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1 Introduction

The requirement that probabilities cannot exceed unity has profound implications for models
of elementary particles and their interactions. This constraint is commonly encountered
as the requirement that any successful theory must comply with perturbative unitarity,
thus limiting the growth of scattering amplitudes at large energies. For example, consider a
2 → 2 scattering of fermions, gauge and/or Higgs bosons, where s is the square of the energy
in the center of momentum reference frame. By imposing “tree-level unitarity conditions”,
refs. [1–3] have shown that unbroken or spontaneously broken gauge theories are the only
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theories with vector bosons that cancel any potential s2 growth of the amplitudes in the large
s limit. Furthermore, demanding the absence of subleading terms that grow like s requires
that the tree-level couplings of gauge fields to scalar fields must arise from gauge-invariant
interactions, which in turn imposes various constraints on such couplings in the form of sum
rules [4–7]. Similar constraints also arise by considering the allowed tree-level couplings of
gauge fields to fermions. Finally, tree-level amplitudes that behave as s0 at large energies
are also constrained, thus imposing relations among scalar masses and couplings [4, 8, 9].

The consequences of tree-level unitary for models with N Higgs doublets (NHDM)
and gauge group SU(2)L×U(1)Y have been studied in detail, both in the pure scalar
sector [10, 11] and in its couplings to fermions [12]. Specific applications have appeared for
the softly broken, Z2-symmetric 2HDM [13, 14], for the most general 2HDM [15, 16], and
for all symmetry-constrained versions of the 3HDM [17].

In this paper, we consider electroweak models with gauge group SU(2)L×U(1)Y ×U(1)Y ′

with particular attention given to the most significant sum rules involving the U(1)Y ′ gauge
boson (denoted by Z ′). The idea that the electroweak group could consist of two U(1) factors
has a long history. Moreover, in such models, kinetic mixing of the two U(1) gauge bosons is
possible. Some early references include [18–21], while a recent phenomenological exploration
can be found, for example, in ref. [22]. The impact of an extra Z ′ on the oblique radiative
corrections [23] has been addressed in refs. [24, 25], while general implications of Z–Z ′

mixing are treated, for example, in [26–28], under the implicit assumption that mZ′ > mZ .
In contrast, a very light gauge boson was considered already in the early 1980s [29, 30]. It
gained considerable traction as a mediator in a dark sector that includes a candidate for
dark matter, where it is normally known as “dark photon”; examples include [31–33]. Note
that the proposed new dark gauge boson has also been called the “dark Z” in ref. [34], or
the “dark Z ′” in [35], etc. Constraints on such models from neutrino-electron scattering
experiments have been addressed in refs. [36, 37], and a number of related studies can be
found in refs. [38–42].

In section 2, we generalize the results of refs. [5, 11, 12] to obtain sum rule constraints
on couplings of a general SU(2)L×U(1)Y ×U(1)Y ′ gauge theory of gauge bosons, fermions
and scalars. We then apply these results to obtain explicit sum rules involving gauge bosons
and scalar bosons in section 3 and additional sum rules that include the couplings of gauge
bosons and scalar bosons to fermions in section 4. We then highlight in section 5 a few of
the most useful sum rules in a theory where the scalar sector only includes scalar eigenstates
that are either electrically neutral or singly charged.

In section 6, we focus on an SU(2)L×U(1)Y ×U(1)Y ′ model of a dark Z ′, under the
assumption that the mass of the Z ′ is less than mZ . One can provide exact analytical
expressions for this model. Often, the kinetic mixing parameter ϵ is assumed to be very
small but nonzero, and an expansion in ϵ ≪ 1 is performed. We demonstrate that unitarity
sum rules applied to this model can serve as important consistency checks on the resulting
approximate expressions obtained for masses and couplings. In deriving expressions for
various observables, we have stressed the importance of the role of the weak mixing angle
and the electroweak ρ parameter, and we advocate definitions that are suitable for the model
with the extended electroweak gauge group. Moreover, we show that there exists a new ρ′
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parameter (which generalizes the electroweak ρ parameter) that satisfies ρ′ = 1 at tree level
in a model that only contains scalar multiplets with T = Y = 0 and/or T = Y = 1

2 as a
consequence of one of the sum rules previously established.1 Finally, a few brief conclusions
are presented in section 7.

2 Tree-level unitarity

In this section, we consider generic gauge boson, scalar and fermions. As mentioned in
section 1, to preclude s2 amplitude growth, we assume that the vector bosons arise from some
gauge theory [1–3]. In this section we do not specify the gauge group. Throughout the text,
we use the results of refs. [5, 11, 12] and follow their notation, where the indices a, b, c, d, e

refer to vector bosons, i, j, k, l to scalar bosons, and n, m, p to fermions. Summations
with the notation ∑ ′ are sums over massive states only (i.e., excluding massless would-be
Goldstone modes and the photon).

Given a gauge theory, one may define the Feynman rules for gauge-gauge and gauge-
scalar vertices as

• Aα
a Aβ

b Aγ
c : igabc

[
(pa − pb)γgαβ + (pb − pc)αgβγ + (pc − pa)βgγα

]
,

• Aα
a Aβ

b ϕi : igabig
αβ ,

• Aα
a ϕiϕj : igaij(pi − pj)α ,

• Aα
a Aβ

b ϕiϕj : igabijgαβ ,

where all the momenta are assumed to be incoming.
We have not provided a Feynman rule for a four-point vector boson vertex. This is not

an issue as unitarity also implies that this rule must be related to the three-point vertex,
and the latter should satisfy the Jacobi identity. As a further consequence, the fact that
the three-point vertex has to satisfy the Jacobi identity also entails that gauge theories are
the only consistent theory of vector bosons, as shown by the pioneering work of Llewellyn
Smith [1], Cornwall, Levin and Tiktopoulos [2, 3], and later revisited in ref. [11].

Similarly, the Feynman rules involving fermions are

• Aα
a f̄mfn : iγα

(
gL

amnPL + gR
amnPR

)
,

• ϕif̄mfn : i
(
gL

imnPL + gR
imnPR

)
,

where PR,L = 1
2(1 ± γ5) are the projectors which map Dirac fermions into the chiral basis.

