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Abstract The stability of tree-level relations among the
parameters of a quantum field theory with respect to renor-
malization group (RG) running is typically explained by the
existence of a symmetry. We examine a toy model of a quan-
tum field theory of two real scalars in which a tree-level
relation among the squared-mass parameters of the scalar
potential appears to be RG-stable without the presence of an
appropriate underlying symmetry. The stability of this rela-
tion with respect to renormalization group running can be
explained by complexifying the original scalar field theory.
It is then possible to exhibit a symmetry that guarantees the
relations of relevant beta functions of squared-mass param-
eters of the complexified theory. Among these relations, we
can identify equations that are algebraically identical to the
corresponding equations that guarantee the stability of the
relations among the squared-mass parameters of the original
real scalar field theory where the symmetry of the complex-
ified theory is no longer present.

1 Introduction

The discovery of the Higgs boson at the LHC in 2012 [1,2]
provided strong evidence that the mechanism for generating
the masses of the gauge bosons, quarks, and charged lep-
tons of the Standard Model was governed by the dynam-
ics of a weakly-coupled scalar sector. Indeed, the Higgs
boson appears to be an elementary spin-0 particle, the first
of its kind. Subsequent measurements have shown that the
Higgs boson couplings to fermions and gauge bosons are,
with increasing experimental precision [3,4], nearly identi-
cal to those predicted by the Standard Model (SM). However,
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despite these impressive successes, a number of fundamen-
tal aspects of the theory of fundamental particles and their
interactions remain unexplained. As a result, the possibil-
ity of new physics beyond the SM has been considered for
decades.

Enlarging the scalar sector beyond the one complex SU(2)
doublet employed by the SM has long been an interesting
and promising way to try to address some of the issues that
the SM is incapable of explaining. For example, a theory of
very small but nonzero neutrino masses may be achieved by
considering an extra SU(2) triplet field, using the see-saw
mechanism [5]. Adding gauge singlet scalars has been con-
sidered in order to generate a first order electroweak phase
transition that is required for a viable theory of electroweak
baryogenesis [6]. Finally, adding a second complex scalar
doublet to the SM, resulting in the two Higgs doublet model
(2HDM) [7], has been proposed as a means to explain dark
matter [8,9], or as a possible new source of CP-violation [7].
Even without a particular theoretical motivation, it is note-
worthy that both the gauge sector and the fermion sector of
the SM are quite nonminimal (as Rabi famously noted after
the discovery of the muon by asking “who ordered that?”).
Thus, it is certainly useful to entertain the possibility that the
scalar sector of the SM should also be nonminimal.

Extending the scalar sector predicts the existence of new
scalar particles and its attendant phenomenology. However,
a larger scalar sector comes at a price. Whereas the SM
scalar potential is fully characterized by two independent
real parameters, the scalar potential of an extended scalar
sector introduces many additional parameters. For example,
the most general scalar potentials of the 2HDM and the three
Higgs doublet model (3HDM) are governed by 14 and 54 real
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parameters, respectively.! The increased number of parame-
ters that govern the scalar potential significantly reduces the
predictive power of extended Higgs sector models.

One way to reduce the number of independent parameters
of these models is to impose global symmetries, either dis-
crete and/or continuous, as they eliminate or impose relations
among the Lagrangian parameters. Moreover, these symme-
tries are usually considered because they have interesting
phenomenological consequences beyond simply reducing
the dimensionality of the model parameter space. For exam-
ple, by imposing a particular Z, symmetry on the 2HDM
Lagrangian [13—15], one can “naturally” eliminate tree-level
scalar-mediated flavor changing neutral currents (FCNCs)
that otherwise would appear in the model. In particular, the
Z, symmetry allows only one of the scalar doublets to cou-
ple to fermions of the same electric charge, and as a con-
sequence the Yukawa interactions of the scalars to quarks
and leptons are rendered flavor-diagonal [16, 17]. Moreover,
the number of parameters of the Z;-symmetric 2HDM is
reduced to seven due to the Z, symmetry. Note that one can
still achieve flavor-diagonal Higgs-fermion couplings if the
Z, symmetry is softly broken, in which case the symmetry
still imposes parameter relations among the dimension-four
scalar self-coupling parameters at the expense of adding one
additional squared-mass parameter to the model.

Another example of a2HDM symmetry is the U(1) Peccei-
Quinn symmetry [18], which was initially introduced in an
attempt to solve the strong QCD problem. In total, there are
six different global symmetries [19-24] one can impose on
the scalar sector of the SU(2);, xU(1)y 2HDM. These sym-
metries arise when imposing the invariance of the scalar
potential under unitary field transformations that mix both
scalar doublets (so called Higgs-family symmetries) or their
complex conjugates (so called generalized CP symmetries).
In all cases cited above these are unitary transformations that
preserve the kinetic energy terms of the scalar doublets.?

One well-known consequence of imposing a symmetry
on a model is the fact that if a tree-level parameter relation,
X =0, is the result of some symmetry S, then that param-
eter relation will be preserved to all orders of perturbation
theory (e.g., see Ref. [29]). Note that if S is spontaneously
broken, then there may be finite corrections to X = 0 that
give it a non-zero value at some order of perturbation the-
ory, but there will never be any infinite corrections to this
relation. Equivalently, if X = 0 due to a symmetry then the

! To be more precise, the corresponding number of physical param-
eters is slightly less than the numbers quoted above after taking into
account possible scalar field redefinitions [10]. In particular, the 2HDM
and 3HDM scalar sectors are governed by 11 and 46 real (physical)
parameters, respectively [11, 12].

2 Additional symmetries of the scalar potential have also been consid-
ered in Refs. [25-28] that are not preserved by the hypercharge U(1)y
interactions of the 2HDM.
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beta-function of X obeys the same equation, Sx = 0, to all
orders of perturbation theory. That is, the parameter relation
X = 0 1is stable with respect to renormalization group (RG)
running. One can extend this result in the case of a softly bro-
ken symmetry. In particular, if there is a parameter relation,
X = 0, among the dimensionless parameters of the scalar
potential, then By = 0 to all orders in perturbation theory,
since By can only depend on the dimensionless parameters
of the models, which respect the symmetry (whose breaking
is due to parameters of the model with dimensions of mass
to a positive power).

Suppose that the one-loop beta function 8y = 0. Does this
imply the existence of a symmetry that imposes the tree-level
condition X = 07? In general, the answer is no. If one then
computes the two-loop beta function By, one will generically
find that it does not vanish if no symmetry exists to impose
X = 0. Recently, a curious result was discovered in the case
of the 2HDM. Denoting the two complex scalar doublets of
the 2HDM by @ and ®,, the most general gauge-invariant
renormalizable scalar potential is given by [30-32]

V =m} ® ) +m3® ds — [m},d]®s +h.c.]
50 (@01 4 22(PTP2)” + 23(P] 1) (D] D2)
+ha(@]®2)(@]01) + {1a5(@]02)?

+[A6(¢Id>1)+/\7(<1>§c1>2)]<1>}¢2+h.c.}. (1.1)
In Ref. [33] it was shown that the set of relations
myy =-—ml,  Ai=h, A= —he (12)

is a fixed point of the scalar sector parameter RG equations to
all orders of perturbation theory. That is, to all orders in the
parameters of the scalar potential and neglecting the gauge
and Yukawa couplings, one finds that

P, = =Pty

my

ﬁ)u] = ﬂ)»zv ﬁ)ﬂ = _ﬂk(y (]3)

Moreover, the beta function relations given in Eq. (1.3) were
shown to hold to all orders in the perturbation expansion
when gauge interactions are included. In particular, these
relations still hold if Yukawa interactions are now taken into
account up to two-loop order (which suggests but does not yet
prove that the relations of Eq. (1.3) remain valid to all orders
in the perturbation expansion). This result strongly suggested
that some manner of symmetry is present in the model that
would explain the origin of the results obtained in Eq. (1.3).
However, whereas the relations among the quartic scalar self-
couplings in Eq. (1.2) can be obtained by imposing one of the
six known global 2HDM symmetries [19-24] (the symmetry
usually denoted by GCP2), the relation m%z = —m% | cannot
be reproduced by any of the known symmetries of the 2HDM.
Indeed, Ref. [33] demonstrated that the parameter relation
m%z = —m%l cannot be the result of any symmetry consisting
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of ascalar field transformation thatis a unitary transformation
of both scalar doublets or their complex conjugates.

Ref. [33] also showed that a formal way of obtaining
the conditions of Eq. (1.2) is to write the 2HDM poten-
tial in terms of the four gauge invariant scalar-field bilin-
ears 1, (u =0, 1,2, 3) of Ref. [20] (see also Refs. [34,35])
and require invariance under the transformation ro — —ry,
where rp = %(CDICIM + @;d)z). Clearly, there is no uni-
tary transformation of the two Higgs doublet fields, ®; —
> i Uij®;j (wherei, j € {1, 2}), that yields ro — —rp. Con-
sequently an unconventional alternative was proposed. After
re-expressing the two complex doublet scalar fields in terms
of real fields ¢; such that

®) — 1 (¢1 +i¢2> ®y — 1 (455 +i¢6>
2\ +ids)’ V2 \#7+ids)’
1.4)
the parameter relations exhibited in Eq. (1.2) are a conse-
quence of imposing invariance of the scalar potential under

ro — —ro.> Equivalently,

¢1 —> i,
¢s —> —ida,

¢ — igs,
¢6 — —idy,

¢3 —> igg,
¢7 —> —ida,

¢4 — i¢7,
¢3 —> —ip3.
(1.5)

However, these transformations do not correspond to
a legitimate symmetry transformation for two reasons.
First, the allowed symmetry transformations of real fields
must involve real numbers, whereas the transformations of
Eq. (1.5) involve the imaginary number i. This observation is
also reflected by noting the transformations given by Eq. (1.5)
correspond to the following transformations of the complex
doublet scalar fields,

(bl — —(Dé,
Dy — DT,

o) - o],

) - —]. (1.6)

In particular, the transformation law of the complex conju-
gate field @7 is not the complex conjugate of the correspond-
ing transformation law of ®;.

