

(d) Prove that the commutator [@Q, M?] = 0, where @ is the unbroken U(1) generator in
the adjoint representation and M? is the gauge boson squared-mass matrix. Conclude that
one can always choose the eigenstates of the gauge boson squared-mass matrix to be states of
definite unbroken U(1)-charge.

In the adjoint representation [cf. eq. (24)], Qpe = 7, feehCe , Where there is an implicit
sum over the repeated index a. Using eq. (9),

[Q 5 M2]ac = Z(Qabezc - M(?bec) = iUT Z(gbgccefebaTch - gagbcefechaTb)U y (25)

b be
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where vTT°Tv = v;(T°T°) xvk, etc. Note that all sums are explicitly exhibited; there are no
implicit sums over repeated indices in eq. (25). Employing eq. (10),

Z gbfebaTb = Z gbfbaeTb = UGa Z fbaeTb )
b b b

> g feaT’ = gofareT’ =g Y fareT".
b b b

Using the commutation relations of the generators,

Z.fbaeTb = ifaebTb = [Ta s Te] =TT —-T°T* ,
ifcbeTb = ifechb = [Te 5 TC] =TT —T°T*.

Inserting these results back into eq. (25) yields
Q, M%) = gage” Z{ce(T“Te — TTYT® — ¢, T*(T°T° — TCTe)}U . (26)

The T are the generators in the representation that acts on the scalar fields. In this
representation the charge operator, which will be denoted by Q to distinguish it from the
charge operator in the adjoint representation (), is defined by

Q:ZCGTG.

Hence, eq. (26) yields
(Q, M?|a = gagch{(T“Q — QT)T* — T*(QT* — TCQ)}U

= gachT (TGTCQ - QTGTC)'U . (27)

Using the fact that Q is an unbroken generator corresponding to the unbroken U(1) subgroup
of G, it follows that v7Q = Qu = 0. Employing this result in eq. (27) yields

@, M?]=0.

Thus, one can simultaneously diagonalize M? and Q. The corresponding simultaneous eigen-
states are gauge boson states of definite mass and unbroken U(1)-charge.

2. In class, we examined in detail the structure of a spontaneously broken SU(2)xU(1)y
gauge theory, in which the symmetry breaking was due to the vacuum expectation value of a
complex Y = 1, SU(2) doublet of scalar fields. In this problem, a different representation of
scalar fields will be employed.

(a) Consider an SU(2)xU(1)y gauge theory with a Y = 0, SU(2) triplet of real scalar
fields, ®. The scalar potential is given by

V(D) = —1im*@Td + A\(®TD)?,
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where m? and A are real parameters. After spontaneous symmetry breaking, the electrically
neutral () = 0) member of the scalar triplet acquires a vacuum expectation value (where
Q = T35+ Y/2). Identify the subgroup that remains unbroken. Compute the vector boson
masses and the physical Higgs scalar masses in this model. Deduce the Feynman rules for the
three-point interactions among the Higgs and vector bosons.

Consider a model where the SU(2)xU(1) gauge symmetry is broken by a Y = 0 triplet of
real scalar fields, whose neutral member acquires a vacuum expectation value. The generators
of SU(2) in the triplet (adjoint) representation are (1T'%)y. = —i€qp.. Explicitly,

0 0 0 0 0 i 0 —i 0
=10 0 —il, ™= 0 0 0], =1 i 0 0].(29)
0 4 0 —i 0 0 0 0 0

Using eq. (13),

0 0 0 0 0 -1 0 1 0
Li=g| 0 0o 1], Ly=g| 0 0 0], Ly=g|-1 0 0],
0 -1 0 1 0 0 0 0 0

which act on the scalar field multiplet,

¢1()
d(z) = | d2(2) |,
¢3()

where the ¢;(z) are real scalar fields. In addition, the generator corresponding to U(1) is
L4 = Z%g/Y y

where Y is the hypercharge operator. Since ®(z) is a triplet of scalar fields with zero hyper-
charge, it follows that L,® = 0.

We now compute the squared-mass matrix of the gauge bosons using eq. (14), where v is
the vacuum expectation value of the electrically neutral member of the scalar triplet. The
electric charge operator is given by

Q=T°+1v.
In particular, when acting on the scalar triplet (which has hypercharge zero),
QP = (T*+ 1Yo =T°0. (29)

This implies that the electrically neutral member of the scalar triplet must be an eigenstate
of T with zero eigenvalue. Thus, we choose the vacuum expectation value ¥ = (®) to have
the form

(30)

—
v =

< O O



in order to ensure that after spontaneous symmetry breaking, the unbroken gauge group
preserves the U(1) of electromagnetism. We now can compute L,U for a = 1,2,3,4. We
already know that L,;® = 0, so we need only consider a = 1, 2, 3.

0 0 O 0 0
LU=y 0 0 1 0)l=1{gv],

0 -1 0 v 0

0 0 -1 0 —qu
Lyv=g 0 0 O 0] = 0 )

1 0 0 v 0

0 1 0 0 0
Liv=¢g|—-1 0 O 0O]=1(0].

0 0 O 0

Thus, eq. (14) yields the squared-mass matrix of the gauge bosons,

g*v? 0 0 0
0 g*v? 0 0
2 __
M= 0 0 0 0 (31)
0 0 0 0

We conclude that the W# has gained a mass my = gv, whereas W3 and B remain massless.
This means that the SU(2)xU(1) gauge symmetry has broken down to U(1)xU(1). One of
the U(1)’s can be identified with the gauge group of electromagnetism. In light of eq. (29),
we can choose the electromagnetic charge operator to be @ = T3. Using eq. (23), we can
therefore identify the photon field as A, = Wj and e = g.