As reviewed in appendix E of ref. [11], tree-level unitarity requires that the scattering
amplitude for any tree-level 2 → 2 scattering processes cannot grow with the Mandelstam
variables s and/or t (after imposing the kinematical constraint s+t+u = ∑

i m2
i to eliminate

the dependent Mandelstam variable u in favor of s, t and the squared masses of the two
1We denote the dimension of an SU(2)L representation by 2T +1 and the corresponding U(1)Y hypercharge

is normalized such that the corresponding electric charge is Q = T3 + Y .
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incoming and two outgoing particles). Consequently, any coefficient of s and/or t raised
to a positive power that appears in the scattering amplitude must vanish. The conditions
obtained by setting these coefficients to zero yield the coupling constant sum rules given in
sections 2.1 and 2.2. The relevant tree-level Feynman diagrams used in obtaining the 2 → 2
scattering amplitudes that yield the coupling constant sum rules are explicitly exhibited in
appendix E of ref. [11] and appendix A of ref. [12].

2.1 Tree-level unitarity with bosons

Consider the tree-level Feynman diagrams for the 2 → 2 scattering process AaAb → AcAd

shown in figure 1 of ref. [11]. Tree-level unitarity yields∑
e

′gabe gcdē

[
m2

e + (m2
a − m2

b)(m2
c − m2

d)
m2

e

]

−
∑

e

′gade gcbē

[
m2

e + (m2
a − m2

d)(m2
c − m2

b)
m2

e

]

−
∑

e

gace gbdē

(
m2

a + m2
b + m2

c + m2
d − 2m2

e

)
=
∑

k

(gabk gcdk̄ − gadk gbck̄) , (2.1)

where the prime in ∑′ indicates that the sum only runs over massive gauge bosons. Next,
we consider the tree-level Feynman diagrams for AaAb → Acϕi shown in figure 2 of ref. [11].
Tree-level unitarity yields∑

e

′
[
gabe gēci

[
m2

a − m2
b + m2

e

2m2
e

]
− gace gēbi

[
m2

a − m2
c + m2

e

2m2
e

]
− gbce gēai

]

=
∑

k

(gcik gabk̄ − gbik gack̄) . (2.2)

Finally, we consider the tree-level Feynman diagrams for AaAb → ϕiϕj shown in figure 3 of
ref. [11]. Tree-level unitarity yields∑

k

gaikgbk̄j −
1
2gabij + 1

4
∑

e

′ gaei gēbj

m2
e

−
∑

e

1
2gabe gēij = 0. (2.3)

2.2 Tree-level unitarity involving fermions

Consider the tree-level Feynman diagrams for the 2 → 2 scattering process f̄mfn → AaAb

shown in figure 1 of ref. [12]. Tree-level unitarity yields∑
p

[
mp

(
gR

am̄p gL
bp̄n + gR

bm̄p gL
ap̄n

)
− mm gL

am̄p gL
bp̄n − mn gR

bm̄p gR
ap̄n

]

+
∑

e

′
[
gabe

[
m2

a − m2
b + m2

e

2m2
e

] (
mn gR

ēm̄n − mm gL
ēm̄n

)]
= 1

2
∑

k

gabkgL
k̄m̄n

. (2.4)

Next, we consider the tree-level Feynman diagrams for f̄mfn → Aaϕi shown in figure 2 of
ref. [12]. Tree-level unitarity yields∑

e

′ 1
2m2

e

gaei(mn gR
ēm̄n−mm gL

ēm̄n)−
∑

k

gaik gL
k̄m̄n

=
∑

p

(
gL

im̄p gL
ap̄n−gR

am̄p gL
ip̄n

)
. (2.5)

In both eqs. (2.4)–(2.5), a similar rule can be obtained by exchanging L ↔ R.
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3 Bosons in SU(2)L×U(1)Y ×U(1)Y ′

In this section we apply the results obtained in section 2 to an SU(2)L×U(1)Y ×U(1)Y ′

gauge theory, with a focus on some relations that are most useful.

3.1 Rule 1

First, we consider a = d = W + and b = c = W− in eq. (2.1). Then,∑
e

gW +W−e gW−W +ē m2
e −

∑
e

gW +W−e gW−W +ē (4m2
W − 2m2

e)

=
∑

k

(gW +W−k gW−W +k̄ − gW +W +k gW +W +k̄) , (3.1)

which simplifies to

−
∑

e

gW +W−e gW +W−ē m2
e +

∑
e

gW +W−e gW +W−ē (4m2
W − 2m2

e)

=
∑

k

(gW +W−k gW−W +k̄ − gW +W +k gW +W +k̄) . (3.2)

Since the photon (γ) is massless, it follows that

4m2
W g2

W +W−γ + (4m2
W − 3m2

Z)g2
W +W−Z + (4m2

W − 3m2
Z′)g2

W +W−Z′

=
∑

k

(gW +W−k gW−W +k̄ − gW +W +k gW +W +k̄) , (3.3)

which yields

4m2
W g2

W +W−γ + (4m2
W − 3m2

Z)g2
W +W−Z + (4m2

W − 3m2
Z′)g2

W +W−Z′

=
∑

k

g2
W +W−ϕ0

k
−
∑

k

gW +W +ϕ−−
k

gW−W−ϕ++
k

. (3.4)

By analyzing eq. (3.4), one may further specialize this result by imposing custodial symmetry.
Nevertheless, the parameters involved in the mass diagonalization of the kinetic Lagrangian
are more general than those of the Standard Model (SM).

We now examine the case of a = W +, b = W−, c = d = Z:

m4
Z

m2
W

g2
W +W−Z =

∑
k

gW +W−ϕ0
k

gZZϕ0
k
−
∑

k

gW +Zϕ−
k

gW−Zϕ+
k

, (3.5)

which coincides with eq. (4.2) in ref. [5]. We note that the coupling gW−Zϕ+
k

is not found in
a multi-Higgs doublet extension of the SM.

We now compute the case of a = W +, b = W−, c = d = Z ′. Is is straightforward to see
that it is similar to eq. (3.5),

m4
Z′

m2
W

g2
W +W−Z′ =

∑
k

gW +W−ϕ0
k

gZ′Z′ϕ0
k
−
∑

k

gW +Z′ϕ−
k

gW−Z′ϕ+
k

, (3.6)

with just an interchange of Z with Z ′.
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Two further relations can be derived. For a = W +, b = W−, c = Z, d = Z ′:

m2
Zm2

Z′

m2
W

gW +W−Z′ gW +W−Z =
∑

k

gW +W−ϕ0
k

gZZ′ϕ0
k
−
∑

k

gW +Z′ϕ−
k

gW−Zϕ+
k

. (3.7)

For a = Z, b = Z ′, c = Z ′, d = Z:∑
k

g2
ZZ′ϕ0

k
=
∑

k

gZZϕ0
k
gZ′Z′ϕ0

k
. (3.8)

Due to the gauge group structure and invariance, couplings of the form gW +γϕ−
k

and gγZZ′

are forbidden. Then, the rules eqs. (3.4)–(3.8) are the only non-trivial sum rules for eq. (2.1)
with SU(2)L×U(1)Y ×U(1)Y ′ .