The second problem with the proposed symmetry transfor-

mations of Eq. (1.5) [or equivalently, Eq. (1.6)] is that these
transformations reverse the sign of the kinetic energy terms

3 In Ref. [36], a covariant bilinear treatment of the one-loop 2HDM
potential was developed, and it was shown that the tree-level rela-
tions among parameters shown in Eq. (1.2) are broken by ultraviolet-
finite corrections to the scalar potential. Indeed, if the transformation
ro — —ro were a legitimate symmetry, then this symmetry must be
spontaneously broken due to the nonzero 2HDM scalar field vacuum
expectation values. Consequently, the (spontaneously broken) symme-
try permits only finite radiative corrections to the tree-level parameter
relations, as previously noted.

of the scalar fields. Ref. [33] advanced the radical proposal
where the spacetime coordinates themselves also transform
via x* — ix". Equivalently, the covariant derivative must
also transform as D;, — i D,, (which implies that the gauge
fields themselves must also similarly transform) in order that
the kinetic energy terms of the scalar fields remain invariant.

The transformations proposed above, which collectively
correspond to no known symmetry, were informally dubbed
as “GOOFy” symmetries based on the names of the four
authors of Ref. [33]. Whether they express something deeper
hitherto unknown in quantum field theory that can provide a
viable explanation of the all-orders fixed points of the beta
functions to guarantee the RG-stability of the parameter rela-
tion m%z = —m%l is an open question.

In this paper, we shall propose a method for identifying a
legitimate symmetry explanation for the origin of the param-
eter relation m%2 = —m%l. To simplify the argument, we
shall examine a toy model of two real scalar fields that pos-
sesses an RG-stable parameter relation among the squared-
mass parameters of the scalar potential which is of the same
form as in the 2HDM example introduced above. One could
again try to invoke the GOOFy symmetries to explain the RG-
stability of this parameter relation as in the 2HDM example
above. However, for the same reasons outlined above, we
shall reject this proposal.

Instead, we will take inspiration from the process of com-
plexification used in mathematics to create a complex vector
space (or Lie algebra) starting from a real vector space (or
Lie algebra). Given a real scalar field theory, we can create a
complex scalar field theory (called the complexified theory)
by promoting the real scalar fields to complex scalar fields.
What looked like GOOFy symmetry transformations of the
real scalar field theory are now legitimate symmetry transfor-
mations of the complexified theory. Consequently, the param-
eter relations of the complexified theory are RG-stable. For
example, the complexification of the toy model of two real
scalar fields will yield a complexified theory with the RG-
stable parameter relation m%z = —m%] , corresponding to the
relation of the corresponding beta functions, 8,2 = —8,2
that is satisfied to all orders in perturbation theory. A carefull
analysis of these beta functions reveals a particular relation
that is algebraically identical to the corresponding beta func-
tion relation of the original toy model of real scalar fields
that guarantees the RG-stability of the parameter relation
m%z = —m%l. The end result is the RG-stability of the rela-
tion among the squared-mass parameters of the original real
scalar field Lagrangian despite the fact that the symmetry of
the complexified theory is no longer present in the original
model.

This paper is organized as follows. In Sect. 2, a toy model
with two real scalar fields is presented that possesses an RG-
invariant relation among the squared-mass parameters that
is not guaranteed by any legitimate symmetry. In Sect. 3, we

@ Springer
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introduce the notion of complexification of a scalar field the-
ory, where each real scalar field is promoted to a complex
scalar field and two symmetries of the complexified theory
are imposed. The first symmetry is chosen such that the holo-
morphic terms of the scalar potential of the complexified
theory match precisely the corresponding terms that appear
in the scalar potential of the original real scalar field the-
ory. The second symmetry is a standard CP symmetry that
imposes reality conditions on all scalar potential parameters
of the complexified theory. The one-loop beta functions of
the complexified model are written out explicitly in Sect. 4.
The vanishing of the appropriate combinations of one-loop
and two-loop beta functions of the parameters of the com-
plexified theory yield a set of equations. In Sect. 5, we show
that a subset of these equations are algebraically identical
to the corresponding beta function equations of the original
theory of real scalar fields. We argue that these arguments
generalize to all orders in perturbation theory. We thus con-
clude that the RG-stability of the parameter relations of the
real scalar field Lagrangian is a consequence of symmetries
of the complexified theory that are not present in the origi-
nal real scalar field model. In Sect. 6, we outline a procedure
for constructing additional examples of real scalar field theo-
ries with parameter relations whose RG-stability can only be
explained by the existence of a symmetry of the complexified
theory. In Sect.7, we recapitulate the main results obtained
in this paper. The implication of these results and their rela-
tion to the all-order RG-stability of the 2HDM squared mass
parameter relation described earlier in this section are out-
lined in Sect. 8 along with some possible generalizations of
this work. Further details of our analysis have been relegated
to three appendices.

2 A toy model with RG-stable parameter relations in
the absence of a symmetry

Consider a quantum field theory of two real scalar fields ¢,
and ¢, with the most general renormalizable Lagrangian
given by
1.2 1

— M Qiej — I)\ijkﬁ vipjorpe, (2.1)
with real coefficients mizj and A;jxe with 7, j, k, £ € {1,2},
and an implied sum over repeated indices. In order to avoid
terms linear and cubic in the fields, we have imposed a global
parity symmetry ¢; — —¢ and ¢ — —¢, (taken simul-
taneously). Note that mlzj = m?i and thus there are three

L = auﬂ”iaﬂ%‘

real degrees of freedom in the quadratic coefficients (m%l,
m%z, and m%z). Likewise, A;jk¢ is completely symmetric with
respect to permutations of its indices, and thus yields five
independent real degrees of freedom (conveniently chosen
to be A1111, A1112, A11225 A1222, and A2222).

@ Springer

One can further reduce the number of free parameters of
the theory by imposing an additional symmetry. Note that
the kinetic energy term in Eq. (2.1) is invariant under the
symmetry transformation ¢; — Q;;¢; (with an implicit sum
over j), where Q is a 2 x 2 real orthogonal matrix; i.e.,
Q € O(2). Any conventional symmetry transformation that
is being considered to reduce the number of free parameters
should be either O(2) or a (continuous or discrete) proper
subgroup of O(2).

We now impose the following relations among the scalar
potential parameters:

Al112 = —A1222-
2.2)

2 2
my; = —my Al111 = A2222,

The corresponding scalar potential now takes the following
form:

Ve = imi; (¢} = ¢3) +mhorer + Jprum (of +¢d)
1 2,1 2 2
+3r1122 (@192)”7 + gA1112 (<ﬂ1 - </)2> P192, (2.3)

where the subscript R emphasizes that this is a theory of real
scalar fields. In principle, one could choose to set m%z =0
by performing an appropriate change of scalar field basis, as
discussed in Appendix B. However, such a basis choice is
not stable under RG running, so we choose to leave m%z asa
free parameter.

We now pose the following question: are the parameter
relations exhibited in Eq. (2.2) stable under RG running? We
can check this using the one-loop and two-loop beta functions
given in the literature [37—41]. Starting from the Lagrangian
given by Eq. (2.1) and writing 8 = g/ 4+ !, the correspond-
ing one-loop beta functions are given by

:3,2_2_ = mzm)w'jmnv 2.4
ij
1
1
'B)w'jke = g Z )Mijmn)\mnk@
perm
= )\ijmn)\mnkﬁ + )\ikmn)hmnje + )Liﬂmn)tmnjka (2.5)

with an implicit sum over the repeated indices, where Zperm
inEq. (2.5) denotes a sum over the permutations of the uncon-
tracted indices, i, j, k, and €. Likewise, the corresponding
two-loop contributions to the beta functions are given by

:1{2/ = E()&ikfm)\nkimmij + )ijﬁm)hnklmmii)
_zmlz{)&ikmn)\jfmn, (26)
1
11
hijke 7 Z Ainpgrmnpgrmjke
perm
1
_Z Z )"ijmn)\kmpq)"fnpq 2.7
perm
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Using the results obtained in Appendix A, we obtain

ﬁm%1+m%2 ‘Sym: ﬂm%] + ’Bm%Z ‘sym =0, (2.8)
’3)‘1111_)“2222|sym: '8)“1111 - ’3)‘2222|Sym =0, 2.9)
Briiia+ian |Sym: Bring — Brom |Sym =0, (2.10)

at both one-loop and two-loop order, where “sym” indi-
cates that the parameter relations exhibited in Eq. (2.2) have
been applied in evaluating the corresponding beta functions
given by the right-hand sides of Egs. (2.4)—(2.7). Note that
the two-loop beta functions, ,8:1 é and ,8){5_ > ©ach consist of

the sum of two linearly indepen:/ient combinations of tensor
quantities. Thus, each individual combination separately van-
ishes when the parameter relations exhibited in Eq. (2.2) are
applied, as demonstrated in Egs. (A.21), (A.26), and (A.31)
of Appendix A. These results are not accidental, as it appears
that Egs. (2.8)—(2.10) are satisfied to all orders in perturbation
theory.

One could understand the results obtained in Egs. (2.8)—
(2.10) if a symmetry could be identified that forces the scalar
potential to take on the form exhibited in Eq. (2.3). Consider
the following symmetry transformation:

01— @2, @2 —> —@. (2.1D

Imposing this as a symmetry of the scalar potential yields

2 2 2
may = my mi, =0,

A1l = 22222, Al112 = —A1222. (2.12)

Comparing with Eq. (2.2), we see that although the relations
among the scalar self-couplings are the same, the relations
among the squared-mass parameters are different. However,
the scalar self-coupling parameter relations must be RG-
stable as these relations are a consequence of a softly-broken
symmetry (due to the fact that the beta functions for the A; jx¢
are independent of the squared-mass parameters). That is,
Egs. (2.9) and (2.10), to all orders in perturbation theory, are
a consequence of a softly broken symmetry.