The physical Higgs bosons of the model are obtained from the Higgs scalar potential. The
most general quartic gauge invariant scalar potential is

V(@) = —gm* @0 + \(@T®)* = —5m* (g7 + ¢ + ¢5) + M0 + 63 +¢3)" . (32)
The minimum of the scalar potential corresponds to ® = v given by eq. (30). Imposing the

9 Y
1 =0

—m?v +4\® =0. (33)

Assuming that the symmetry is broken, v # 0, and we obtain

yields

m
v=——.
2V
Note that this implies that V(v) = —m?/(16)). A second extremum corresponding to ® = 0

(the symmetry conserving minimum) yields V(0) = 0. Hence, if m? > 0, it follows that the
symmetry-breaking minimum is the global minimum of the scalar potential.
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Next, we identify the Goldstone bosons, which were given in class by
1 = —
Go = . Z(La'v)jnj g (34)
o

where the m, are the (non-zero) masses of the gauge bosons and the 7, are the shifted scalar
fields defined by

T
(I) = 72

v+ M3

and the L, are defined in eq. (18). Since M2 given in eq. (31) is already diagonal, the
diagonalization matrix O = 1 and Ea = L,. Since L,v = 0 for a = 3 and 4, it follows that
there are precisely two Goldstone bosons, 1; and 7. Thus, H = n3 is the physical Higgs
boson.

In the unitary gauge, we set the Goldstone fields to zero. Then,

V(H)=—im?(H +v)*> + \(H +v)*.

Using eq. (33), the term linear in H vanishes. The constant term can be removed by redefining
the energy of the vacuum to be zero. Thus,

V(H) = H*(—im* + 6)\0*) + O(H?) + O(H").

The coefficient of H? is identified as $m3;, where my is the Higgs mass. Using eq. (33) to
eliminate m?, we obtain
m3; = —m? + 12 v? = 8\v?.

Hence,

mH:2\/ﬁv.

The three-point interactions among the Higgs and Gauge bosons arise from the kinetic

energy term,
S = 2D, ®)" D',

where the covariant derivative acting on the scalar field is given by
(Du®); = 0,0i + igﬂjWS¢j + i%g/BY@‘ .
Since Y® =0, A, = Wi’ and g = e, we have

1e

Du= 0+

(TTW,+ T W, ) +ieQA,,

where T* = T +iT? and

1 .
Wy = E(W,} FiW3). (35)
In the unitary gauge,
0
o = 0
v+ H



Using

0 0 —1 0 O 1 0 1 0
ielt=e|l 0 0 1], iel"=e|l O 0 1], ieQ=el|l-1 0 0],
1 —1 - —1 0 0 0

it follows that

| 0 —%(WJ—W;))(HH)
1€ . e -

(v o wawy con} [ o | <[ B on e o
v+ H o0.H

Therefore, we end up with

5(D,®) D' = 3(0,H)* + (v + HP (WS + W) = (W —-W.)]

(0,H)* + € [v* 4+ 2vH + H*|WW*H~

N= N

(0,H)? + (miy + 2emw H + H)W,FWH—

after using my = gv = ev. We can therefore identify the Feynman rule for the trilinear
HW*W~ interaction,

H . 2iemyy g"”

(b) Consider an SU(2)xU(1)y gauge theory with a Y = 2, SU(2) triplet of complex scalar
fields (again denoted by ®). The scalar potential is given by

V(@) = —m?0f@ + A (270)2 — A, Y (@1 T2) (01T d),

a

where m? > 0 and \; > Ay > 0. The 7¢ are hermitian generators in the 3-dimensional
representation of SU(2) in a basis where T2 is diagonal.

Again, assume that the electrically neutral (@) = 0) member of the scalar triplet acquires
a vacuum expectation value (where @ = T3 4+ Y/2). After symmetry breaking, identify the
subgroup that remains unbroken. Compute the vector boson masses and the physical Higgs
scalar masses in this model.

Consider a model where the SU(2)xU(1) gauge symmetry is broken by a Y = 2 triplet of

complex scalar fields ®(z), whose neutral member acquires a vacuum expectation value. It is
convenient to employ a basis of hermitian generators {T“ , %y} where 72 and ) are diagonal.
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That is, we shall identify the 7* with the standard spin-1 matrices defined in the |j m) basis
in quantum mechanics.® Explicitly,

1 0 1 0 1 0 — 0 1 0 0
T'!=—| 1 0o 1), T*=—41| i 0 —i|, T*=[ 0 0 o0
V2 0 1 O V2 0 4 0 0 0 —1
(36)
In analogy with eq. (13), we define £, = ig7“. In particular,
p 0 ¢ O 1 0 1 0 i 0 0
Ly =—= 0 i, Loy=—7|—-1 0 1], L3=yg 0O 0 0},
V2 0 ¢« 0 V2 0 -1 0 0 0 —i
(37)
which act on the scalar field multiplet,
>+ ()
O(z)=| O (x ,
()

where &7 (z), ®*(z) and ®°(z) are complex scalar fields. In addition, the generator corre-
sponding to the hypercharge U(1) is

1 0 0
Ly=1Ligy=id| 0 1 0], (38)
0 0 1

where the hypercharge operator is normalized such that £,® = ig'®.
The electric charge operator is given by

2 0 0
Q=T"+iy= 0 1 0
0 0 0

This implies that the electrically neutral member of the scalar triplet can be identified with
®°. Thus, we choose the vacuum expectation value to have the form

(@) =— (0], (39)

in order to ensure that after spontaneous symmetry breaking, the unbroken gauge group
preserves U(1)gy.?

3For example, see R. Shankar, Principles of Quantum Mechanics, 2nd edition (Springer Science, New York,
1994) p. 328.

“The factor of 1/v/2 in eq. (39) is conventional. If we write ¢° = (¢% + i$})/v/2, then the kinetic energy
term for ¢% will be canonically normalized. We can choose the vacuum expectation value to be real without
loss of generality, in which case (¢%) = v.
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Following the class handout on gauge theories, one can employ the complex representation
of scalar fields to evaluate the squared-masses of the gauge bosons and Higgs bosons. (Details
can be found at the end of the solution to part (b) of this problem.) However, here we will
perform the computations by employing a real representation of the scalar fields. In the real
representation, the generators are 6 x 6 matrices. We determine these matrices as follows.
First it is convenient to write®