3.2 Rule 2

Analogously to what we did for eq. (2.1) in section 3.1, we now explore the sum rules arising
from eq. (2.2). Thus, our first rule is set with a = W−, b = W−, c = W +, i = ϕ+

i :
3
2
[
gW +W−Z gZW−ϕ+

i
+ gW +W−Z′ gZ′W−ϕ+

i

]
=
∑

k

gW +ϕ+
i ϕ−−

k
gW−W−ϕ++

k
−
∑

k

gW−ϕ+
i ϕ0

k
gW +W−ϕ0

k
. (3.9)

• For a = W +, b = W +, c = Z, i = ϕ−−
i :

gW +W−Z gW +W +ϕ−−
i

(
2 − m2

Z

2m2
W

)

=
∑

k

gZϕ−−
i ϕ++

k
gW +W +ϕ−−

k
−
∑

k

gW +ϕ−−
i ϕ+

k
gW +Zϕ−

k
. (3.10)

• For a = W +, b = W +, c = Z ′, i = ϕ−−
i :

gW +W−Z′ gW +W +ϕ−−
i

(
2 − m2

Z′

2m2
W

)

=
∑

k

gZ′ϕ−−
i ϕ++

k
gW +W +ϕ−−

k
−
∑

k

gW +ϕ−−
i ϕ+

k
gW +Z′ϕ−

k
. (3.11)

• For a = W +, b = W−, c = Z, i = ϕ0
i :

gW +W−Z

[
1
2gZZϕ0

i
− m2

Z

2m2
W

gW +W−ϕ0
i

]
+ 1

2gW +W−Z′ gZZ′ϕ0
i

=
∑

k

gZϕ0
i ϕ0

k
gW +W−ϕ0

k
−
∑

k

gW−ϕ0
i ϕ+

k
gW +Zϕ−

k
. (3.12)

• For a = W +, b = W−, c = Z ′, i = ϕ0
i :

gW +W−Z′

[
1
2gZ′Z′ϕ0

i
− m2

Z′

2m2
W

gW +W−ϕ0
i

]
+ 1

2gW +W−Z gZZ′ϕ0
i

=
∑

k

gZ′ϕ0
i ϕ0

k
gW +W−ϕ0

k
−
∑

k

gW−ϕ0
i ϕ+

k
gW +Z′ϕ−

k
. (3.13)
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• For a = W +, b = Z, c = Z ′, i = ϕ−
i :

gW +W−Z gW +Z′ϕ−
i

(
1 − m2

Z

2m2
W

)
− gW +W−Z′ gW +Zϕ−

i

(
1 − m2

Z′

2m2
W

)

=
∑

k

gZϕ−
i ϕ+

k
gW +Z′ϕ−

k
−
∑

k

gZ′ϕ−
i ϕ+

k
gW +Zϕ−

k
. (3.14)

• For a = Z, b = W−, c = Z, i = ϕ+
i :

gW +W−Z gW−Zϕ+
i

(
1+ m2

Z

2m2
W

)
=
∑

k

gW−ϕ+
i ϕ0

k
gZZϕ0

k
−
∑

k

gZϕ+
i ϕ−

k
gZW−ϕ+

k
. (3.15)

• For a = Z ′, b = W−, c = Z ′, i = ϕ+
i :

gW +W−Z′ gW−Z′ϕ+
i

(
1 + m2

Z′

2m2
W

)
=
∑

k

gW−ϕ+
i ϕ0

k
gZ′Z′ϕ0

k
−
∑

k

gZ′ϕ+
i ϕ−

k
gZ′W−ϕ+

k
.

(3.16)

• For a = Z, b = W−, c = Z ′, i = ϕ+
i :

gW +W−Z gW−Z′ϕ+
i

(
m2

Z

2m2
W

)
+ gW +W−Z′ gW−Zϕ+

i

=
∑

k

gW−ϕ+
i ϕ0

k
gZZ′ϕ0

k
−
∑

k

gZ′ϕ+
i ϕ−

k
gZW−ϕ+

k
. (3.17)

• For a = Z ′, b = W−, c = Z, i = ϕ+
i :

gW +W−Z′ gW−Zϕ+
i

(
m2

Z′

2m2
W

)
+ gW +W−Z gW−Z′ϕ+

i

=
∑

k

gW−ϕ+
i ϕ0

k
gZZ′ϕ0

k
−
∑

k

gZϕ+
i ϕ−

k
gZ′W−ϕ+

k
. (3.18)

• For a = Z, b = W−, c = W +, i = ϕ0
i :

− gW +W−Z gW +W−ϕ0
i

m2
Z

m2
W

+ gW +W−Z gZZϕ0
i

+ gW +W−Z′ gZZ′ϕ0
i

=
∑

k

gW +ϕ0
i ϕ−

k
gZW−ϕ+

k
−
∑

k

gW−ϕ0
i ϕ+

k
gZW +ϕ−

k
. (3.19)

• For a = Z ′, b = W−, c = W +, i = ϕ0
i :

− gW +W−Z′ gW +W−ϕ0
i

m2
Z′

m2
W

+ gW +W−Z gZZ′ϕ0
i

+ gW +W−Z′ gZ′Z′ϕ0
i

=
∑

k

gW +ϕ0
i ϕ−

k
gZ′W−ϕ+

k
−
∑

k

gW−ϕ0
i ϕ+

k
gZ′W +ϕ−

k
. (3.20)
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3.3 Rule 3

The case of the third relation, arising from the scattering process AaAb → ϕiϕj , is more
intricate than the previous scattering processes. There are many possibilities for a given
arbitrary model, and many of them are not very useful for realistic models. Here, we will
argue that, given the lack of experimental evidence of charged scalars thus far, we will be
more interested in neutral and single charged scalars, but not fields with electric charge
Q > 1 such as ϕ++. Of course, the generalization to such models is straightforward, albeit
with tedious calculations. Thus, we study the possibility of initial states with total charge
Q = 0. Then, for a = W +, b = W−, i = ϕ−Q

i , j = ϕQ
j :

∑
k

g
W +ϕ−Q

i ϕQ−1
k

g
W−ϕ1−Q

k
ϕQ

j
− 1

2g
W +W−ϕ−Q

i ϕQ
j

+ 1
4
∑

e

′
g

W +eϕ−Q
i

g
ēW−ϕQ

j

m2
e

− 1
2

(
gW +W−Z g

Zϕ−Q
i ϕQ

j
+ gW +W−Z′ g

Z′ϕ−Q
i ϕQ

j
+ gW +W−A g

Aϕ−Q
i ϕQ

j

)
= 0 . (3.21)

For example, if we choose Q = 0, then gAϕ0
i ϕ0

j
= 0. Likewise, by choosing Q > 2 it follows

that g
W +eϕ−Q

i
g

ēW−ϕQ
j

= 0 in light of electric charge conservation.