Unfortunately, this argument does not explain why the
squared mass relation, m%z = —m%l is RG-stable. Following
Ref. [33] and the discussion given in Sect. 1 [see Eq. (1.5)],
suppose we were to propose the following “symmetry” trans-
formation,*

o1 —> i, Y2 —> —ig]. (2.13)

If we were to require that the general scalar potential is invari-

ant withrespect to Eq. (2.13), then Vg would necessarily have

the form shown in Eq. (2.3), where m%z = —m% |- However,

following the same arguments presented in Sect. 1, there are

4 This toy model and the corresponding “symmetry” were proposed in
Ref. [42] to study the validity of applying imaginary transformations of
real scalar fields and spacetime coordinates to the computation of the
one-loop effective potential [43].

two serious problems with this proposal. First, the symmetry
corresponding to the transformation proposed in Eq. (2.13)
is not a subgroup of O(2). Indeed, it simply does not make
sense to use non-real numbers in considering possible sym-
metry transformations of real scalar fields. Second, even if
one were to allow such a transformation, the kinetic energy
terms of the Lagrangian change sign when the fields are trans-
formed according to Eq. (2.13), whereas these terms should
be invariant with respect to a legitimate symmetry transfor-
mation. This is analogous to the result obtained by Ref [33]
when applying the “symmetry” transformation [cf. Eq. (1.5)]
of the 2HDM scalar potential given in Eq. (1.1). As noted in
Sect. 1, the authors of Ref. [33] attempted to address this sec-
ond problem above by extending the symmetry transforma-
tion to the spacetime coordinates themselves, which affected
the derivative that appears in the kinetic energy term such that
the kinetic energy term was now invariant with respect to the
extended “symmetry”. But, as previously asserted, this is not
a legitimate symmetry transformation in any conventional
sense.

Since Eq. (2.13) is a transformation involving non-real
numbers, perhaps it would be useful to rewrite the real scalar
field theory with the scalar potential given by Eq. (2.3) as the
theory of a single complex field,

:¢1+i§02
5

Consider the Lagrangian,

o (2.14)

L = 9,004 D* — mId*D — (m3d* +c.c.)
—2(@* D)2 — M ®* +cc) — (M3P? +c.c) DD,
(2.15)

where “c.c.” stands for complex conjugate, and we have
imposed the discrete symmetry ® — —& to remove terms
linear and cubic in the scalar fields. Equation (2.15) is gov-
erned by three squared-mass terms (m%, Re m%, Im m%) and
five quartic couplings (A1, Re A2, Im X2, Re A3, Im A3), where
m% and XA are real parameters. Plugging in Eq. (2.14) into
Eq. (2.15) and comparing with Eq. (2.1), it follows that

mi = 3(mi; +mdy), (2.16)
m5 = 3(miy —m3, +2imp,), (2.17)
A= %()»1111 + A2222 + 201122), (2.18)

2 = gg[Ai1 + Aa222 — 6A1122 + 3i Gz — Aa2)),
(2.19)

A3 = g [Ai11 = 22220 + 2i (hppiz + Ao2) |- (2.20)

If we now impose the parameter relations given in Eq. (2.2),
it follows that m% = A3 = 0. As in Eq. (2.3), the resulting
scalar potential of the complex scalar ® is also governed by
five real degrees of freedom (11, Re Ay, Im Ay, Re m%, and
Im m%):

@ Springer
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Ve = (m3®? +c.c.) + 1 (@* D) + (A d* 4 c.c.). (2.21)

Of course, the physical consequences of Egs. (2.3) and (2.21)
are the same, as these are the same theories expressed in two
different ways. One can also check that

—0 (2.22)

'Bm% ‘sym ’
Bislgym = 0. (2.23)

where “sym” instructs one to set m% = X3 = 0 when evalu-
ating the corresponding beta functions.

In light of Eq. (2.12), consider the symmetry transforma-
tion,

® - —id* (2.24)

which implies that ®* — i®. Applying this symmetry to
Eq. (2.15) yields m% = A3 = 0, whereas m% is a free param-
eter. If we regard the symmetry exhibited by Eq. (2.24) as a
softly-broken symmetry of Eq. (2.15), then this provides an
explanation for Eq. (2.23) to all orders in perturbation theory,

Of course, the argument just given does not explain why
the squared mass relation, m% = (0 is RG-stable. Once again,
we shall attempt to apply the “symmetry” transformation
given by Eq. (2.13). Rewriting this in terms of the complex
field @, we conclude that Eq. (2.13) is equivalent to the “sym-
metry” transformation,

d > D, dF > —D*. (2.25)

Although this proposed symmetry transformation does indeed
set m% = A3 = 0, Eq. (2.25) does not make sense as a sym-
metry transformation of a complex scalar field theory since
the transformation law for ®* is not the complex conjugate
of the transformation law of ®. Indeed, this result is analo-
gous to the “symmetry” of the 2HDM scalar potential given in
Eq. (1.1) that was proposed in Ref. [33] [cf. Eq. (1.6)]. More-
over, the kinetic energy term changes sign under Eq. (2.25) as
previously noted below Eq. (2.13). Thus, Eq. (2.25) cannot
be used to explain the RG fixed point exhibited in Eq. (2.22).
Of course, these two problems are the same ones noted when
discussing the proposed symmetry transformation for the real
scalar field theory above.

For these reasons, we shall reject the proposed extended
GOOFy symmetry of Ref. [33] as an explanation for the
fixed-point behaviors exhibited in Eqgs. (2.8) and (2.22).
Indeed, any conventional symmetry that preserves the kinetic
energy term will also preserve the term m%(CD*GD) in
Eq. (2.15). Hence, no conventional symmetry can set m% =0.

@ Springer

3 Complexification of the toy model of two real scalar
fields

A symmetry transformation such as Eq. (2.13) would make
sense if the corresponding scalar fields were complex. This
motivates a procedure, which we denote by complexification,
where the scalar fields of the real scalar field theory are pro-
moted to complex scalar fields denoted by ©;. When applied
to the toy model of Sect.2, we can express the two complex
scalar fields ®; (i € {1, 2}) in terms of four real scalar fields
¢; wherei € {1, 2, 3,4}, as follows:

1

1
(o1 +ig), Dy = —

NG (3 +igg).
(3.1

P =

Moreover, the complexified model is defined to employ a
canonically normalized kinetic energy term,

kg = 0150, D, 3.2)
which is invariant under the U(2) transformation,

Oy = Uy®p,  OF — LU, (3.3)
where U;&Uag = Jpz. In the above notation, the indices

a,b,c € {1,2} and &,E,E € {I,Q} run over the complex
two dimensional flavor space of scalar fields. The use of
unbarred/barred index notation is accompanied by the rule
that there is an implicit sum over unbarred/barred index pairs.
As in the original model of real scalar fields, we shall
impose a parity symmetry,
®; - —P; and P, - —P, (taken simultaneously),
34

to remove terms in the scalar potential with an odd number
of fields. In this case, the most general renormalizable scalar
potential of the complexified model may be written as

Ve = Mf;;CDZ% + Mﬂ%%% + M(fbdbgd)z
+Agpeq P50, PcPa
+AG5ea PaPr @@ + A jzg PrPs PPy

+Aabcd_ Cb; (DZCD?(bd + Aabcdcbs CD;;(I)?CDE, 3.5)

where the subscript “C” emphasizes that this is the complexi-
fied version of the original toy model of two real scalar fields.
In the notation used in Eq. (3.5), the squared-mass param-
eters Mgb and MZB are independent (despite the use of the

same symbol M?). Likewise, the quartic coupling parameters
Aabeds N ypeg> and A -7 are independent (despite the use of
the same symbol A). One can distinguish among the inde-
pendent parameters based on their explicit unbarred/barred
index structure.
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The squared-mass and quartic coupling parameters satisfy
the following relations:

M’27 = Mg‘ Mgb = sza’
Aabcd Abacd AabJE = Abad_E‘ (3.6)
Similarly, Agzz; is symmetric under the permutation of the

indices abéd, A abéa 18 symmetric under the permutation of
the indices hed, A abzd 18 separately symmetric under the
interchange of the indices ab and ¢d, respectively [as indi-
catedinEq. (3.6)], A ;.7 is symmetric under the permutation
of the indices abc, and A ;pcq is symmetric under the permu-
tation of the indices abcd.

Hermiticity of V¢ implies that

2 2 7% *
M= [Mia]™ Aapea = [Acaas] - (3.7)
and
2 2 7* * *
M&E = [Mab] ’ A&EEd_ = [Aade] ’ Aa’&l;E = [Aabcd_] .
(3.8)
2 __ __ I __

are real parameters
We can now identify the independent parameters of V.
There are ten independent squared-mass parameters,
2 2 2 2
M“, M22, Re M12’ Im M12’
Re M3},, Re M}, Re M3,, Im M?,, Im M}, Im M3,, (3.9)

and 35 independent quartic coupling parameters,

Re Arr11, Re Aji1z, Re A2, Re A 1222, Re Apooa,

Im Aqpir, Im Aqpio, Im Aoz, Tm Aoz, Im Agon,

Re Ayi1, Re Aqppis Re Ay, Re Apoyg,

Re A3, Re Aqpps, Re Ajpos, Re Ayyys,

Im Ay, Im Ao, Im Ayog, T Ay,

Im Ayyp3, Im Aoz, Im Ay o5, Tm Aggys,

Aty Axzss Apatas Re Ayyis,

Re Ayj35, Re Ajp35, Im Ay 75, Im A 55, Im A535. (3.10)

Although V¢ is not invariant under a U(2) transformation
exhibited in Eq. (3.3), one can interpret Eq. (3.3) as a change
in the scalar field basis. The benefit of the unbarred/barred
index notation is that the index structure of the scalar potential
parameters indicates how these parameters change under a
scalar field basis transformation:

M2 — UagUT-MZf M2, — UacU, M2,

Tt
Aabcd_) UanbegCUhd cfgf_l’
Aaped — UanbeCgUdh efghs

Aaped = UaeUp fUcgU A i (.11)

abc

We shall now impose two additional symmetries to precisely
define the complexification of the toy model of Sect. 2 [whose

scalar potential is given by Eq. (2.3)]. Possible symmetries
to consider are any of the continuous or discrete subgroups
of U(2), or generalized CP (GCP) transformations, &, —
Vb CDZ, where V is a fixed 2 x 2 unitary matrix.