1+ i
O=—|o2+1i05 | , (40)
V2 ¢35 + i
where the ¢; are real fields. In light of
g 0 i 0\ [¢1+ iy p — 05 + 192
£1®=§ V) G2 + 15 =3 —¢s — ¢ + i(P1 + @3) |
0 i 0) \¢3+igg — @5 + i
p 01 0 O1 + iy g P2+ 105
52‘1)—5 -1 0 1 G2 +igs =5 ¢3 — o1 + (s — da) |
0 —1 O ¢3 -+ i¢6 _¢2 - i¢5
p 1 0 0 O1 + iy g — ¢4 + iy
L:0=-21|0 0 0| ¢otios|=-L 0 :
\/§ 0 0 —2 (253 + Z¢6 \/i (bﬁ - 7;(253
y g/ _¢4 + Z(bl
Ly® = Z'QIE(I) =ig'® = NG —¢s5 + 102 |
2 — ¢ + 103

it follows that the corresponding generators in the real representation (denoted by L, below)
must satisfy,

o1 — @5 b1 05
®2 —¢s — G ®2 ¢3 — P
o3| _ 9 — @5 P3| 9 | —¢2
L oa | V2 o5 ’ L oY BENG) ®s ’ (41)
®s ¢+ @3 ®s 6 — P4
o ®2 o — 05

®Note in particular the choice of subscripts in eq. (40). This choice is motivated by the observation that
the corresponding 6 x 6 real antisymmetric matrix generators L, = igT* given in eq. (43) can be expressed in
block diagonal form in terms of the hermitian generators 7 via eq. (44). If one instead employs

1 [P T2
O =— ¢3 + Z¢4 ’
V2 o5 + i

then the resulting expressions for the L% are related to the generators given in eq. (43) by an appropriate
permutation of rows and columns, thereby losing the nice block form for the matrices given in eq. (44).
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b1 — 4 1 — 4

02 0 05 — s
®3 % O3 o | — %6
L — L — 42
o | =9 0| e | =9 o] (42)
o5 0 o5 ®2
2 ~6 b6 o5
It immediately follows that
0 0 0 0 —1 0 O 1 0 0 0 0
0 0 0 -1 0 —1 -1 0 1 0 0 0
;9|0 0 0 0-1 0 ,_9 | 0-1 0 0 0 0
'YVl o1 0 0 0 o] 21 0 0 0 0 1 o
1 0 1 0 0 0 0O 0 0 -1 0 1
0O 1 0 0 0 0 0O 0 0 0 —1 0
0 0 0 -1 0 0 0 0 0 -1 0 0
0O 0 0 0 0 0 0 0 0 0 —1 0
B 0O 0 0 0 0 1 1 0o 0o 0o 0o 0 -1
Ls=91 1 o 0o 0o 0 o0 Li=g 1 1 o 0o 0 o0 o0
0O 0 0 0 0 0 0O 1 0 0 0 0
0 0 -1 0 0 0 0O 0 1 0 0 0
(43)

Note that the real antisymmetric generators L, = ig,T'* are 6 X 6 real antisymmetric matrices
that can be written in block form in terms of the real and imaginary parts of the 3 x 3
hermitian generators T,

—Im T° —Re T® ) . (44)

This convenient form for the L, provides the motivation for the choice of subscripts in eq. (40)
cf. footnote 5].
Likewise, the vacuum expectation value [cf. eq. (39)] in the real representation is given by

0
0
N
v= | (45)
0
0
To determine the vector boson squared-mass matrix, we first compute
0 0 0 0
0 ) 0 0
g_ 9 |0 g_ 9 |0 o —_
le — \/§ 0 y L2U - \/5 0 ; L3'U =g 0 ) L4U =g 0 (46)
) 0 0 0
0 0 — v
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Using eq. (14), it then follows that

1% 0 0 0
0 1g%? 0 0
Msb = (La¥, Ly¥) = 0 290 v —gg'v? (47)
0 0 _ggl,UZ g/2,U2

We see that there are two degenerate gauge bosons, which we identify as W* [defined in
eq. (35)] with
my = 39°0°. (48)

The diagonalization of the lower 2 x 2 block of eq. (47) is nearly identical to the computation
of the Standard Model (with a complex, hypercharge-one Higgs doublet). Indeed, the only
difference is the minus sign that appears in the off-diagonal term. The Z corresponds to the
eigenvector,

0
921+ = gg, : mz = (9> + ¢ )0*, (49)
and the massless photon corresponds to
0
ﬁ 3, R — (50)
g

If we define sinfy = ¢’'/+1/g*> + ¢’?, then we can identify,

Z, = Wi’ cos Oy — By, sin Oy,

A, = Wj sin Oy + By, cos Oy .

Note that that SU(2)xU(1) has spontaneously broken down to U(1), which we identify as the
gauge group of electromagnetism. _

Following eqs. (16)—(18), we define a new basis for the Lie algebra, L,. The computation is
the same as the one performed in class in the case of the electroweak Standard Model. Thus,
we simply employ the results obtained in class,

El:[/la
z221‘/27
Eg = LscosOy — Lysin Oy = *9 (T3 — @ sin? HW) ,

cos By,
E4 = Lzsin Oy + Lycos Oy = ie@,

where e = gsin 0y = ¢’ cos Oy .
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The explicit forms for Zg and L, are as follows,

0 0 0 —cos20y 0 0
0 0 0 0 sin? Oy 0
~ g 0 0 0 0 0 1
L‘"’_cosew cos 20y 0 0 0 0 ol (51)
0 —sin’fy 0 0 0 0
0 0 -1 0 0 0
00 0-2 0 0
00 0 0-1 0
~ 000 0 0 0
Li=el 9 0 g 0 0 0 (52)
01000 0
000 0 00

To analyze the scalar sector of this model, we must specify the Higgs scalar potential. In
this case, the most general quartic gauge invariant scalar potential is

V(@) = —m?0f + A (270)2 — X, Y (01 T°0) (01T 9). (53)

a

Note that this is somewhat more complicated than eq. (32), since there are two independent
gauge invariant quartic interactions for the case of a complex hypercharge-two scalar field.%

One can minimize eq. (53) and demonstrate that for m? > 0, there exists a global minimum
corresponding to eq. (39). Here, let us assume that such a global minimum exists. We can
then identify the Goldstone bosons, which are given by eq. (34). That is,

1 7 —
Go = . Z(Lav)jnj J (54)
¢

where the m, are the (non-zero) masses of the gauge bosons and the 7; are the shifted scalar
fields defined by

m

Up
v+ 13

T4

Us

Tle

b —

Then, eq. (54) yields
Gy =15 =V2Im ¢*, Gy =1 = V2Re ®*, Gy = —ng=—V2Im @°, (55)

where we have used eqs. (48) and (49) to simplify our results.