If we choose a = Z, b = Z, i = ϕ−Q
i , j = ϕQ

j :

∑
k

g
Zϕ−Q

i ϕQ
k

g
Zϕ−Q

k
ϕQ

j
− 1

2g
ZZϕ−Q

i ϕQ
j

+ 1
4
∑

e

′
g

Zeϕ−Q
i

g
ēZϕQ

j

m2
e

= 0 . (3.22)

We may further specialize this result into Q = 0 and i = j, which yields

∑
k

gZϕ0
i ϕ0

k
gZϕ0

k
ϕ0

i
− 1

2gZZϕ0
i ϕ0

i
+

gZZ′ϕ0
i

gZ′Zϕ0
i

4m2
Z′

= 0 . (3.23)

• For a = Z ′, b = Z ′, i = ϕ−Q
i , j = ϕQ

j :

∑
k

g
Z′ϕ−Q

i ϕQ
k

g
Z′ϕ−Q

k
ϕQ

j
− 1

2g
Z′Z′ϕ−Q

i ϕQ
j

+ 1
4
∑

e

′
g

Z′eϕ−Q
i

g
ēZ′ϕQ

j

m2
e

= 0 . (3.24)

• For a = Z, b = Z ′, i = ϕ−Q
i , j = ϕQ

j :

∑
k

g
Zϕ−Q

i ϕQ
k

g
Z′ϕ−Q

k
ϕQ

j
− 1

2g
ZZ′ϕ−Q

i ϕQ
j

+ 1
4
∑

e

′
g

Zeϕ−Q
i

g
ēZ′ϕQ

j

m2
e

= 0 . (3.25)

• For a = W +, b = W +, i = ϕ−
i , j = ϕ−

j :

∑
k

gW +ϕ−
i ϕ0

k
gW +ϕ0

k
ϕ−

j
− 1

2gW +W +ϕ−
i ϕ−

j
+ 1

4

(gW +Zϕ−
i

gZW +ϕ−
j

m2
Z

+
gW +Z′ϕ−

i
gZ′W +ϕ−

j

m2
Z′

)
= 0 .

(3.26)
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Finally, we have for a = W +, b = Z, i = ϕ−
i , j = ϕ0

j :

∑
k

gW +ϕ−
i ϕ0

k
gZϕ0

k
ϕ0

j
− 1

2gW +Zϕ−
i ϕ0

j
+ 1

4

(
gW +Zϕ−

i
gZZϕ0

j

m2
Z

+
gW +Z′ϕ−

i
gZ′Zϕ0

j

m2
Z′

)

+ 1
2

(
gW +W−Z gW +ϕ−

i ϕ0
j

)
= 0 , (3.27)

and for a = W +, b = Z ′, i = ϕ−
i , j = ϕ0

j :

∑
k

gW +ϕ−
i ϕ0

k
gZ′ϕ0

k
ϕ0

j
− 1

2gW +Z′ϕ−
i ϕ0

j
+ 1

4

(
gW +Zϕ−

i
gZZ′ϕ0

j

m2
Z

+
gW +Z′ϕ−

i
gZ′Z′ϕ0

j

m2
Z′

)

+ 1
2

(
gW +W−Z′ gW +ϕ−

i ϕ0
j

)
= 0 , (3.28)

which concludes the list of the most relevant sum rules. Note that because gW +Zϕ−
i

= 0 in
the SM and in many models beyond the SM, most of the rules that include these couplings
are sensitive to new physics.

4 Bosons and fermions in SU(2)L×U(1)Y ×U(1)Y ′

For the purpose of simplicity, we will separate various interesting cases in the context of
this model.

4.1 Rule 1

In both ref. [5] and, with more detailed calculations, in the appendix of [12], we see that
the s1 behavior of f̄mfn → AaAb at large energies is canceled through the equation∑

p

(
gL

bm̄p gL
ap̄n − gL

am̄p gL
bp̄n

)
=
∑

e

gabe gL
ēm̄n . (4.1)

Choosing a = W +, b = W− and m = n we have∑
p

(
gL

W−n̄p gL
W +p̄n − gL

W +n̄p gL
W−p̄n

)
= (gW +W−γ gL

γn̄n + gW +W−Z gL
Zn̄n + gW +W−Z′ gL

Z′n̄n) ,

(4.2)
where we may now consider one generation of fermions, as it simplifies the results. Using
n = d and p = u for quarks, we get(

gL
W−d̄u

gL
W +ūd − gL

W +d̄u
gL

W−ūd

)
= (gW +W−A gL

Ad̄d
+gW +W−Z gL

Zd̄d
+gW +W−Z′ gL

Z′d̄d
) . (4.3)

Choosing n = ℓ and p = ν for the charged lepton and its neutrino, we get(
gL

W−ℓ̄ν
gL

W +ν̄ℓ−gL
W +ℓ̄ν

gL
W−ν̄ℓ

)
= (gW +W−A gL

Aℓ̄ℓ
+gW +W−Z gL

Zℓ̄ℓ
+gW +W−Z′ gL

Z′ℓ̄ℓ
) . (4.4)

Although many more sum rules can be derived [even prior to making use of eq. (2.4)], if
we choose a = b̄ and n = m, one can employ eq. (4.1) in order to remove the triple gauge
vertex (cf. ref. [5]). This also means that to extract the most useful information concerning

– 9 –



J
H
E
P
1
0
(
2
0
2
3
)
0
8
3

Z ′, one must consider it as an external state, which involves many couplings to the new
gauge boson. In particular, if we want to study quantitative or qualitative properties of Z ′,
we must relate its couplings mostly to SM interactions. The other possibilities with a ̸= b̄

have the same shortcoming. There is a triple gauge boson vertex but it will involve many
unknowns. Yet another possibility is to consider a = W− and b = Z, but this rule does not
contain information on Z ′.