First, we shall promote the illegitimate symmetry transfor-
mations exhibited in Eq. (2.13) to a legitimate symmetry of
the complexified model by requiring that the scalar potential
shown in Eq. (3.5) is invariant under?

D — i Py, Py —> —i Dy (3.12)
Imposing Eq. (3.12) as a symmetry of V¢ yields
2 2 2 2
Mis =M, M5 =0, Mi, = —Mp,,
(3.13)
A1 = A2, A2 = —A1222, (3.14)
Al = =Dy, Aol = Niogss
Ay = =Ajpt, Ay = Ao (3.15)
A1t = Apss,
Al 2= AT2§§’ A1122 = ATIZZ’ (316)

where in Eq. (3.16), we have made use of the last relation of
Eq. (3.8). This leaves us with five independent squared-mass
parameters and 19 independent quartic coupling parameters.
Observe that the last relation in Eq. (3.13) and the two rela-
tions of Eq. (3.14) [which exclusively depend on self cou-
pling tensors with four unbarred indices] are analogous to
the three relations given in Eq. (2.2).

The scalar potential subject to the symmetry conditions
given by Eqs. (3.13)-(3.16) is given by

Ve =M (191 +[®22)
+[ M2 (cb% - c1>§) + M3, Py +c.c.]
+A1 (1011 + [921*) + Al 12|02
+[ A3 (@702)" + cc |
A4 @} @5 (93 - 0F) +c.c.]

[A5 (D dy)2 + c.c.] n [A6(®‘1‘ +od) + c.c.]

I

-A7CD1 [OF) ((I)% — CD%) + C.C.:|

+(Ag @1 P2 +c.c.) (|q>1|2 + |<1>2|2)
+[Ag(@F@1]> — ®3|D21%) +c.c.]
+[A10(@F D2 > — D3[D1) + c.c.]
+[A 11 (@] PF + @30F) + c.c.]. (3.17)

5 Interms of the @; definedin Eq. (3.1), the transformations of Eq. (3.12)
correspond to ¢; <> —@4 and ¢y < 3.

@ Springer
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Second, we shall require that V¢ is invariant under a “stan-
dard” CP transformation,

b —> CDT, by — @3, (3.18)
so that all scalar potential coefficients are real, which finally
leaves us with three independent real squared-mass param-
eters (M2, M?, and M 122) and 11 independent real quartic
coupling parameters (A; fori = 1,2,..., 11) that govern
the complexification of the toy model of Sect.2. In particu-
lar, note that

MZ, = M2 > (M?, My}, (3.19)
M2 = My 5 {M?), (3.20)
Agpca = Deaai 2 (A1, A2, Az, Al (3.21)
Nabea = Nzpz5 3 {05, A, A7), (3.22)
Aoped = Napea 2 (A8, Ao, Aro, A}, (3.23)

after making use of Egs. (3.7) and (3.8). Since M2, M?, and
M 122 are independent real parameters, it follows that they are
linearly independent, which implies that M? o and M 2- are
also linearly independent. Similarly, the A; are hnearly 1nde-
pendent real parameters, which implies that A -7, Aupcd,
and A, ; are also linearly independent. This is a crucial
observation for the method we will propose to explain the
RG stability of parameter relations observed in the original
toy model of two real scalar fields.

The complexification of the toy model of two real scalar
fields with scalar potential given by Eq. (2.3) has been
achieved by promoting the GOOFy symmetry of the toy
model to a legitimate symmetry of the complexified model.
In particular, it is instructive to examine the terms of V¢ given
in Eq. (3.17) that are holomorphic in the complex fields (i.e.,
those terms that depend just on the fields ®; and &, but not
their complex conjugates):

Ve s M2 (@% - @%) + M2 @10y + As (1 P3)>

+A6(®F + D) + A7 0 D (qﬁ . cb§) . (3.24)
where M2, M122, As, Ag, and A7 are real parameters. It is
noteworthy that Eq. (3.24) has precisely the same form as
Eq. (2.3). This indicates that the complexification of the toy
model of two real scalar fields has been properly obtained.

4 One-loop beta functions of the complexified model

First, let us re-express the complex fields ®; and @, in terms
of the four real fields ¢; (i = 1,2, 3, 4) using Eq. (3.1). We
can then rewrite the Lagrangian of two complex scalar fields
given by Egs. (3.2) and (3.5) in the form shown in Eq. (2.1).
We shall call this process realification. Of course, the theory

@ Springer

of two complex fields and the corresponding realified the-
ory of four real scalar fields are the same model written in
a different form.® We can now make use of the results of
Refs. [37-41] to evaluate the beta functions of the squared-
mass and quartic coupling parameters. In particular, starting
from a theory written in terms of real scalar fields with a
Lagrangian given by Eq. (2.1), the corresponding one-loop
beta functions are given by Egs. (2.4) and (2.5).

We begin with the squared mass parameters. Using the
results of Appendix C, one can solve for the Mazb and Mjl;

in terms of the m?

i where i, j € {1, 2, 3, 4}. For example,

Re M}y = 3 (m7) —m3,). @.1)
Re M3, = (m3; — miy), 4.2)
Im M, = im7,, 4.3)
Im M3, = 1m3,, 4.4

prior to imposing the symmetries specified in Egs. (3.12) and
(3.18). These results can be used to obtain the beta functions
of the parameters Mjg and M 2 . For example, in light of
Eq. (3.13) and the reality of all scalar potential parameters,
it follows that

=0,
sym

(4.5)

2 g2
IBM11+M22 m3,

:‘_I‘I:‘an_ﬁ +‘Bm33 ﬁ 4]

sym

after imposing the relevant parameter relations (as indicated
by the subscript “sym”). Of course, these results must hold to
all orders in perturbation theory as they are guaranteed by the
symmetries of the complexified theory given by Eq. (3.17).

For our purposes, it is more useful to re-express the one-
loop beta functions of the quadratic parameters, given in
Eq. (2.4), directly in terms of the parameters exhibited in
Egs. (3.9) and (3.10) that govern the complexified theory. A
straightforward calculation yields

2 2
ﬁl’uz =4M A cqap T 28MEy A g + OM2A s (46)
I 2 2
Bl =12M, dAade—i-IZM&IAach—i—SMdEAMM. 4.7)

ab

We next consider the quartic coupling parameters. Using
the results of Appendix C, one can now solve for Agpcqd,

A peq a0d Ay -7 in terms of the A;jx¢. For example,
1

Re A = %[Mm + X222 — 6A1122], (4.8)
1

Re Ao = %[A3333 + haaas — 623304], 4.9)

1
Re Aj12 = 9—6[?»1113 + A2224 — 3(h1124 + A1223)], (4.10)

6 We have already noted in Sect.2 that the realification of a theory of
a single complex field yields the most general theory of two real scalar
fields.
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Re Ao = 91—6[?»1333 + Ao4a4 — 3(M1344 + A2334) |, (4.11)
Im A1 = %(an—klzzz), 4.12)
Im A = %(?»3334 — A3444), (4.13)
ImAj2 = 9%[?»1114 — 22223 + 3(A1123 — Mi22a)]. (4.14)
Im Ay = %[)»2333 — Mada 4 3(h1334 — Ap3aa) ], (4.15)

prior to imposing the symmetries specified in Egs. (3.12) and
(3.18).

In light of Eq. (3.14) and the reality of all scalar potential
parameters, it follows that

:BAI 11—A22 |Sym = ﬂkl 111+242222 —611122— 43333 —A4444 +6A3344 !sym =0,

(4.16)
BAia+Ann |sym

= Briiis+raa—3h1124—3M1223+A1333+A2444 —3A 1344 — 302334 }Sym =0,

4.17)

after imposing the relevant parameter relations. Of course,
these results hold to all orders in perturbation theory as they
are guaranteed by the symmetries imposed on V.

It is again more useful to re-express the one-loop beta
functions of the quartic couplings, given in Eq. (2.5), in terms
of the independent parameters given in Eq. (3.10) that govern
the complexified theory. Another straightforward calculation
yields:

1 1
Prusa = o6 D Nabelerca t 356 D Aeab A paca

perm perm

1
T3 WabefDepea T NacefDerba T Nadefleric)
35 WNeabfAreca + Neacf D peba T Nead 7 rebe)
(4.18)
; 3 1
PAgeq = 3Dabef Nofag + ﬁ(AahéfAefEJ + Apejelpred
FDpe el sz + Do fadbsac + Mpe filaree)
3
+35 Qe A paza + Naefepefa
FAbese i T Maeralefe T Mpepalacfc)
(4.19)

1
!
'BAuba} T o4 (AabéfAefcd_ + AacéfAebe + Abcéf_'Aefad_)
1
+E(Aabef'Acféd‘ + A gee fAbzd T Dbcefrarzd)
+ (Baber Aoz g+ Nacef My i + Mbeef Naz fa)-
(4.20)

As a simple check of the expressions for the one-loop
beta functions obtained above, suppose that we require that

Vc is invariant with respect to the U(1) symmetry where
o, — %, (for a = 1,2). This would imply that
M2, = Aapey = Agpeg = 0 in Eq. (3.5). The beta func-

tions exhibited in Egs. (4.6), (4.18), and (4.20) then yield
B M2 = Ba;; = Ba,,,; = 0 (after imposing the relevant

parameter relations) as expected, and these relations must
hold to all orders of perturbation theory.