6In the case of a real triplet of scalar fields, (®'®)? is the only quartic invariant. Indeed, for a real multiplet
of scalar fields, the generators 7% are antisymmetric matrices, and it follows that ®T7T® = ¢, 75, = 0.
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The physical Higgs states are orthonormal to the GG, and can be determined by inspection,

1
HY = —plntin) =@, B =[P, H=mn=V2Red’ —v.

Thus, the complex scalar triplet takes the form

V2 H+ H++
b =— G2+’iG1 = G+ s
V2 v+ H —iGj3 %[ijH—i—iGO]

which defines the Goldstone states of definite charge, G* = (G & iG)/v/2 and G°, where
G~ =(GY) and G° = —Gs.
In the unitary gauge, we can set G* = G° = 0. Then,

o' = |HT > + L H> + vH + 207,
oIT'd =0,
1T =0,
T30 = |HT > — L H|* —vH — 30°.
Hence, eq. (53) yields
V(H™ H) = —m?(|H*)? + 3 H)? + vH + 50%) + M (|HY)? + 3 H? + 0H + L0%)°
$o?)*

= constant + v (A — A2)v? — m?] + [3(A\ — Mo)o? — sm®| H?

—XNo(|H™T? —iH? —vH —

+[(A1 4+ A2)v® — m?||HTT|* 4 cubic terms + quartic terms. (56)
The terms linear in H must vanish at the minimum of the scalar potential, which implies that
m2 = ()\1 - >\2)’U2 . (57)

I leave it as an exercise for the reader to check that an extremum of the scalar potential given
by eq. (53) exists with the vacuum expectation value of ® given by eq. (57). Inserting the
result of eq. (57) into eq. (56), we obtain

V(H', H) = constant + (A, — A\o)v?H? 4 2)\0?| H ™ |? 4 cubic terms 4 quartic terms.

Comparing the terms quadratic in the Higgs field with $m3 H? 4+ m%.|H"|*, we conclude
that

my = 2(A\1 — A)v?, Mye = mi—— = 2X0%.
Since the squared-masses of the physical Higgs bosons must be positive, we must demand that

A1 > Ay > 0 in order to guarantee that the extremum of the scalar potential corresponding to
eq. (39) is a local minimum. These conditions also require that m? > 0, in light of eq. (57).
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REMARKS: Using the complex representation of the scalar fields to obtain the gauge boson
and scalar mass eigenstates:

Following Section 4.6 of the class handout entitled Gauge Theories and the Standard Model,
one can make use of the following formulae for the gauge boson squared-mass matrix,

Mz, = gogo (T T" + T' T = =N (LL" + L°LY)w (58)

where the 7® are hermitian generators and £, = ig, 7% Using eq. (58), the gauge boson
squared-mass matrix is easily computed. In the complex representation of the scalar fields,
the vacuum expectation value v = (®) is given by eq. (39). Employing the explicit matrices of
the generators £* given in egs. (37) and (38), the gauge boson squared-mass matrix obtained
from eq. (58) reproduces eq. (47).” We can diagonalize M? using

(OM20T) oy, = (La) (Lov) + (L) (Lav) = M6 -
In light of eqs. (49) and (50), we identify £, = L1, £y = L3, and

B 1 ig ig cos 20y, 0 0
Ly = 7(9&4 — g’£4) = = (T3 — Qsin? HW) = 0 —sin’fy 0
\/W cos Oy cos Oy 0 0 1
R X 2 0 0
Ly=————=(9Ls+gLs) =ieQ=ie| 0 1 0
g +yg? 0 0 0

Note that L,v # 0 for a =1,2,3 and L = ieQu = 0, which implies that three Goldstone
bosons are present and provide masses for the W= and Z. It is convenient to use egs. (48)
and (49) to write

_ _ g
mw = gu/V2, my = cos O (59)

It is then straightforward to evaluate,

B 0 B 0 B iav 0
Liv = %z’gv 1], Liv = %gv 1], Ly = L
0 0 V2 cos Oy 1

Using the complex representation of scalar fields, the Goldstone boson fields are given by

Go= —[3'Cov + (Lur)'E], (60)

a

where ®; = v; + ®; and v; = (®,;) is the (complex) scalar field vacuum expectation value.
Then, eq. (60) yields

Gi=+2Im o7, Gy = V2Re @7, Gy = —v2Im 9°,

where we have used eq. (59) to simplify our results. Thus, we have reproduced eq. (55).

"One can repeat this calculation using the generators given in eq. (28). In this case, in order to preserve
U(1)gm, one must choose the vacuum expectation value of the form v = %v(l , —i, 0), so that Qv =0. One
can check that with this choice, eq. (58) yields the gauge boson squared-mass matrix obtained in eq. (47).
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(c) If both doublet and triplet Higgs fields exist in nature, what does this exercise imply
about the parameters of the Higgs Lagrangian?

In the Standard Model with a complex hypercharge-one Higgs doublet with (®°) = v/v/2,
one finds

2
1.2 2 2 My

my = 1g*%*,  my =i+ W = p= =1.

m% cos? Oy
This can be compared with the results of parts (a) and (b). In a model with a real hypercharge-
zero Higgs triplet with (®°) = v,

mi, = g*v?, my =0 = p=-—5—"" _ — =o0.

In a model with a complex hypercharge-two Higgs triplet with (®°) = v/v/2,

2 1
miy = 39°0%, my = (g + ¢ = PE%IQ-

In a model with multiple Higgs bosons, each vacuum expectation value contributes to the
W and the Z mass. Since experimental observation confirms that p ~ 1, the conclusion of this
analysis is that if Higgs triplet fields also exist, then there are two possibilities. Either, the
vacuum expectation values of the triplet fields are much smaller than that of the doublet field,
in which case we would expect that the relation p = 1 would be minimally disturbed. A second
possibility is that the vacuum expectation values are arranged such that the contribution of
the triplet fields to the W and Z masses cancels almost exactly. An example of such a model
was proposed by H. Georgi and M. Machacek in 1985.%

For your amusement, I provide a general formula for p in a model with an arbitrary number
of Higgs multiplets of isospin T" and hypercharge Y (note that a scalar field with weak isospin
T has 2T + 1 components),’

) my Sory [AT(T + 1) = Y2 |opy Pery
m? cos? Oy Yory 2Y2|ury|? ’

(61)

where (®°(T,Y)) = vry defines the vacuum expectation value of each neutral Higgs field of
weak isospin 1" and hypercharge Y. In addition, we have introduced the notation,

1, (T,Y') € complex representation,
Cry = ]
, (T,Y) €real representation.