4.2 Rule 2

For m = n, a = Z and i = ϕ0
i :

mn

2m2
Z

gZZϕ0
i
(gR

Zn̄n − gL
Zn̄n) + mn

2m2
Z′

gZZ′ϕ0
i
(gR

Z′n̄n − gL
Z′n̄n)

−
∑

k

gZϕ0
i ϕ0

k
gL

ϕ0
k

n̄n =
∑

p

(gL
ϕ0

i n̄p gL
Zp̄n − gR

Zn̄p gL
ϕ0

i p̄n) . (4.5)

For simplicity, we again consider the case of one generation, where the sum over p yields
only one term p = n. For example, if n = f (where f = u or d) then

mf

2m2
Z

gZZϕ0
i
(gR

Zf̄f
− gL

Zf̄f
) + mf

2m2
Z′

gZZ′ϕ0
i
(gR

Z′f̄f
− gL

Z′f̄f
)

−
∑

k

gZϕ0
i ϕ0

k
gL

ϕ0
k

f̄f
= (gL

ϕ0
i f̄f

gL
Zf̄f

− gR
Zf̄f

gL
ϕ0

i f̄f
) . (4.6)

The case in which a = Z ′ is less informative, as every coupling in the rule is dependent on
the Z ′. It is straightforward to compute it, similarly as with Z.

For m = n = u, a = W + and i = ϕ−
i we get

mu

2m2
Z

gW +Zϕ−
i

(gR
Zūu − gL

Zūu) + mu

2m2
Z′

gW +Z′ϕ−
i

(gR
Z′ūu − gL

Z′ūu)

=
∑

k

gW +ϕ−
i ϕ0

k
gL

ϕ0
k

ūu , (4.7)

and, exchanging L ↔ R, we find
mu

2m2
Z

gW +Zϕ−
i

(gL
Zūu − gR

Zūu) + mu

2m2
Z′

gW +Z′ϕ−
i

(gL
Z′ūu − gR

Z′ūu)

=
∑

k

gW +ϕ−
i ϕ0

k
gL

ϕ0
k

ūu − gL
W +ūd gϕ−

i d̄u . (4.8)

For m = n = d, a = W + and i = ϕ−
i we get

md

2m2
Z

gW +Zϕ−
i

(gR
Zd̄d

− gL
Zd̄d

) + md

2m2
Z′

gW +Z′ϕ−
i

(gR
Z′d̄d

− gL
Z′d̄d

)

=
∑

k

gW +ϕ−
i ϕ0

k
gL

ϕ0
k

d̄d
+ gL

ϕ−
i d̄u

gL
W +ūd , (4.9)

and, exchanging L ↔ R, we find
md

2m2
Z

gW +Zϕ−
i

(gL
Zd̄d

− gR
Zd̄d

) + md

2m2
Z′

gW +Z′ϕ−
i

(gL
Z′d̄d

− gR
Z′d̄d

)

=
∑

k

gW +ϕ−
i ϕ0

k
gR

ϕ0
k

d̄d
. (4.10)

This concludes all useful sum rules with fermions.
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5 Generic applications

Some of the most interesting applications of tree-level unitarity are the ones that need the
least information or where the information is better known. We begin with the rule of
eq. (3.4). By assuming a theory of scalar singlets and doublets, we may already drop any
coupling with ϕ±±

i . In these models, eq. (3.4) takes the form

4m2
W g2

W +W−γ + (4m2
W − 3m2

Z)g2
W +W−Z + (4m2

W − 3m2
Z′)g2

W +W−Z′ =
∑

k

g2
W +W−ϕ0

k
, (5.1)

where the third term in the left-hand side of eq. (5.1) differentiates this sum rule from the
one in the SM. Generalizing the electroweak ρ parameter of the SM, we may use eq. (5.1) to
define a new parameter ρ′. We will discuss the importance and definition of this parameter
in section 6.2.4.

Eq. (3.8) provides another interesting sum rule. We can provide a qualitative interpre-
tation of this sum rule as follows. Let us define the Higgs boson as ϕ0

1. Then, if gZZϕ0
k
∼ 0,

for k > 1, and gZ′Z′ϕ0
1
∼ 0 (as one might expect from a hidden sector type of model), we

conclude that ∑
k

g2
ZZ′ϕ0

k
∼ 0 . (5.2)

Although this is not a very strong statement, it does give a way of probing aspects of hidden
sectors through gZZ′ϕ0

k
.

From eqs. (3.15) and (3.16), by assuming couplings of the type WZϕ and WZ ′ϕ to be
zero, or at least approximately zero, we extract that∑

k

gW−ϕ+
i ϕ0

k
gZZϕ0

k
= 0 ,

∑
k

gW−ϕ+
i ϕ0

k
gZ′Z′ϕ0

k
= 0 . (5.3)

This property is analogous to the one obtained for the Z boson in a NHDM with a
SU(2)L×U(1)Y gauge group [11].

If the WZϕ and WZ ′ϕ vertices are absent, then the sum rule given in eq. (4.7) yields∑
k

gW +ϕ−
i ϕ0

k
gL

ϕ0
k

ūu = 0 . (5.4)

Comparing with eqs. (5.3), suggests a connection between the couplings gZZϕ0
k
, gZ′Z′ϕ0

k
and

gL
ϕ0

k
ūu

, which are all orthogonal to Wϕϕ type couplings.
The sum rules of this section apply to any Z ′ model. In specific cases where expansions

are performed, the sum rules can be used in order to check for the consistency of the
corresponding expansions, as illustrated in eq. (6.74) below.

6 Sum rules as model consistency checks

In this section, we study one particular sum rule in the context of a model for a dark sector
that is common in the literature [22, 25, 27, 34, 43, 44]. We shall examine a model with an
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electroweak gauge group SU(2)L×U(1)Y ×U(1)Y ′ , where all SM particles are neutral under
the U(1)Y ′ [which is often referred to in the literature as U(1)D], corresponding to the dark
sector of the model. The gauge boson associated with U(1)D will henceforth be denoted
by ZD. In addition, we add to the model one extra scalar singlet S that is charged under
U(1)D, with Y ′ = 1. In this model, there are no gauge anomalies.

We shall assume that, when the scalar potential of the model is minimized, the singlet
field S acquires a vacuum expectation value,

⟨S⟩ = vD√
2

. (6.1)

We then define the following dimensionless ratio,

δ ≡ 2gDvD

(g2 + g′ 2)1/2v
, (6.2)

where v ≃ 246 GeV is the vacuum expectation value of the SM Higgs field and g, g′ are the
SU(2)L and U(1)Y gauge couplings of the SM electroweak Lagrangian, respectively.

After introducing the singlet scalar field Ŝ0 via

S = 1√
2

(
vD + Ŝ0

)
, (6.3)

we note that Ŝ0 can mix with the would-be physical Higgs boson of the SM (denoted by ϕ0).
The physical scalar mass eigenstates h and S0 are given by(

h

S0

)
=
(

ch −sh

sh ch

)(
ϕ0

Ŝ0

)
, (6.4)

where θh is the corresponding mixing angle, ch ≡ sin θh, and sh ≡ sin θh.