5 RG-stability of scalar potential parameter relations
guaranteed by symmetries of the complexified model

The goal of this section is to show that RG-stability of
the parameter relations of the complexified theory given in
Egs. (3.13)—(3.16), which are guaranteed by the invariance
of Eq. (3.5) under the symmetry transformations given by
Egs. (3.12) and (3.18), implies the RG-stability of parame-
ter relations [Eq. (2.2)] of the scalar potential of the original
toy model of two real scalar fields [Eq. (2.3)]. As discussed
in Sect.2, only one of the three parameter relations of the
toy model (m%2 = —m%l) cannot be explained by a legiti-
mate symmetry within the framework of the original model
of two real scalar fields. Thus, we only need to examine the
beta functions of the squared-mass parameters to achieve our
goal.

Consider a linear relation on the parameters m2 of the toy

model of two real scalar fields of the form c;;m / = 0 (with
an implicit sum over repeated indices). In Sect. 2, we found
that the corresponding one-loop beta function,

1
cum

2 p—
|sym_ Cijmki)‘ijkdsym— 0, é.1)

with ¢c11 = ¢ = 1 and c12 = ¢21 = 0, where “sym”
indicates that the parameter relations given by Eq. (2.12)
have been applied. As a result, the relation m%z = —m% | 1s
RG-stable despite the absence of a symmetry to enforce the
relation among squared-mass parameters.

For the complexified theory, we have identified a legiti-
mate symmetry that imposes a linear relation on the param-
eters M‘_f[; of the form cabM(_fB = 0,withcyy = cpp =1
and c12 = ¢31 = 0 as before. Then, the corresponding beta
function, 8, WM must vanish to all orders in perturbation

theory. Applymg this relation to Eq. (4.6), we note that the
symmetry will also impose separate independent relations
among the product of scalar potential parameters M ?(zAC dabs
Mcsz abéd® a.md MeZJA dJabs» since these are linearly indepen-
dent quantities as noted below Eq. (3.23). Hence, one may
conclude that three separate relations must be satisfied:

CabM‘z_Acd&ELym =0, (5.2)
carM, dAade|Sym =0, (5.3)
carM dAdabLLym =0, (5.4)

@ Springer
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where there is implied summation over unbarred/barred
index pairs, and “sym” indicates that the symmetry relations
satisfied by MEZd-, Mza, A yz5 Dzpzg-and A ;75 [exhibited
in Egs. (3.13)—(3.16)] have been imposed. In light of the CP
symmetry, which enforces all scalar potential parameters of
Vc to be real, we recognize Eqs. (5.1) and (5.3) as being
algebraically equivalent. Thus, we have understood Eq. (5.1)
as a consequence of a symmetry of the complexified model.

This is not an accident of the one-loop beta functions.
Consider the corresponding two-loop beta function for the
mlzj given in Eq. (2.6). Applying this result to the toy model
of two real scalar fields subject to the conditions specified in
Eq. (2.2), the following two conditions separately hold:

(5.5)
(5.6)

2 2
Cij ()\iklm)\nkémmnj + )“J.kem)‘”klmm”iﬂs)’m =0

2
Cijmke)\ikmn)\ﬂmn |Sym =0.

Consequently 8 ZI e = 0 despite the absence of a real sym-
ijmMmij
metry imposed on tﬂe scalar Lagrangian.

Following our one-loop analysis, we shall consider the
two-loop beta function for the complexified model. If we
follow our previous technique, we should rewrite Eq. (2.6)
in terms of the parameters M?,;’ Mza, A yz5- Nzjzg and
A 55~ However, we can identify the possible index struc-
ture of the various terms. Similar to Egs. (5.2)—(5.4), one
can derive separate relations that must be satisfied if the beta
function vanishes. Since the complexified theory does pos-
sess a symmetry that guarantees the relations exhibited in
Egs. (3.13)—-(3.16), we are assured that the two-loop beta
function will vanish. Among all the relations obtained, we
find that
=0, (5.7

(5.8)

2 2
Cab(Aagz fAhcdes M2 + Mgz Acder Mz;) |

sym
2 _ __ _
CachdAaaéfAefdb|sym =0.

Since we have also imposed CP conservation, it follows that
all the quartic couplings in Egs. (5.7) and (5.8) are real. More-
over, since A abza and A -7 are independent, then Eq. (5.8)
must hold if we numerically set A .7 = Azj;7 in Eq. (5.8).
This numerical procedure is consistent with the symmetry
conditions specified in Egs. (3.14) and (3.16).” We can there-
fore conclude that Egs. (5.5) and (5.7) are algebraically iden-
tical. Likewise, Egs. (5.6) and (5.8) are algebraically iden-
tical. Thus, we have again explained the vanishing of the
beta functions in the real scalar model as a consequence of
a symmetry of the corresponding complexified model. This
conclusion can be extended to arbitrary loops. In particular,

7 First, we set Ay135 = Appp5 lie, Ay = Ajz in the notation of
Eq. (3.17)]. It then follows that A ,;;; is now a completely symmet-
ric real tensor that satisfies the same symmetry conditions as Aj;;.
Thus, if Eq. (5.10) is valid for arbitrary A;;;; and A -7, then this
equation must continue to be valid if A ;.7 is replaced by A ;.

@ Springer

there will always be an equation obtained in the complexi-
fied model that only involves tensors with an even number
of unbarred and barred indices, respectively, which is alge-
braically identical to a corresponding equation obtained in
the toy model of two real scalar fields.

For example, one can repeat the analysis for the three-
loop beta functions using the results in the literature [44],
but the end result is the same. One can always find expres-
sions that are products of M;E’ Agjzg» A gpzg and their com-
plex conjugates (the latter need not be distinguished as all
squared-mass and quartic coupling parameters are real due
to the CP symmetry). Once the relevant relations have been
found for the parameters of the complexified model, one can
numerically set A ;-7 = A;jz;,if needed, as shown above to
produce relations that are algebraically equivalent to the cor-
responding relations of the original real scalar field model.
We stress that this relation between the quartic couplings is
not a requirement of further symmetry of the model, but is
merely a numerical choice. Since the A ;-7 and A ;.7 are
independent tensors [subject to the parameter relations spec-
ified in Eqgs. (3.14) and (3.16)], the relations we obtained
above are valid for any values they might take, which of
course includes the case where these two tensors are taken
to be equal.

As noted at the beginning of this section, we do not need
to justify the RG-stability of the parameter relations among
the scalar self-couplings of the original toy model of real
scalar fields, since we successfully identified a softly-broken
symmetry to account for the observed behavior of the cor-
responding beta functions. Nevertheless, it is instructive to
show that the symmetry of the complexified model speci-
fied in Egs. (3.13)—(3.16) can also be used to establish the
RG-stability of the parameter relations among the scalar self-
couplings of the original toy model of real scalar fields.®

Suppose that a symmetry imposes a linear relation on the
parameters Azp-7, Aypzis DNgpeq ©F the form

Cabed Nahed = CabeaNabed = CabedNabed = 0- (5.9)
Then, the corresponding beta functions, Be,.qA ;.
Beosouh > @ Be i A, - must vanish to all orders of per-
turbation theory. Applying this relation to Eq. (4.18), we
note that the symmetry will also impose separate indepen-
dent relations among the scalar potential parameters A ;5.
Azjzg-and A 455 Hence, one may conclude that two separate

8 It is possible that examples of real scalar field theory models exist
that possess scalar coupling relations whose RG-stability cannot be
explained by a symmetry. In such cases, one would show using the
methods of this section that the corresponding RG-stability of the scalar
coupling parameter relations of the complexified theory imply the RG-
stability of the coupling parameter relations of the original real scalar
field theory.
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relations must be satisfied:

Cabed (N zpz A epzat Nace fDepbatDade i Aersd) lsym=0:
(5.10)

Cabed (A paps e foa+ D face Mo fpat A page e o) lsym=0-
(5.11)

where “sym” indicates that the conditions specified by
Eq. (5.9) have been imposed on the quartic coupling parame-
ters. Since we have also imposed CP conservation, it follows
that all the quartic couplings in Egs. (5.10) and (5.11) are
real. Moreover, since Aj-; and A ;-7 are independent, then
Eq. (5.10) must hold if we numerically set A ;-7 = Azp:5
in Eq. (5.10), as justified below Eq. (5.8). The end result
is that Eq. (5.10), where all quartic couplings are real with
A peq = N;pzg» 18 algebraically identical to Eq. (2.5). Thus,
it follows that

! = i . X .
ﬂcijk()hijk( |Sym = Cijkt ()"z/mn)"mnkﬁ + )wkmn)\mnjf

+)¥ifmn)\mnjk)| =0,

sym™

(5.12)

with an implicit sum over repeated indices i, j, k, £ € {1, 2},
with ¢2020 = ¢1111, 1222 = —c1112 and all other Cijke equal
to zero. That is, the one-loop beta function relation satisfied
by the scalar potential given in Eq. (2.3) is explained by the
symmetries of the complexified theory given by Eq. (3.17).

Finally, we consider the corresponding two-loop beta
function for the A;ji¢ given in Eq. (2.7). Applying this result
to the original model of two real scalar fields subject to the
conditions specified in Eq. (2.2), we see that the following
two conditions separately hold:

Z )\inpq)\mnpq)tmjkl |sym= O, (513)
perm
Z )\ijmn)\kmpq)%npq |sym: 0. (5.14)
perm

Using the same procedure as before, we can identify two rela-
tions (among many) that are the consequence of the vanishing
of the two-loop beta function of the complexified theory,

Cabed ), Ag fgi Mefeh Maizilsym= 0 (5.15)

perm

Cabed Z (A&EéfAegEﬁAfhgc? + "Ale;enghEéA(ifgiz) |sym: 0,

perm

(5.16)

where k is a number that can be evaluated explicitly by
expressing the two complex scalars of the complexified the-
ory in terms of the four real fields defined in Eq. (3.1) and
then making use of Eq. (2.7). However, we do not need to
know an explicit value for . We again follow the procedure
outlined below Eq. (5.8) where we take all quartic couplings
real and numerically set A ;-7 = A;jz;in Eq. (5.16). It then

abe

follows that Egs. (5.13) and (5.15) are algebraically equiva-
lent. Likewise Egs. (5.14) and (5.16) differ only by an overall
numerical factor, which is irrelevant as both expressions are
equal to zero.