N =

Here, we employ a rather narrow definition of a real representation, which consists of a real
multiplet of scalar fields with integer weak isospin and Y = 0.

It is a simple matter to check that eq. (61) reproduces the cases considered above. Note
that Higgs doublet and triplet fields have weak isospins T = % and T = 1, respectively.

8H. Georgi and M. Machacek, Nucl. Phys. B262, 463 (1985).
9See eq. (4.1) of J.F. Gunion, H.E. Haber, G.L. Kane and S. Dawson, The Higgs Hunter’s Guide (Westview
Press, Boulder, CO, 2000).

17



3. In the Standard Model, the Higgs boson H couples to two gluons via a one-loop triangle
diagram containing top quarks in the loop.!°

(a) Compute the amplitude for the decay of the Higgs boson to two gluons (H — gg), as a
function of my, my, Gr (the Fermi constant) and a, = ¢2/(4r), using perturbation theory in
the one loop approximation. Simplify your answer by invoking the kinematics of the problem,
i.e. the conservation of four-momentum and the on-shell conditions for the external particles.

There are two Feynman diagrams contributing to H — gg at one loop:

kl,u,a ]{ZQ,V,b

ko, v, b kv, p,a

Diagrams (A) and (B) differ in that the outgoing gluons are interchanged. The relevant
Feynman rules for the vertices are:

l l

1 a —1gsY T H------

where i and j are the color indices of the top quark and a is the (adjoint) color index of
the gluon. It is convenient to rewrite ¢ in terms of the Fermi constant G [cf. eq. (29.74) of
Schwartz],
V2 A
4mz,

Applying the Feynman rules, and recalling the minus sign for the closed fermion loop,

iMy = — o [ diq @B Te[(=im)(d — P+ m)(=igey”)(d — K1+ mi)(=igsy") (g +mu)]
Ma=~(V2Gr) / (2m)* (¢ —m? +ie)[(q — p)? — m} + ic] [(q — k1)? — m} + ic]

X Te(TPT) € o (k1, A1) el (K2, Aa) (62)

na
where the factor of i® arises from the three fermion propagators. Next, M, is obtained from
M, by interchanging ki <> ko, pt <> v and a <> b,

iMp = — o [ dhg PT[(=ime)(d = P+ me)(—ign™) (d — Fo + mi) (=igsy”) (d + mi)]
M = ~(V2Gr) / (2m)™ (> —m? +ie)[(q — p)? — m? +ic] [(q — k2)?> — m? + ie]

X Te(TT") €, (k1, Ar)ey (Ko, A2) - (63)

10Tn this problem, we shall work in the approximation where all quarks are massless, with the exception of
the top quark, in which case only triangle diagrams with top quarks in the loop contribute.
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We now evaluate the trace that appears in the numerator in eq. (62). First, the trace over
color yields Tr(T°T"?) = £6*°. Next,

Te[(f — p+me)y" (d — K+ me)y" (4 + my)]
= m; Tr(y"7") + mt{TrM — PV (4 — BV + T [(d — Py d] + Te[v (4 — k)" d] }

=4m§’gw+4mt{<q—p)ﬂ(q—k1>”+<q—p)“(q—W—gﬂ%q—p)-(q—kl)
+(g—p)"¢" +9"q(q—p) — (¢ —p)'¢" + (¢ — k1)"¢" + (¢ — k1) q”—g””q-(q—kl)}

= 4mt{g“” [m? — ¢* +2q-ky — p-ka] + 4q"q” — 2¢" (k1 + p)* — 2k}'q" + p"kY + ki‘p”} - (64)

To perform the integral over ¢, we introduce Feynman parameters. Following Appendix
B.1.1 of Schwartz,

1 1 1 1 1

Integrating over z yields,

1
d . 65
ABC’ / x/ :L"A—I—yB+(1—x—y)C]3 (65)
Identifying A= (q—p)?> —m?, B = (q—k1)> —m? and C = ¢* —m?, the resulting denominator
factor in eq. (65), denoted by D below, is given by
D = (1=z—y)(¢*~mi)+ [(g=—p)*~mi|a+[(g—k1)*~mi ]y = ¢*—2¢- (pa-+hay) —mi+p*w+hiy+ic .

For the physical H — gg decay, we have p?> = m?% and k? = 0, where my is the mass of the
Higgs boson. Then,
D = ¢* — 2q-(pr + k1y) + m3x — m? + ic.

Hence, the factor of 2 from the Feynman parameter integration cancels the factor of % from
the color trace, and we obtain

My = 4ig?mi(GpV2)' 2 € (ki Ar)ep o (k2, Aa) / dx/

/ drq 9" [mi—q* +2q-ky — p-k1| +4¢"q” — 2" (k1 + p)” — 2k{'q” + p"kY + K'p
(2m)" [¢> = 2¢-(px + kry) + m}x —mi + 2'5]3

It is convenient to isolate the numerator term that is quadratic in ¢, since this term yields a
potential divergence. Let us write

M= [MO™ 1 MO ey A)ed (ks M) (66)
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where

1 1-x 4 v V2
v . d dgtq” — gt
/\/1541)” = 4zg§mt2(GF\/§)l/2/ d:)s/ dy / q4 79 —9 19 3
0 0 (2m)" [¢2 — 2¢-(pr + kry) + m%x — m? + ic]

@pr _ 422 e [ o d'q
MM = 4ig*m?(Gpv/2)Y /0 d:)s/o dy/w

R 2k — k) — 20" £ ) — W Ry R
(4% — 2¢-(px + kry) + myz — m? + ie}g

Using the formulae given in the class handout entitled Useful formulae for computing one-
loop integrals,!
dn dgta? — gtV 2 —i 47)€
/ qn q-q 99 = ¢ (€>(2 7T) (P2 + M2)—1—e [4€P“PV _ €(2P2 + M2>guu:| ’
(2m)" [¢2 — 2¢-P — M2 + ie] 32m

where € = 2 — 2n. Using eI'(¢) = I'(1 + €), we see that the above integral is finite as e — 0.
Hence taking the n — 4 limit,

r d"q dghq” — g q* _ —i[4PrPY — g"(2P% + M?)]
nsd (2m)n (42 —2¢-P — M2 + ia}g B 32m2(P? 4+ M?)