6.1 The gauge sector Lagrangian

We begin with the Lagrangian

L ⊃ −1
4W a

µνW aµν − 1
4B̂µνB̂µν − 1

4X̂µνX̂µν + ϵ

2cW
X̂µνB̂µν , (6.5)

where the SU(2)L gauge field strength tensor is given by

W a
µν = ∂µW a

ν − ∂νW a
µ − g ϵabc W b

µ W c
ν , (6.6)

and the U(1)Y and U(1)Y ′ gauge field strength tensors are respectively given by

B̂µν = ∂µB̂ν − ∂νB̂µ , X̂µν = ∂µX̂ν − ∂νX̂µ . (6.7)

The Lagrangian exhibited in eq. (6.5) includes a kinetic mixing term that is governed by a
parameter ϵ. Phenomenological considerations suggest that |ϵ| ≪ 1.2 At the pure gauge
level, there is no distinction between the fields B̂ and X̂. What will distinguish between B̂

and X̂ will be their differing couplings to fermion and scalar fields.
2For a compilation of the most recent bounds on ϵ, see ref. [45].
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One can obtain canonical kinetic gauge terms by making the transformation

X̂µ = ηXµ ,

B̂µ = Bµ + ϵ

cW
ηXµ , (6.8)

where
η ≡ 1√

1 − ϵ2/c2
W

. (6.9)

At this stage, cW is just a convenient notation with no physical meaning. The parameter
cW will acquire physical meaning in eq. (6.15) below.

After these field redefinitions, we may rotate the gauge fields to get the SM photon
and a SM-like field Z0

µ. We start from the covariant derivative

Dµ = ∂µ + ig
(
T +W +

µ + T−W−
µ

)
+ igT3W 3

µ + ig′Y B̂µ + igDY ′X̂µ , (6.10)

where W±
µ = (W 1

µ ∓ iW 2
µ)/

√
2. After employing (6.5),

Dµ = ∂µ + ig
(
T +W +

µ + T−W−
µ

)
+ igT3W 3

µ + ig′Y Bµ + i

(
g′

ϵ

cW
ηY + gDY ′η

)
Xµ . (6.11)

When acting on SU(2)L doublet fields,

T + = 1√
2

(
0 1
0 0

)
, T− = 1√

2

(
0 0
1 0

)
, T3 = 1

2

(
1 0
0 −1

)
. (6.12)

By introducing a scalar doublet ΦT =
(
ϕ+, (v + ϕ0)/

√
2
)
, one can diagonalize the

quadratic terms of the Lagrangian

|DµΦ|2 ⊃
(

gv

2

)2
W +

µ W−µ + 1
8v2

[
g2
(
W 3

µ

)2
− 2gg′W 3

µBµ + g′2 (Bµ)2
]

. (6.13)

Thus, the W gauge boson coincides with the SM one, with mass

mW = 1
2gv . (6.14)

Next, we define rotated fields

Z0
µ = cW W 3

µ − sW Bµ ,

Aµ = sW W 3
µ + cW Bµ , (6.15)

where sW ≡ sin θW and cW ≡ cos θW , which defines g′ = gtW (with tW ≡ sW /cW ) and the
angle θW as the angle that rotates to a basis where there is a massless gauge field Aµ (to
be identified with the photon γ). Then, the Z0 field has the couplings of the SM massive
neutral gauge boson, and we define

mZ0 = gv

2cW
= mW

cW
. (6.16)
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We emphasize that the interaction eigenstate field Z0 does not correspond to the experi-
mentally observed Z gauge boson since it is not a mass eigenstate field. However, note that
the couplings of Z0 coincide with those of the massive neutral gauge boson of the Standard
Model. Finally, we get for the covariant derivative

Dµ = ∂µ + ig
(
T +W +

µ + T−W−
µ

)
+ ieQAµ + i

g

cW

(
T3 − Qs2

W

)
Z0

µ

+ i

(
gtW

ϵ

cW
ηY + gDY ′η

)
Xµ , (6.17)

while keeping in mind that Z0 and X are interaction eigenstate fields that must eventually
be re-expressed in terms of mass eigenstate vector boson fields.

The remaining scalar kinetic terms are simple to obtain. We are interested in the mass
terms of the remaining massive neutral gauge bosons. The covariant derivative acts on the
scalars according to their charge, such that

DµΦ =
[
∂µ + · · · + i

g

cW
T3Z0

µ + igtW
ϵ

2cW
ηXµ

]
Φ ,

DµS = [∂µ + igDηXµ] S , (6.18)

where the scalar field S is defined in eq. (6.3). Then,

|DµΦ|2 ⊃ m2
Z0

[1
2(Z0

µ)2 − (ηtW ϵ)Z0
µXµ + 1

2(ηtW ϵ)2(Xµ)2
]

, (6.19)

and
|DµS|2 ⊃ 1

2g2
Dv2

Dη2(Xµ)2 = 1
2m2

Z0η2δ2(Xµ)2 , (6.20)

where δ = gDvD/mZ0 in light of eq. (6.2). With these definitions, we obtain the squared
mass matrix of the neutral massive gauge bosons:3

M2
ZZD

≡
(

m2
Z0 m2

XZ

m2
XZ m2

X

)
= m2

Z0

(
1 −ηtW ϵ

−ηtW ϵ (ηtW ϵ)2 + η2δ2

)
. (6.21)

One can now use an orthogonal matrix to diagonalize the mass matrix such that

Z0 = Z cos α − ZD sin α , (6.22)
X = Z sin α + ZD cos α , (6.23)

where Z and ZD are mass eigenstates with squared masses,

m2
Z = m2

Z0

[
1 − sin2 α

(
1 − δ2η2

)
+ ηtW ϵ sin α (ηtW ϵ sin α − 2 cos α)

]
, (6.24)

m2
ZD

= m2
Z0

[
sin2 α

(
1 − δ2η2

)
+ δ2η2 + ηtW ϵ cos α (2 sin α + ηtW ϵ cos α)

]
, (6.25)

3We note that in refs. [22, 44] the mass matrix does not have the term η2δ2 but only δ2. We believe this
is a typographical error.
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where the mixing angle α can be chosen to lie in the range −1
2π < α ≤ 1

2π, with

sin 2α = −2ξηtW ϵ√
[1 − (ηtW ϵ)2 − η2δ2]2 + 4(ηtW ϵ)2

, (6.26)

cos 2α = ξ[1 − (ηtW ϵ)2 − η2δ2]√
[1 − (ηtW ϵ)2 − η2δ2]2 + 4(ηtW ϵ)2

, (6.27)

and

ξ ≡ sgn(m2
Z − m2

ZD
) =

+1 if mZ > mZD
,

−1 if mZ < mZD
.