6 Complexification and realification revisited

It is perhaps useful to comment on the use of the terms “com-
plexification” and “realification” used in this paper. Here, we
are employing these terms by analogy with the way they are
used in mathematics. In particular, these concepts are of par-
ticular importance in the theory of Lie algebras [45,46].

We briefly review the complexification and realification
of a Lie algebra by providing some simple examples [45].
Consider the real Lie algebra corresponding to the set of
real traceless 2 x 2 matrices, denoted by s((2, R). Any real
traceless 2 x 2 matrix is a real linear combination of three
generators, {( 8 (1) ) , ( (1) 8 ) , ( (1) _(1) ) }. The complexification of
51(2, R) consists of taking complex linear combinations of
the generators. This procedure yields sl(2, C), the Lie alge-
bra of complex traceless matrices. Note that the real dimen-
sion of the original Lie algebra has been doubled since
dimp s((2, R) = 3, whereas dimp s((2, C) = 6.

Continuing with our example of s[(2, C), consider the pro-
cess of realification. What this means is that we now con-
sider s[(2, C) as a real Lie algebra, sometimes denoted by
512, C)g, consisting of arbitrary real linear combinations of
six_generators, {(4). (99)- (o-1)- (86)- (76). (5 3))-
This is a simple rewriting of the original s[(2, C) Lie alge-
bra,” so dimp s[(2, C)r = dimp s((2, C) = 6.

Note that the realification of a complex Lie algebra g,
denoted by ggr, should not be confused with a real form
of g. The latter is defined as a subalgebra of gr whose com-
plexification is isomorphic to g. In particular, the dimen-
sion of a real form of a complex Lie algebra g is equal to
%dimR g, whereas dimg gr = dimp g. For example, the
three-dimensional real Lie algebra s((2, R) is an example of
areal form of s[(2, C), which is clearly distinct from the six-
dimensional real Lie algebra s[(2, C)r. Finally, we note that
one can complexify the real Lie algebras((2, C)g. The result-
ing complex Lie algebra is s[(2, C) & sl(2, C) = so(4, C),
whose dimension is twice that of s[(2, C).

When we complexify a theory of n real scalar fields, the
corresponding complexified theory is a theory of n com-
plex scalar fields with twice the number of real degrees of
freedom, in analogy with the complexification of a real Lie
algebra. The realification of a theory of complex scalars
is obtained by writing ®, = (@41 + i@42) /\/5 and re-

9 Indeed, s1(2, C)p is isomorphic to the six-dimensional real Lie alge-
bra of the Lorentz group, so(3, 1), a fact that plays a significant role in
relativistic quantum field theory.
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expressing the Lagrangian in terms of the real scalars ¢,
and ¢y, fora = 1,2, ..., n. This is analogous to the real-
ification of a complex Lie algebra discussed above. In con-
trast, the original real scalar field theory whose complexifi-
cation yields the theory of complex scalars @, is analogous
to the real form of a complex Lie algebra. Note that start-
ing from a complex scalar field theory, one can perform the
complexification process in two steps. First, the realification
of the initial complex scalar field theory is performed. One
can then complexify the resulting realified model, in analogy
with the complexification of a complex Lie algebra s[(2, C)
mentioned above.

This leads to the following question: starting from a quan-
tum field theory of n complex scalars, how does one produce
a quantum field theory of n real scalars, whose complexifica-
tion yields the original complex scalar field theory? The toy
example of Sect.2 and its complexification given in Sect.3
provide an answer. Suppose one is given a scalar potential
of the form exhibited in Eq. (3.5). Construct from this a
real scalar field theory using the following recipe. First, we
replace the kinetic energy term [Eq. (3.2)] with a canonically
normalized kinetic energy term of a real scalar field theory
of the form %8M(p,~8“g0,~. Next, we retain only the terms of
Eq. (3.5) that are holomorphic in the complex fields. That is,
we retain M;E D, Py + Az PuPp PPy, while discarding
all other terms in Eq. (3.5). Finally, replace the ®, with the
same number of real scalar fields ¢,. The resulting theory is
described by a Lagrangian of a real scalar field theory of the
form given by Eq. (2.1), whose complexification yields the
Lagrangian specified in Egs. (3.2) and (3.5). As an example,
we noted at the end of Sect. 3 the relation between Eq. (3.24)
and the scalar potential of the toy model of two real scalar
fields given in Eq. (2.3).

The above procedure suggests an algorithm for construct-
ing examples of real scalar field theories with an RG-stable
parameter relation without a symmetry to explain its RG-
stability. Start with a theory of n complex scalars with param-
eter relations whose RG-stability can be accounted for by the
symmetries of the model. From this theory, construct the cor-
responding theory of n real scalars whose complexification
yields the theory of n complex scalars (using the method
outlined above). If the symmetries of the complexified the-
ory involve some symmetry transformation group that cannot
be embedded in O(n), then such symmetries cannot survive
as a legitimate symmetry of the theory of n real scalars. This
is precisely what happened in Sect. 3, where the symmetry
employed [Eq. (3.12)] corresponded to the matrix ( _97),
which is not an element of O(2). Nevertheless, the vanishing
of the beta functions of the parameter relations of the theory
of n complex scalars will still ensure the vanishing of the
corresponding beta functions of the theory of n real scalars,
as discussed in Sect. 5.

@ Springer

7 Summary of results

A symmetry imposed on a Lagrangian yields relations among
its parameters, and those relations will be preserved under
renormalization. In particular, the relations among specific
parameters will be obeyed by the beta functions of those
parameters, to all orders of perturbation theory. Recently, in
the context of two Higgs doublet models, an example was
found that showed how specific relations between 2HDM
parameters were preserved to all orders of perturbation the-
ory, but none of the known six possible global symmetries
of the model could reproduce said relations [33]. These rela-
tions were shown to be preserved to all orders by the scalar
and gauge sectors, and at least up to two loops when the
Higgs-fermion Yukawa couplings are included. To the best
of our knowledge, this is the first example of how the RG-
stability of a model parameter relation to all orders of per-
turbation theory may not imply the existence of a symme-
try of the Lagrangian. But if not a symmetry, then what
could be causing this remarkable behavior? The authors of
Ref. [33] observed that this result could formally be obtained
by transformations among the real scalar components of the
two doublets that involve imaginary numbers. Even stranger,
these transformations required that the spacetime coordi-
nates transformed into themselves multiplied by an imagi-
nary number to preserve the kinetic energy terms of the model
Lagrangian. These transformations correspond to no known
legitimate symmetry, and a different explanation for the RG
stability of the parameter relations of the model is clearly
needed.

In this paper we considered a toy model containing two
real scalar fields, and observed that the RG-stability of a rela-
tion among the parameters of the theory exists that is analo-
gous to that of the 2HDM of Ref. [33]. The relations among
the quartic couplings could be reproduced (as in Ref. [33])
by a simple set of parity transformations on the real fields (all
of them contained in the O(2) group of possible field trans-
formations), but the RG-stable relation between the squared-
mass parameters, m%z = —m%l [in the notation of Eq. (2.1)]
cannot be obtained by any known symmetry. However, it can
be reproduced by adopting a “GOOFy” transformation anal-
ogous to those of Ref. [33], wherein both scalar fields trans-
form among themselves multiplied by factors of i. These
transformations, given in Eq. (2.13), are not legitimate sym-
metry transformations of real scalar fields, but they served
as inspiration for a possible explanation of the RG stabil-
ity of the squared-mass parameter relation of the model.
Namely, we promoted the two real scalar fields to two com-
plex scalar fields (a process that was called complexification),
and imposed simple symmetries on the resulting complexi-
fied model. These symmetries consisted of an overall parity
symmetry to eliminate linear and cubic terms in the scalar
potential, CP conservation to enforce reality of the scalar
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potential parameters, and an exchange symmetry between
the two complex fields involving imaginary numbers [see
Eq. (3.12)]. The latter is analogous to the GOOFy transfor-
mation of the real scalar fields of the original toy model,
but in the context of the complexified model this is now a
legitimate symmetry.

In the complexified model, the symmetries impose rela-
tions among its parameters [given by Egs. (3.13)—(3.16)] that
are preserved under renormalization and thus yield analogous
relations for the corresponding beta functions. Indeed, rela-
tions of the form cabM&ZE = 0 exist for the squared-mass
parameters of the complexified model due to the presence of
a symmetry which then imply
B.., vl Lym= 0, (7.1)

to all orders of perturbation theory when the parameter rela-
tions imposed by the symmetry have been employed (as indi-
cated by the subscript “sym”). In fact, one can obtain even
stronger conditions beyond what appears in Eq. (7.1). At any
fixed order in perturbation theory, Eq. (7.1) takes the follow-
ing schematic form:

Beym2, = Cab ) fe(M?, Mg, (1.2)
‘ X

where the f;(M?, A) are functions of the squared-mass and
self coupling parameters. Each term in the sum will contain
one factor of M2 and n factors of A at order n in the per-
turbation expansion. The tensor M? can have index structure
cd, éd, or cd, and the tensor A can have index structure
cdef,cdef,cdef, cdef, or cde f. By appropriate choices
of the index structure along with some appropriate Kronecker
deltas to tie together some unbarred/barred index pairs, the
index structure of the f; must be ab as indicated in Eq. (7.2).
As a simple example, at one-loop order Eq. (7.2) takes the
form

2 2
'BC,,;;M[?B ’sym = Cab |:4M{-,ZAcdél_7 + 24Mch&l§ai

+6M% A gags || =0. (7.3)

sym

Although the number of possible terms for f; expands
quickly with each order in perturbation theory, the critical
observation is that the f; are linearly independent tensors.
This means that

Cab fic(M?, N) g5 gy = 0. (7.4)

for each k separately. This is a stronger result than the one
given in Eq. (7.1).