)

where one can now set € = 0 in the denominator.
In computing M™ | we identify P = pz + kyy and M? = m2.x — m?. Hence,
P2+ M?* =m? —miz(l —x) + 2p-kizy = m? —miz(l —x —y).
At the final step above, we evaluated p-k; = %m%] using the kinematic constraints of the
H — gg decay.'? Hence,

M _ Gmi(GV2)2 /1 " /H ayd —agw AT T k) (e + ki) + g (mi —myz)\|
A 82 0 0 mf —m%{z(l—x—y)

(67)
Further simplification can be achieved by using the properties of the gluon polarization vectors,
kiLEH(l{Zl, >\1) = kg€y(k2, )\2) =0. (68)

By writing p = ky + k2 in the numerator of the integrand in eq. (67), we can then omit any
terms proportional to k)" and/or k5. The end result is,

MO _ g>m2(GpV/2)1/? /1 d:):/l_w i [—m? +m¥z(1 — 22 — 2y)| g™ + da(z + y)kLKY .
A 82 0 0 mi —mya(l —x —y)

(69)

Do not confuse € = 2 — %n with the infinitesimal number ¢ that appears in the propagator denominators.
12Gince four-momentum conservation implies that ks = p — k1, we have

0=ki=(p—Fk)*=p>—2pki +k=m3% —2p-k1,

after using k¥ = k3 = 0 and p? = m?%. Hence, we conclude that m% = 2p-k;.
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To evaluate /\/lf) " we can set n = 4 (or equivalently set ¢ = 0) when evaluating the
relevant integral given in the class handout entitled Useful formulae for computing one-loop
integrals, since this loop integral is manifestly finite.

A4@nw__g?nﬂ6%vﬁﬁp /qd /q_
A = 9
872 0 0

y g [mi — p-ky + 2k - (px + k1y)] + pkY 4 pUkY = 2(pz + kay) (ks + p)” — 2(px + kry)” (ky + p)»
mi —mya(l -z —y) '

We can simplify this result by imposing the kinematical constraints [cf. footnote 12],
k2 =k=0, P> =my =2p-k.

In addition, we write p = k; + ko and drop terms proportional to k)" and/or k¥, as noted below
eq. (68). The end result it,

(70)

M(g mt \/_G 1/2 / /1 x g,uu mt +mH(x——)} +(1—4x)k‘”k”

m? —m%a(l —x —y)

Adding up egs. (69) and (70) yields,

2,,2 2 1/2 11—z 4 1_ o -1
M’j‘”:gsmt(\/_GF) (m% —2k”k”/d:c/ dy 2:6 r=y)

1672 mix(l—z—y)’

We can immediately write down the result for M’ by interchanging k; <> k2, p <> v and
a < b. It follows that MY = M. Hence, the sum of the amplitudes resulting from the two
contributing one-loop Feynman diagrams is

as?n%(\/iGF)l/2 (mz g
2 H

! - dr(l—xz—y)—1
Hv_Qk‘gk‘f) Eza(k’l,)\l)eza(k’g,)\g)/(; d!ll'/ov dy m2 ( y)
t

M =

—mia(l—x—y)’

after writing o, = g2/ (4m).
(b) Denote the amplitude for H — gg by M,,,, where ;1 and v are the Lorentz indices of
the two gluons. Gauge invariance implies that k&{'M,, = k5M,, = 0, where k; and k, are

the respective gluon momenta.!® Check that your amplitude obtained in part (a) respect this
requirement.

The result from part (a) yields

Qv m2 \/§G 1/2 1 1—a do(l = ¢ — -1
M, = gmi r) (m%gw—nguk‘ly) /0 dx/o dym z( k) . (11)

27 2—miz(l—z—y)

13In this computation, no three gluon vertex appears since the gluon does not couple directly to the Higgs
boson. Consequently, the Ward identities of QED also apply here.
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It is straightforward to verify that k{'M,, = k5M,, = 0. For example,
k‘/f (m%g,w — 2]{52”]{511/) = (m%{ — 2]{?1']{32)]{31,, = 0,

after noting that
2hy-ky = (k1 + ko)® — kf — k3 = p* = m3;, (72)

where we have used p = k; + kg and k% = k2 = 0. Likewise,
]{312/ (m%{gu,, — 2]{72#]{71,/) = (m%{ — 2]{51'1{52)]{52“ =0.

(c) Work out all integrals explicitly and evaluate the imaginary part of M,,. For what
range of m;/my is the amplitude purely real? Check your result for the imaginary part by
using Cutkosky’s rules [cf. problem 2 of Problem Set 2].

HINT: You may find the following integral useful:

/01 @ log [1 — 4Ay(1 — y):| — _2(Si1’1_1 \/Z)2

Y

for 0 < A < 1. For values of A outside this region, you may analytically continue the above
result. The imaginary part of this integral is easily computed once the e factor is restored in
the argument of the logarithm.

We examine the integral,

4x1—x—y)—1
]—/dx/ l—R:)sl—x—y)’ (73)

where R = m? /m?. Rewrite the numerator as

4[Rz(1—z—y)—1]+4-R

dr(l—xz—y)—1=

R
Then,
4 1 1—x 4_R 1 1—x 1
I =—— d d —— d d
R/O x/() v+ R /0 :C/O yl—Rx(l—x—y)
2 R-—-4 dx
:_E+F/O gln[l—Rx(l—x)] (74)

Thus, we must now evaluate

JE/O do In[1 — Rz(1 —x)].

i

Using the hint provided,
J=-2[sin'(AVR)]*, for0<R<A4.

2
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To analytically continue beyond R = 4, we make use of
sin™!z = —iln[iz +V1-— 22]

For z > 1, we have v/1 — 22 = 4+iv/2? — 1, where the sign ambiguity will be addressed shortly.
Then,

sin~!lz=— z'ln[z'(,z:i:\/z2 — 1)} = —iln[e”/Q(z:i:\/z2 — 1)}
= —i[%iw+ln(z:t\/z2 — 1)] = %ﬂ:Filn(z:t\/zQ — 1).

