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WHAT SYMMETRY TRANSFORMATIONS ARE ALLOWED?

We want to preserve

ds2 = (cdt)2 − dx2
− dy2 − dz2 = ηµνdx

µdxν

which implies

ηµνdx
µdxν = ηµνdx

′µdx′ν

We then have the constraint for xµ = fµ(xν), det(∂fµ/∂xν) = ±1 and

ηµν
∂fν

∂xρ

∂2fµ

∂xσ∂xα
= 0

This implies all second derivatives vanish. Thus,

fµ(xν) = Lµ

ν
xν + aν

with det(L) = ±1



SUBGROUPS & COSETS

In general, we expect spacetime to be invariant under boosts, rotations, space

translations, and time translations. This leads to a total of 10 independent pa-

rameters known as the Poincaré group. If we only consider the inhomogenous

transformations, we are left with the 6 parameter Lorentz group with four dis-

connected cosets.

Coset Rep.
L diag(1, 1, 1, 1) det = 1 Λ00 ≥ 1
PL diag(1,−1,−1,−1) det = −1 Λ00 ≥ 1
TL diag(−1, 1, 1, 1) det = −1 Λ00 ≤ −1
PTL diag(−1,−1,−1,−1) det = 1 Λ00 ≤ −1

The coset containing the identity is a subgroup called the proper Lorentz

group.



COMPACTNESS

The proper Lorentz group is a non-compact Lie group. To see this we note

that Λ00 ≥ 1 implies that this coefficient is undbounded in Euclidean space.

Thus the Lie group is not compact.

Theorem: A faithful finite dimensional representation of a non-compact

Lie group cannot be unitary.

The unbounded parameter boost parameter β. We can use the relationship

tanhβ =
v

c

to express this now as a bound parameter, but it is still not closed in Euclidean

space



FUNDAMENTAL REPRESENTATION

To find the generators we start by looking for elements close to the identity

Λµ

ν
= δ

µ

ν
+ ω

µ

ν

We now search for generators such that

x
′µ = (1−

1

2
iω

λρ
Jλρ)

µν
xν

which yields

(Jλρ)
µ
ν = i(δµλgρν − gλνδ

µ
ρ )



FUNDAMENTAL REPRESENTATION

J01 =









0 −i 0 0

−i 0 0 0

0 0 0 0

0 0 0 0









J23 =









0 0 0 0

0 0 0 0

0 0 0 −i

0 0 i 0









exp(−iβJ01) =









coshβ − sinhβ 0 0
− sinhβ coshβ 0 0

0 0 0 0
0 0 0 0









exp(−iθJ23) =









0 0 0 0
0 0 0 0
0 0 cos θ − sin θ
0 0 sin θ cos θ











ALGEBRA

[Jµν , Jλρ] = −i (gµλJνρ − gµρJνλ − gνλJµρ + gνρJµλ)

J1 = J23 J3 = J12J2 = J31

K1 = J01 K3 = J03K2 = J02

[Ji,Jj ] = iεijkJk [Ki,Kj ] = −iεijkJk [Ji,Kj ] = iεijkKk

SO(3) subalgebra



ALGEBRA

N ±

i
=

1

2
(Ji ± iKi)

[N +

i ,N
+

j ] = iεijkN
+

k
[N −

i ,N
−

j ] = iεijkN
−

k [N +

i ,N
−

j ] = 0

SU(2) subalgebra SU(2) subalgebra

Though the proper Lorentz group shares the same algebra as SU(2)×SU(2),
they are not the same group. Locally, the Lorentz group is isomorphic to
SL(2,C).



REPRESENTATION THEORY

We can extend the enumeration on representations of SU(2) to the Lorentz
group. As we would label a representation of SU(2), j, with it’s (2j+1) degrees
of freedom, we can label a representation of the Lorentz group (j1, j2) by the
corresponsing representations of j1 and j2 in SU(2).

Useful representations:

• (0, 0) the trivial representation

• ( 1
2
, 0) the Weyl representation used to describe neutrinos

• ( 1
2
, 0)

⊕
(0, 1

2
) Dirac representation used to describe charged leptons

• ( 1
2
, 1

2
) the defining representation of SO(3, 1)

• (1, 0)
⊕

(0, 1) tensor representation used to describe electromagnetism



REPRESENTATION THEORY

Theorem: The complex conjugate of the (j1, j2) representations of the
Lorentz algebra is the (j2, j1) representation.

Representations of the form (j1, j1) and (j1, j2)
⊕

(j2, j1) are real



EXTENDING THE ALGEBRA

In the differential representation

Jµν = −i(xµ∂ν − xν∂µ)

The algebra can be extended to include the generators for translations

Pµ = −i∂µ

[Jµν , Jλρ] = −i (gµλJνρ − gµρJνλ − gνλJµρ + gνρJµλ)

[Jµν , Pρ] = −i(gνρPµ − gµρPν)



EXTENDING THE ALGEBRA

Further, we can add dilations

x
′µ = e

λ
x
µ

Their generator

D = −x
µ
∂µ

[D,Pµ] = iPµ



EXTENDING THE ALGEBRA

Additionally, we can include special conformal transformations of the form

x
′µ =

x
µ
− x

2
b
µ

1− 2b · x+ x2b2

The corresponding generators

Kµ = −i(x2
∂µ − 2xµx

ν
∂ν)

[Jµν ,Kρ] = −i(gνρKµ − gµρKν)

[Pµ,Kν ] = −2i(Jµν − gµνD)

[D,Kµ] = −iKµ



CONFORMAL ALGEBRA

Together these new generators create the conformal algbra. We can extend
these arguments to d dimensional Minkowski space and index our new generators
with indices ranging from -1 to d

JMN =



















Jµν , µ, ν = 0, ..., d− 1

J
−1,d = D

J
−1,µ = 1

2
(Pµ −Kµ), µ = 0, ..., d− 1

Jd,µ = 1

2
(Pµ −Kµ), µ = 0, ..., d− 1

[JMN , JPQ] = −i (gMPJNQ − gMQJNP − gNPJMQ + gNQJMP )

Isomorphic to so(2, d)
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