The second critical observation is that there will always be
at least one special value of k where fi (M2, A) depends on
tensors with an even number of unbarred and barred indices,
respectively. For example, at one loop order, Eq. (7.4) takes

the form

Cab M2y A a7zl gm= O- (7.5)
Moreover, having imposed CP conservation on the complexi-
fied theory, tensors with only unbarred indices are equal to the
corresponding tensors with only barred indices. Beyond one
loop order, fx(M 2 A) will also involve A with two unbarred
and two barred indices. However, since Eq. (7.4) is satis-
fied in general, it also must be satisfied in the special case
where A, .7 is set equal to Agpeq. The end result, is that
for the special values of k identified above, an equation of
the form given by Eq. (7.4) holds where all barred indices
are replaced by unbarred indices (and the usual implicit sum
over unbarred/barred index pairs is carried out).

The structure of the equations for the beta functions of the
original toy model of two real scalar fields also involves sums
of linearly independent products of tensors. The observed RG
stability of the parameter relation m%z = —m%l (which is not
the result of a legitimate symmetry of the original toy model)
yields equations that are algebraically equivalent to Eq. (7.4)
for the special values of k noted above. For example, at one-
loop order,

Besym? | sym= Cijmiphije | gym= O (7.6)
which is algebraically equivalent to Eq. (7.5) after dropping
the distinction between unbarred and barred indices. Thus,
we have succeeded in explaining the RG stability of m%z =
—m%] as being the result of an “inherited” symmetry that was
imposed on the corresponding complexified theory.

8 Future directions

It would be quite useful to obtain further examples of RG
stable parameter relations that cannot be explained by a sym-
metry of the original theory.'” An algorithm for producing
such examples was discussed in Sect. 6. In particular, it would
also be interesting to apply the ideas of this paper to under-
stand the origin of the RG stability of the parameter relation
m%z = —m%l in the context of the 2HDM that was discovered
in Ref. [33]. Although we expect that the results of this paper
can be used in the 2HDM, there are a number of challenges
to confront. First, since the realification of the 2HDM yields
a theory of eight real scalar fields, the corresponding com-
plexified theory will be a theory of eight complex fields (or
equivalently sixteen real fields). It is not clear exactly how the
SU(2);, doublet structure of 2HDM scalar fields is manifested
in the complexified theory. For example, is the complexified

10 1t is interesting to note a similar phenomenon in Ref. [47] where
relations between running coupling and masses that do not follow from
symmetries were engineered by making use of infrared fixed points of
gauge couplings.
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theory equivalent to a four Higgs doublet model? Indeed,
the strange form of Eq. (1.6) suggests that the transforma-
tions considered might need to “break” the doublet structure
somehow, before it is put back together.

Second, the all-order RG invariance found in Ref. [33]
involved not only the scalar sector but also the gauge inter-
actions; fermions were found to respect the RG fixed points
up to two loops via an explicit calculation, strongly sug-
gesting an all-orders RG invariance. The argument presented
here pertains to the scalar sector only, and therefore the first
step would be to verify how the process of complexifica-
tion of a scalar field theory impacts the scalar couplings to
gauge fields and fermion fields. Since the interaction of the
scalars to gauge fields is generated by replacing the deriva-
tives in the scalar kinetic energy terms [Eq. (3.2)] with gauge
covariant derivatives, it appears that the interactions of the
gauge bosons with the scalars of the complexified theory can
be treated in a straightforward manner. The introduction of
Yukawa interactions in the complexified theory also seems
rather straightforward, but this needs to be checked.

In both the 2HDM and now in the toy model of two real
scalar fields examined here, the RG stability of the parameter
relations of these theories were discovered, and shown to be
valid to all orders in perturbation theory. In both cases, the
RG stability could not be attributed to a legitimate symmetry
of the model. This paper shows how such parameter rela-
tions may be understood as arising from a symmetry present
in the complexified version of the theory. The beta func-
tion relations that yield the RG stability of the correspond-
ing parameter relations of the original model are therefore
understood by virtue of the fact that they are algebraically
identical to symmetry-protected relations of the complexi-
fied model. This is still a strange state of affairs, and highly
counterintuitive. Why should the RG stability of parameter
relations of a given theory be governed by symmetries of a
theory containing a larger field content? And yet that is the
strong implication of the work presented here. We look for-
ward to finding additional examples of these non-symmetry-
guaranteed, all-orders-protected, RG invariant relations, and
find it fascinating that such a novel approach to symmetries
is still possible, even after all the developments of quantum
field theory over the last half century.

Note added in proof: After this article was accepted for
publication, another approach to explaining the RG-stability
of parameter relations imposed by GOOFy transformations
was suggested by Trautner in Ref. [48], even though the cor-
responding GOOFy scalar field transformations are explicitly
broken by the gauge-kinetic energy terms.
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Appendix A Beta functions of a toy model of two real
scalar fields

Consider a quantum field theory of two real scalar fields
governed by the Lagrangian specified in Eq. (2.1). At two-
loop order, the beta functions of the parameters mizj and A; jie
for i, j, k, £ € {1, 2} are denoted by = ,3] + ,3”, where
the corresponding one-loop and two-loop contributions are
exhibited in Egs. (2.4)—(2.7). In this appendix, we provide the
corresponding analytic expressions for the beta functions of
m%l s m%z, A111,A2222, A1112, and A 1222. We then demonstrate
that in the toy model with

Al112 = —A1222,
(A1)

2 2
My, = —myy, Al111 = A2222,

these parameter relations are stable under renormalization
group running, since the corresponding beta functions for
m3, +m3,, Aii11 — A2222 and Aq112 + Ap222 vanish exactly.

We first evaluate the one-loop beta functions of m%] and
m3,. Using Eq. (2.4),

Bl =m3 a1 + maii122 4+ 2mis 112, (A.2)

miyy

Bl = mhanm +mi A 1p + 2m A, (A.3)

myy
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It then follows that

I _al I _ 2 2
Buz iz, = Buz t B2 = mudinn +mpinmn
2 2 2
+(m7y + my)ri122 + 2mi, (Ai112 + A1222)-

(A4)

After imposing the parameter relations of Eq. (A.1) [denoted
below by the subscript “sym”], we obtain

1 | _
2 2 -
mi,+m3, Isym

(A.5)

Next, we evaluate the one-loop beta functions of Aqq1q,
A2222, A1112, and A2222. Using Eq. (2.5),

Briy = 303101 + 20 10 + A1), (A.6)
By = 3302 + 20000 + A1) (A7)
ﬁxlmz = 3(A1ttt1Ani2 + 2A 1241122 + Ar12241222),  (AL8)
ﬂx’,m = 3(A112A1122 + 2A 112201222 + A122242222).  (A.9)

It follows that

I ol I
'3)»1111—12222 - '311111 - ﬁlzzzz
2 2 2 2
= 3[M1n1 — A2 +2(A112 — M) . (AL10)
1 _nl 1
’8)~lll2+)~1222 - 'Bkmz +'811222
= 3[AiniAni2 + A222A1222

+3x1122(h 1112 + A222) |- (A.11)

After imposing the parameter relations of Eq. (A.1), we
obtain

1 _ pl —
ﬁ)tllll—)»2222|sym_ '8)»1112+)»1222|sym_ 0. (A.12)

To compute the two-loop contributions to the beta func-
tions of mlzj and A;jre given in Egs. (2.6) and (2.7), we shall
evaluate the following quantities:

Aij = 3 Xikemdnkemmiy; + N jkemAnkemmy; . (A.13)
Bij = m]%()&ikmn)\jimns (A.14)
1
Cijke = ﬁ AinpgrmnpgAmjkes (A.15)
perm
1
Dijke = 57 > XijmnMampgrenpg (A.16)
perm

where “perm” indicates that the sum includes terms in which
the uncontracted indices i, j, k, and £ have been permuted in
all possible ways. In addition, there are implicit sums over
each repeated index pair. Then, we obtain

A= [Min +30d12 + M) + Maxn]mi
+[A2(rinnn 4 341122)

+21222(A2222 + 3A1122) [m1,, (A.17)

A = [Min+3(M 1 + M) + 250 ]m3,
+[A2(A1n1 4 3r1122)
+r1222(A2222 + 32»1122)]"1%2»
Bii = (M1 + 24110 + Ay,
+(M112 4 20122 + M),
+2(AiAz + 2h 2122 + Mi22k1222) M1,
(A.19)

(A.18)

By = (M52 + 2M 120 + Al i,
+(AM 122 + 20000 + M30m)m3,
+2(Ai2A 1122 4 2A 1220222 + Mzzzkzzzz)m%z-
(A.20)

One can see by inspection that

Bi1 + B»n|...=0,

sym™—

Ay + Azz‘sym= 0, (A.21)

where “sym” again indicates that the parameter relations
given by Eq. (A.1) have been employed. These results con-
firm the vanishing of the two-loop contribution to the beta
function of m%l + m%z.
Next, we record the following results:
Ciitt = Ay + A (433110 + 3410 + i)
+3A 11221122 (A 1112 + A1222) + Ar112A122242222,
(A.22)
Caox = A3y + A2 (4300 + 3010 + 4112
+3A 1222 1122 (A 1112 + A1222) + Arii1Aii1221222,
(A.23)
Ditn = Ay + A (447150 + A1)
+233 100 + A2 ()»%222 + 22111201222 + SA%IIZ),
(A.24)
Dy = A3y + 42222 (4h1xy + M)
+243 100 + )»1122()»%112 + 22111201222 + SA%ZZZ).
(A.25)
After imposing the parameter relations of Eq. (A.1), one can
see by inspection that
0.
(A.26)

Cin — Caox 0, D11 — Do

sym sym

These results confirm the vanishing of the two-loop contri-
bution to the beta function of A1111 — A2222.
Finally, we have evaluated the following quantities:

1
Cin = Z{lok?“z +)»1112(4/\%111 + 6111141122

2 2 2
+2105 190 + 641900 + A2p20)
+r222[3h 122 (A111 + 31122 + A2222)

+A111142222] } (A.27)
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1
Cin = 1 l 104355y 4 X122 (4)»%222 + 6A2020A 1122
2 2 2
210120 + 601110 + A1)
+ri12[3h1122(A2222 + 31122 + Ad111)

+A1111A2022 } (A.28)

1
Dun = 5{3)3112 + Aiam + 3A 1 1pA 122

+h1112(20 111 + 8410
"')‘%222 + Al122A2222 + 5A1111A1122)

+)»1222[6)»%122 + )»1122(?»1111 + )»2222)]}, (A.29)

1
Dioy = 5{3)&222 + A2 + 3 i

+21222 (203000 + 847120 + AT112
+A1122h 1111 + 5222224 1122)

+A1112[64F 100 + A122 (1111 + 22222) | ] (A.30)

After imposing the parameter relations of Eq. (A.1), one can
see by inspection that

=0.