To obtain the final result above, we used the fact that

1
2—Vi2i-1=—"
z+22 -1

which implies that

ln(z— V22— 1) = —ln(z+\/z2 — 1).

To resolve the sign ambiguity, we shall compute Im J directly following the procedure of
Problem 2 of Problem Set 2. Here, we will need to put back the factor of ie by replacing
m? — m? — ie. Since R = m?% /m?, this means that we should replace R — R + ie. Noting
that (1 —x) > 0 for 0 < z < 1, we examine,

1
d
JE/ il In[1 — Rz(l—x) —ic] .

0
Following eqs. (25)—(27) of Solution Set 2, the roots of the argument of the logarithm are
given by

4

T =3 1i\/1—§]. (75)

Thus,

ImJ=0(R—-4) /“d;:c Imln[l— Rz(l — z) —ic] = —@(R—4)7T/

=—-0(R—4)rln (i—j) =—-0O(R—-4)rIn % . (76)

It follows that for R > 4, the correct analytic continuation is

2
J=-2 %W—FHH(@-F E—l)] )

2 4

We check this by computing Im J,

2 4
— 5 1+4/1—=

ImJ=—-27In —R+ 5—1 = —7ln —R—i—\/E—l = —7mln B )
2 4 2 4 1—4/1—
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in agreement with eq. (76). We can thus rewrite J in the following form,

—2[sin"' (AVR)]?, for 0 < R < 4
J = 1+4/1-4 ?
-1 {W—l—z’ln(Jr _f)] : for R > 4.
1-y/1-%
It is convenient to introduce a function f(R) defined by
sin_l(%\/ﬁ), for0< R<4
f(R) = /—r (77)
%{W—Fill’l(i—i_ 1 {f)] . for R > 4.
“Vi-g

Then J = —2[F(R)]?, and eq. (74) yields,

I= —% {1+ (1 - %) [f(R)]z} .

In light of eq. (73), we see that eq. (71) yields

_aami(V2Gp)'? (M2 Gy — kb, {1 T (1 — %) [f(R)f} - (78)

2

M, =

In particular,

z

_ asm?(vV2G p)/?

14+4/1—
ImM,, = S S
K 2m?,

(M3 G — 2koukr,) <% - 1) In O(R—-4). (79)

1—4/1—

=v] [N

Thus, In M, # 0 when R = m3 /m? > 4, which corresponds to my > 2m,. In this case,
the kinematics allows the Higgs boson to decay into a tt pair. Thus, we can cut the triangle
diagrams to reveal the on-shell top quarks.

As a check of our calculation, we can evaluate Im M, directly using Cutkosky’s rules.
There is one way to “cut” each of the two Feynman diagrams contributing to H — gg at one
loop such that the internal cut lines are on-shell:

kl;,uva k27V7b

ko, v, b kv, p,a

The cut propagators are evaluated according to Cutkosky’s cutting rules,
1
1
(4= — T ie

—2mid(q> — m*)O(qo)

—2m‘6((q — p)2 — m2)9(Po — Qo) -
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Inserting these replacements in egs. (62) and (63), we obtain expressions for 2¢ Im M, and
2iIm Mp. As above, it is convenient to write M = M €, (k1, \1)e; ,(k2, A2) after evaluating
Tr(T°T*) = 16,, and summing over colors. Since the contrlbutlons of both diagrams are equal
it is sufﬁ01ent to compute 2¢ Im M 4 and multiply by 2. This factor of 2 is canceled by the =
from the color trace, and we obtain

I M = 2(V2Gp) Vg =2mi)? [ 850~ )O3 ((a — ) )l — a0

2m)4

9 [mi — ¢* 4 2q-ky — p-k1] + 4gq” — 2" (ky + p)¥ — 2KY'q” + pEY + Ki'p”
(g — k)2 —m? +ie ’

after using eq. (64). In light of eq. (68) we can omit any terms proportional to &} and/or k%
(after writing p = k1 + ko). We may use the delta function to set ¢> = m? in the numerator
and denominator above. In addition, k? = 0 for the massless gluon. The end result is

4

Im M = 327%(v/2 GF)l/zasmf/ (Zﬂg 0(g”* = my)0(@0)d (g = p)* = m7) O (40 — po)

y " (2q — p)-k1 + 4¢"(q — k1)” + Kb kY
2q-k 7

(80)

after writing g2 = 4ma,. Note that it is now safe to drop the ie term. The integral over ¢ in
eq. (80) was evaluated in the solution to problem 2(b) of Problem Set 2. Using eq. (33) of
Solution Set 2 and adapting this solution to the integral of eq. (80), we obtain

[ a0 = w03 (0 — ) — )0 — o) = 1o O(ma —2m0) [ 2. (51)

(2m)t
8= ( - i—”f)m . (82)

where
H

Note that in the solution to problem 2(b) of Problem Set 2, there was no dependence on the
angles of the unit three-vector g, so the integration over dS2, was replaced by 47. In eq. (80),
the integrand does depend on angles, so we have retained the integration over df),. Hence,

(\fGF 1/20zs B/ 00, 9" (2q — p)-k1 +4¢"(q — k1)” + kb kY

Tm M* =
m M S50k

Thus, we need to evaluate three integrals,

= / i, — Jh = / o, -~ K" = / do, L0 (83)
o q2q-k’1’ o q2 k’l o q2q-k‘1'

It then follows that

(\/§ GF)1/2asm§ﬁ [

Im M =
m M in

AKM + 29" ky-J — 4"k + (K4 K — imF;9") 1] ©(mp—2my)
(84)
after using p-ky = m3; [cf. footnote 12].
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To evaluate the integrals listed in eq. (83), it is convenient to work in the rest frame of the
Higgs bosons where the gluons are emitted along the z-direction. Since ¢ and p — ¢ represent
incoming on-shell top quarks, it follows that

q %mH( fsinfcos¢, fsinfsing, fcosh),

kl—%mH(l,O 0,1),

ke = 1my(1;0 -1),

p=mu(l;0 ,0,0> (85)

where [ is defined in eq. (82). All relevant dot products can now be computed. For example,
2¢-ky = m% (1 — Bcosf). Thus,