(6.28)

Using eqs. (6.26) and (6.27), one can then derive

cos α =

ξ[1 − (ηtW ϵ)2 − η2δ2] +
√

[1 − (ηtW ϵ)2 − η2δ2]2 + 4(ηtW ϵ)2

2
√

[1 − (ηtW ϵ)2 − η2δ2]2 + 4(ηtW ϵ)2

1/2

, (6.29)

sin α = sgn(−ξϵ)
√

1 − cos2 α . (6.30)

Note that, in light of eqs. (6.24)–(6.27), it follows that

m2
Z − m2

ZD
= ξm2

Z0

√
[1 − (ηtW ϵ)2 − η2δ2]2 + 4(ηtW ϵ)2 , (6.31)

which is consistent with the definition of ξ given in eq. (6.28).
One can also derive expressions for the elements of M2

ZZD
in terms of the physical

parameters m2
Z , m2

ZD
and α:

m2
Z0 = m2

Z cos2 α + m2
ZD

sin2 α , (6.32)
m2

X = m2
Z sin2 α + m2

ZD
cos2 α , (6.33)

m2
XZ = 1

2(m2
Z − m2

ZD
) sin 2α . (6.34)

In terms of the physical fields, the covariant derivative in eq. (6.17) becomes,

Dµ = ∂µ + ig
(
T +W +

µ + T−W−
µ

)
+ ieQAµ

+
[
i

g

cW

(
T3 − Qs2

W

)
cα + i

(
gtW

ϵ

cW
ηY + gDY ′η

)
sα

]
Zµ

+
[
i

(
gtW

ϵ

cW
ηY + gDY ′η

)
cα − i

g

cW

(
T3 − Qs2

W

)
sα

]
ZDµ . (6.35)

For the convenience of the reader, we list all the relevant model parameters in table 1.
The relations between our notation and the notations employed in refs. [22, 27] are provided
in appendix A.
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parameter definition
v 246 GeV

vD

√
2⟨S⟩

g, g′, gD SU(2)L×U(1)Y ×U(1)Y ′ gauge couplings
ϵ gauge kinetic mixing parameter

mZ0
1
2(g2 + g′ 2)1/2v

δ gDvD/mZ0

mZ mass of the physical (observed) Z boson
mZD

mass of the physical dark Z boson
ξ sgn(m2

Z − m2
ZD

)
cW mW /mZ0

tW (1 − c2
W )1/2/cW

η 1/(1 − ϵ2/c2
W )1/2

m2
X m2

Z0
[
(ηtW ϵ)2 + η2δ2]

m2
XZ −ξηϵtW m2

Z0

α Z0–X mixing angle
ch, sh cosine and sine of the ϕ0–Ŝ0 mixing angle

Table 1. A list of the parameters that govern the SU(2)L×U(1)Y ×U(1)Y ′ model.

6.1.1 Expansion in ϵ

Starting with the squared mass matrix given in eq. (6.21), we can expand in ϵ to obtain

M2
ZZD

= m2
Z0


1 −tW ϵ

−tW ϵ δ2 + ϵ2
(

δ2

c2
W

+ t2
W

)
+ O

(
ϵ3
)

. (6.36)

Under the assumption that |ϵ| ≪ 1, one can approximate

ξ = sgn(1 − δ2) , (6.37)

where ξ is defined in eq. (6.28). Moreover, one must assume that 1 − δ2 is not too small.
Otherwise, the two eigenvalues of M2

ZZD
would be nearly degenerate, and the perturbative

analysis that follows would be invalid.
Under the assumptions that |ϵ| ≪ 1 and 1 − δ2 ∼ O(1), the squared masses of the

physical gauge bosons given in eqs. (6.24) and (6.25) yield

m2
Z = m2

Z0

[
1 + ϵ2t2

W

1 − δ2 + O
(
ϵ4
)]

, (6.38)

m2
ZD

= m2
Z0

[
1 + ϵ2

(
1

c2
W

− t2
W

1 − δ2

)
+ O

(
ϵ4
)]

δ2 . (6.39)
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Likewise, the interaction eigenstate fields Z0 and X given in eqs. (6.22) and (6.23) can be
expressed in terms of the mass eigenstate fields,

Z0 =
[
1 − ϵ2t2

W

2(1 − δ2)2 + O
(
ϵ4
)]

Z +
[

ξϵtW

1 − δ2 + O
(
ϵ3
)]

ZD , (6.40)

X =
[
− ξϵtW

1 − δ2 + O
(
ϵ3
)]

Z +
[
1 − ϵ2t2

W

2(1 − δ2)2 + O
(
ϵ4
)]

ZD . (6.41)

6.2 Unitarity sum rule

To check the consistency of the model, we shall verify that the sum rule obtained in eq. (5.1)
as a consequence of tree-level unitarity is satisfied. For the convenience of the reader, we
repeat here the sum rule given by eq. (5.1):

4m2
W g2

W +W−γ + (4m2
W − 3m2

Z) g2
W +W−Z + (4m2

W − 3m2
ZD

) g2
W +W−ZD

=
∑

k

g2
W +W−ϕ0

k
.

(6.42)
Eq. (6.42) must be satisfied both exactly and order by order in the mixing parameter ϵ,
which will serve as a good check of our computations.

6.2.1 Exact sum rule

The sum rule exhibited in eq. (6.42) follows from the substitution of the parameters

g2
W +W−γ = g2s2

W , (6.43)
g2

W +W−Z = c2
αg2c2

W , (6.44)
g2

W +W−ZD
= s2

αg2c2
W , (6.45)

g2
W +W−h = g2m2

W c2
h , (6.46)

g2
W +W−S0 = g2m2

W s2
h , (6.47)

into eq. (6.42), where cα ≡ cos α and sα ≡ sin α. The end result is

4m2
W − 3c2

W

(
m2

Z cos2 α + m2
ZD

sin2 α
)

= m2
W , (6.48)

or equivalently

4m2
W − 3

2c2
W

[
m2

Z + m2
ZD

+ (m2
Z − m2

ZD
) cos 2α

]
= m2

W . (6.49)

Using eqs. (6.24)–(6.30) in eq. (6.48), we find

4m2
W − 3

2c2
W m2

Z0

[(
1 + (ηtW ϵ)2 + η2δ2

)
+
(
1 − (ηtW ϵ)2 + η2δ2

)]
= m2

W , (6.50)

which simplifies to
m2

W − c2
W m2

Z0 = 0 . (6.51)

Of course, eq. (6.51) is true in light of eq. (6.16).
Alternatively, we can work out eq. (6.48) by using eq. (6.32), which again reproduces

the result given in eq. (6.51).
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6.2.2 Order by order sum rule in powers of ϵ

We now return to (6.42). We expand the masses given in eqs. (6.38) and (6.39) and the
mixing parameters to order O(ϵ2). We substitute these in the couplings of eqs. (6.43)–(6.47),
to find

gW +W−Z = gcW

(
1 − ϵ2t2

W

2(1 − δ2)2

)
, (6.52)

gW +W−ZD
= gcW

(
ξϵtW

1 − δ2

)
. (6.53)

We thus confirm the sum rule in (6.42) to order O(ϵ2). As explained in section 6.3, we have
detected some cases in the literature in which the sum rule (6.42) fails due to the use of
inconsistent approximations for the relevant couplings and/or masses.