Ciinz + Cion|,, =0, sym—
(A.31)

sym~

D12 + D12

These results confirm the vanishing of the two-loop contri-
bution to the beta function of A1112 + A1222.

The results obtained in Eqgs. (A.21), (A.26), and (A.31)
indicate that the two-loop contributions to the beta functions
of m%l + m%z, A111 — A2222, and d1112 + A1222, respectively,
consist of the sum of two linearly-independent contributions
given by Egs. (2.6)—(2.7), each of which has been shown in
this Appendix to separately vanish.

Appendix B Stability of parameter relations under a
change of the scalar field basis

Consider the most general renormalizable theory of two real
scalar fields with scalar potential

1,2 2, 1.2 2 2
Vo= gmier + amypey + mpg142

L 4, 1 4,1 2 2

+agA119] + 57222005 + 711220793

+in20i02 + g3 (B.1)

A scalar field basis transformation is a linear redefinition of

the scalar fields that preserves the scalar field kinetic energy
terms,

Lke = 30,0101 + 30,020" 2. (B.2)

@ Springer

That is, the most general change of the scalar field basis is
an O(2) transformation,

(0) = (%) ()
) —&sg eco ) \¢5)’
where cp = cos 8, sp = sin@, and the parameter ¢ is either
+1or—1.

Inserting Eq. (B.3) into Eq. (B.1), we obtain the scalar

potential in terms of the primed fields with primed coeffi-
cients given by:

(B.3)

m\3 =m?c3 +m3,s2 — em?, sin 26, (B.4)
myy = miysi +m3c + emiy sin 26, (B.5)
ml; = Lm3, —m%,) sin26 + em?, cos 26, (B.6)
M = Carnnn + sgra + 6s5ci 12
—desgeg(cirnnn + s3A1222), (B.7)

)\/1112 = Cese(cg)\lm - Sg)»zzzz) - 359C9(C§ — Sez))\.l]zz
+ecd(cq — 35 A — esj(s3 — 3c)rima, (B.8)
Miz = gsi M + 22222) + (1 +2¢3sPA122

+2es9cy (C(% - 892)()»1112 — A1222), (B.9)
Miagp = coso(sghinn — cgran)

+3sgco (cg - sg))mzz - asg(sg — 3c§)k1112

+ecg(cg — 355) M, (B.10)
Myroy = SGAIIIT + CAA220n + 653coh1122

+desgcp(sgrinnn + cgrin). (B.11)

Consider the parameter relations given in the {®, P;}
basis by Eq. (2.2), which we repeat below for the benefit of
the reader:

Al112 = —A1222-
(B.12)

2 2
my, = —miy Al111 = A2222,

Plugging these relations into Eqgs. (B.4)—(B.11) yields the
corresponding parameter relations in the {®),®)} basis:
my3 = —mit, Mjyy = Ay, and Ay = =y That is,
the parameter relations in Eq. (B.12) are RG stable and stable
under a change of scalar field basis. In contrast, m’é * m%z
(assuming a nontrivial change of basis). This means that one
is free to choose 6 such that m/é = 0 at tree level, which
corresponds to a choice of 6 such that tan 260 = am%z / m%z
after making use of the squared mass relation in Eq. (B.12).

However, it is noteworthy that the choice of basis needed
to set mﬁ% = 0 is not stable under RG running. In particular,
in light of Eq. (2.4),

ﬁ,;%z = m3 hi112 + mahi202 + 2m35 01120 (B.13)
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After imposing the parameter relations of Eq. (B.12), we
obtain

1
2
mi

= 2(m};A112 + miHA). (B.14)

sym
That is, if we set m%z = 0 at some energy scale | then
m%2 # 0 at energy scale o # w1, which means that the
choice of the scalar field basis is not stable with respect to
RG running.

The above results should be contrasted with the parameter
relations given by Eq. (2.12),

2 2 2
Mmay = my mi, =0,

A1l = 22222, A112 = —A1222, (B.15)

which are enforced by a legitimate symmetry. Inserting these
relations into Egs. (B.4)—(B.11) yields m/zé = mﬁ mﬁ =0,
Mi11 = Mapos and Ajj, = —A]y,,. That is, the parameter
relations in Eq. (B.15), including the condition m%z =0, are
RG stable and stable under a change of scalar field basis.
In this case, the fact that the choice of scalar field basis is
not stable with respect to RG running has no impact on the

symmetry-imposed parameter relations.

Appendix C Parameters of the complexified theory

The independent squared-mass and quartic coupling param-
eters of the complexified theory are listed in Egs. (3.9) and
(3.10) respectively. If we now express the complex fields @
and @, in terms of four real fields ¢; defined in Eq. (3.1), then
the scalar potential given by V¢ in Eq. (3.5) can be rewritten
as a scalar potential of the corresponding realified theory,

1
Ve = %m,zj wip; + T Aijke PiPjPrPes

i,j,k,e{l,2,3,4}, (C.1)

with an implicit sum over repeated indices. In particular, ml.zj

and A, ¢ are completely symmetric real tensors, with 10 and
35 independent components, respectively.!!

It is straightforward to express the independent elements
of mlzj in terms of the 10 squared-mass parameters exhibited
in Eq. (3.9):

mi; = M?; +2Re M7, (C2)
myy = M}, — 2Re M7, (C.3)
m33 = M35 +2Re M3,, (C4)
myy = My; — 2Re M3, (C.5)
m3, =2Im M3, (C.6)

' In general, the number of independent components of a com-
pletely symmetric real rank r tensor whose indices take on the values
1,2,...,disequalto (d +r — )!/[(d — D!r!].

m3, =2Im M3,, (C.7)
mi3 = Re M5 + 2Re M7, (C.8)
m3, = Re M75 — 2Re M7,, (C.9)
mi, = —Im M5 +21m M7, (C.10)
m3y =Im M7 + 2Im M7, (C.11)

Likewise, it is straightforward to express the independent
elements of A; k¢ in terms of the 35 self-coupling parameters
exhibited in Eq. (3.10):

A1l :6Allﬁ+12Re(A1“1+Allli)’ (C.12)
AM112 =6Im(2A1111+A1111), (C.13)
A113 = 3Re[2Allii +4A 12+ A5+ 3A1121], (C.14)
AMll4 = _3Im[2AllTi —4A12+ A5 — 3A“21], (C.15)
Ai22 = 2A;71 — 12Re Aqq1y, (C.16)
Ai2s = Im(2A 555 + 1280112 + 341115 + 34 157), (C.17)
Mi124 = Re[2A75 — 12A1112 +3A 115 — 3A 07 ] (C.18)
M133 = 4A 573 +2Re[A 155 +6A 1120434 155+3A 7). (C.19)
Ai3s = —2Im(A;153—6A1122=3A 1557)- (C.20)
Mi4s = 4A H73—2Re[A 155 +6A1120—-3A 1 55+3A 7). (C.21)
M2 = —6Im(2A1111 — Ajyq)s (C.22)
*1223 = Re[2A35 — 1281112 = 3A 135 + 34, 7] (€23)
Ma24 = —Im[2A 135 + 1241112 = 34115 — 34 o1, (C.24)
A1233 = 2Im[A 155 + 6A 1122 + 34 105]- (C.25)
11234 = 2Re(A 55 — 6A1122), (C.26)
Moas = —2Im(A | 55 + 6A1122 — 3A 105)s (C.27)
21333 = 3Re[2A 935 +4A1222 + 3A 1505 + Agi s (C.28)
Ai33d4 = —Im[2A 555 — 12A1222 — 3A 505 — 385007 ] (C.29)
M344 = Re[2A 555 — 12A1220 + 3A 1505 — 385007 ] (C.30)
Mads = —3Im[2A 555 +4A1220 — 38555 + Ayt ] (C.31)
X2220 =6A11ﬁ+12Re(A1111 7Allli)’ (C.32)
A2223 = 3Im[2A11ﬁ —4A1112 = A3 +3A1121], (C.33)
A4 = 3Re[2A1”§ +4A 112 — A5 — 3A”2{], (C.34)
72033 = 4A 575 —2Re[A155+6A 1122434 1p3-3A 7). (C.35)
A2234 = ZIm(AHQQ —6A1122 + 3A1221), (C.36)
Moa4 = 4A 73 T2Re[A 55 +6A 112234 155 3A 1] (C.37)
A2333 = 3lm[2A1222 +4A1220 + 301995 — A2221]’ (C.38)
A2334 = Re[zAlzii —12A1200 —3A 505 + 3A2221], (C.39)
A3aq = lm[ZAlzii —12A12220 +3A 55 + 3A2221], (C.40)
Adaq = 3Re[2A12§2 +4AM1200 =30 995 — A2221], (C41)
23333 = 6A5y55 + 12 Re(A2222 + A222§)’ (C42)
A3334 = 6Im(2A2222 + A222§)’ (C43)
A3344 = 2A5555 — 12Re Appoo, (C.44)
M3444 = —61m(2A2220 — Ayps5), (C.45)
Maaas = 67,5555 + 12Re(A2220 — Ayprs)- (C.46)
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