Ar (Y dcosh 4T 14+
e [T e m%ﬁln<1—ﬁ)' (89

Due to the integration over ¢, we see that J!' = J? = 0, whereas

J0_27r /1 dcosf  2m n 1+ 5
“mpy ) 1—Bcosl  mpp 1-8)"°

23 1c0s9dcos9_ 2T lln<1+6)—25]-

J? =

my |, 1—pFcos  mppB 1-p
That is,
4 1 14+
o2 L b (222) ). -

There is an alternative method for deriving eq. (87), which is based in the observation that
covariance with respect to Lorentz transformations implies that

Jt = AKY + Bk (88)

since k; and ks are only two independent four-vectors in the problem. Multiplying eq. (88)
by ki1, and ky,, respectively, yields
47

2 )
my

B =

and

1 1
A:2_72T/ deosf L Mo 27T/ 1+ﬁcosealcosﬁ— ar {1 <1+5) 5] :
m2 ), q¢ky  m%4 1—Bcosb m3, B

Inserting the above expressions for A and B back into eq. (88) confirms the result of eq. (87).
Using ky-ko = 2m3, it follows that k;-J = 2.
Likewise, covariance with respect to Lorentz transformations implies that

1
K" = Ag" + — [BEYKY + CKY'KY + DESKY + ERYKY] .
H
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Multiplying this equation by g, kiK1, kipkoy, kopkiy, and ko, ks, respectively, yields five
equations and five unknowns. First,
2 2
q 4m 1+ 0
4A+ 1O D:/dQ—: 27 = L] 89
_'_2( + ) q2q.k1 mt m%{ﬁ n 1_B ’ ( )
after using ¢> = m? (since the top quark is on-shell) and k% = k3 = 0 (corresponding to the
massless gluons). The next three equations are:
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Egs. (91) and (92) imply that C' = D = 2(m — A) . Subtracting the sum of eqgs. (91) and (92)
from eq. (89) yields
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The fifth equation is
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Combining the results obtained above, we conclude that
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We may omit all terms proportional to k)" and/or k5, since these terms will vanish when
contracted with the gluon polarization vectors. Hence, it is sufficient to employ the following
expressions in eq. (84),
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Noting that
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it then follows from eq. (84) that
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This result coincides with that of eq. (79), which completes the check of our calculation.
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(d) Evaluate M,,, in the limit of m; — oo.

The limit of m; — oo corresponds to R = m3,/m? — 0. Using eq. (77), it follows that in
the limit of R — 0,
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Hence, eq. (78) yields

M, (H — gg)

™
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(e) The dominant decay of the Higgs boson is into a pair of bottom quarks, H — bb.
Evaluate the ratio of decay rates:
I'(H — gg)

['(H — bb)

in the limit where m; > my. In obtaining the decay rates into bb and gg respectively, you
should sum the squared-amplitude over the final state spins and colors, and then evaluate the
results numerically.

Using the results of Section 5.1 of Schwartz, the decay rate in the rest frame of the Higgs
boson is given by

L 2
r= Tonine 21: / IM|?dS, (100)
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where |k| = INY2(m2, m?, m3)/my is the magnitude of the three-momentum of one of the
decaying particles in the rest frame of the Higgs boson. Here, m; and msy are the final
state particle masses and A(a,b,c) = (a + b — ¢)* — 4ab is the triangle function of relativistic
kinematics. After the sum over final state spins and colors, the resulting squared-amplitude
is independent of angles. Thus, the integration over df is trivial and yields 4.
For H — gg, the identical particles in the final state imply that the integration over 47w
steradians constitutes double counting, so we must divide by 2. Using |E| = lmy (since the
gluons are massless), and including the factor of % for identical final state particles,

1
I(H — gg) = E T > M. (101)
colors
spins
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Hence, employing eq. (99) in the limit of m; > my,
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To sum over spins and colors, we make the following replacement!*
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It then follows that
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after using ki-ky = $m3; [cf. eq. (72)], k{ = k = 0 and Y, 0aq = 8 (where we have summed
over the color SU(3) adjoint indices). Inserting the above result into eq. (101), we end up with

V2 Gra’m3,

(105)
The decay H — bb arises at tree-level. We employ the Feynman rule for the Hbb vertex,

b1 1

where the momentum of the decaying Higgs boson is p and the two final state momenta p,
and py shown above should be taken as outgoing. The indices ¢ and j label the color indices
of the b quarks. The decay amplitude is then given by

iM = —i(V2G ) myi(p1, A1 )vi(pa, A2)

Squaring the amplitude and summing over spins and colors yields

> IMPP = V2Grmg 6055 Te[ (P — ma) (1 + )]
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= 42 Gpdyi(p1-py — m?) = 6V2Gpmi(m? — 4m?), (106)
In the final step, we made use of the kinematics of the decay, where

2p1-pa = (p1 + p2)® — P — p5 = my; — 2mj

14 A5 discussed in the solution to problem 2(b) in Solution Set 3, eq. (102) is a valid replacement given that
kM, = k5 M, = 0 has been verified in part (b) of this problem.
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and we summed over the b quark colors using » . d;; = 3. Inserting the result of eq. (106) into
eq. (100), and using |k| = $v/m3; —4mi, we end up with

_ 3V2GrmE(m3; — Am})?/?

I'(H — bb 107
(H — bb) s (107)
Since mpy > my, we can approximate
- 32 Gpm?
P s ) = Y2 LI, (108)
T

Dividing egs. (105) and (108), and using «, ~ 0.12, my ~ 125 GeV and m;, ~ 4.5 GeV, we
obtain
I'(H —gg) = aimy
[(H —bb) — 277%m?

~ 0.04. (109)

REMARK: Tt turns out that the tree-level predictions for I'(H — gg) and I'(H — bb) are
significantly modified by QCD radiative corrections. The numerator of eq. (109) is underes-
timated by nearly a factor of 2 and the denominator is overestimated by nearly a factor of 2.
Consequently the ratio given in eq. (109) is underestimated by a factor of about 3.5. The re-
sults of a more complete computation that takes these radiative corrections into effect are pro-
vided at https://twiki.cern.ch/twiki/bin/view/LHCPhysics/CERNYellowReportPageBR
and yield I'(H — gg)/T'(H — bb) ~ 0.14 for my = 125 GeV.
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