6.2.3 Defining the weak angle

The weak mixing angle defined in eq. (6.15) is not equivalent to the corresponding quantity
defined in an SU(2)L×U(1)Y electroweak theory, since Z0 is not a mass eigenstate. Since
the Fermi constant and the fine structure constant are, respectively,

GF√
2

= g2

8m2
W

, αEM ≡ e2

4π
= g2s2

W

4π
, (6.54)

and are more precisely measured than mW and g, it is common practice to define θW via

s2
W c2

W = παEM√
2GF m2

Z

. (6.55)

Clearly, such an option is not available in an SU(2)L×U(1)Y ×U(1)Y ′ electroweak theory.
However, to facilitate a comparison between the gauge groups SU(2)L×U(1)Y and

SU(2)L×U(1)Y ×U(1)Y ′ , one can instead define θW in terms of the following three input
parameters that are common to both theories: the Fermi constant GF , the fine structure
constant αEM, and the W boson mass mW . Although mW is not as precisely measured as mZ ,
the choice of mW is convenient since it does not preclude the possibility of additional U(1)
gauge groups that weakly mix with the hypercharge U(1)Y . At tree-level, eq. (6.54) yields,

s2
W = παEM√

2GF m2
W

, (6.56)

which then can be taken as an all-orders definition of θW .
Next, consider the definition of the ρ-parameter,

ρ ≡ m2
W

m2
Zc2

W

. (6.57)

The dependence of ρ on the weak mixing angle is inconvenient if we wish to use this
parameter in both the SU(2)L×U(1)Y and SU(2)L×U(1)Y ×U(1)Y ′ models. In light of the
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discussion above, it is convenient to employ eq. (6.56) to obtain a definition of ρ that is
suitable in both models,

ρ ≡ 2GF m4
W

m2
Z

(
2GF m2

W −
√

2παEM

) . (6.58)

Indeed, the SM relation, ρ = 1 will no longer hold in the SU(2)L×U(1)Y ×U(1)Y ′ , model,
since the relation between mW and mZ is modified as compared to the Standard Model. It
is convenient to introduce a related parameter, denoted by ρ′, whose tree-level value will
be equal to 1 in the SU(2)L×U(1)Y ×U(1)Y ′ , model under the assumption that the Higgs
sector consists of SU(2)L doublets with Y = 1

2 .

6.2.4 A new ρ′ parameter

In analogy with eq. (6.57), we define ρ′ in the SU(2)×U(1)×U(1)′ model to be 1 at tree
level as follows:

ρ′ = m2
W(

m2
Z cos2 α + m2

ZD
sin2 α

)
c2

W

= 1 . (6.59)

Indeed, the statement that ρ′ = 1 is simply a consequence of the sum rule given in eq. (6.42).
In turn, eq. (6.59) applies to a class of models where for the new multiplet of weak isospin
T and hypercharge Y (with arbitrary Y ′) satisfies the equation T (T + 1) = 3Y 2. Further
details can be found in appendix B. One can rewrite eq. (6.59) in terms of the ρ-parameter
defined in eq. (6.57),

ρ′ = ρ

cos2 α +
(

mZD
mZ

)2
sin2 α

= 1 . (6.60)

It then follows that [46]

ρ − 1 =
[(

mZD

mZ

)2
− 1

]
sin2 α . (6.61)

For a given value of ρ − 1, eq. (6.61) defines a line in the (s2
α, mZD

/mZ) plane, where
sα ≡ sin α. As an example, let us take ρ − 1 ∈ [0, 1] × 10−3, as in figure 1, where the gray
area corresponds to ρ − 1 > 10−3. We see that, for small values of ρ − 1, there is a large
allowed region, including very large values of mZD

/mZ for small values of s2
α.

Figure 2 shows the same plane, but allowing for negative values, ρ− 1 ∈ [−6, 10]× 10−4.
We see that large values of s2

α would only be possible if mZD
were almost degenerate with

mZ . In contrast, very small values of mZD
/mZ require very small values for s2

α.
Although ρ = 1 in the Standard Model, ρ− 1 is negative in the SU(2)L×U(1)Y ×U(1)Y ′

model if mZD
< mZ . For example, when ϵ ≪ 1 and 1 − δ2 ∼ O(1), it follows that

ρ − 1 ≃ t2
W ϵ2

δ2 − 1 . (6.62)

Similarly, in the SU(2)L×U(1)Y ×U(1)Y ′ model, ρ − 1 is positive if mZD
> mZ .

It is noteworthy that not all models with an extra ZD boson must have ρ ∼ 1 if ϵ ≪ 1,
as explained in appendix B. More generally, the elements of the squared mass matrix M2

ZZD
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Figure 1. Impact of eq. (6.61) on the (s2
α, mZD

/mZ) plane, for ρ− 1 ∈ [0, 1]× 10−3. The gray area
corresponds to ρ − 1 > 10−3.

Figure 2. Impact of eq. (6.61) on the (s2
α, mZD

/mZ) plane, for ρ − 1 ∈ [−6, 10] × 10−4.
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[see eq. (6.21)] can be related to ρ by using eqs. (6.32)–(6.34) and (6.61). One then obtains:

m2
Z0 = ρm2

Z , (6.63)

m2
X =

[
cos2 α(ρ − 1) + sin2 α

ρ − cos2 α

]
mZ2

D
=
(

1 + ρ − 1
tan2 α

)
m2

Z , (6.64)

m2
XZ = (1 − ρ) m2

Z

tan α
. (6.65)

Any one of the above equations could serve as a definition of ρ in an SU(2)L×U(1)Y ×U(1)Y ′

model. For example, employing eq. (6.65) in the model presented in section 6.1 yields:

ρ = 1
1 − ξηtW ϵ tan α

. (6.66)

By measuring the Zf̄f interactions and separately determining a value of tan α, one can
extract a measurement of ρ in the context of the dark-Z model of section 6.1.

All results presented in section 6.2 involve tree-level parameters. In order to perform a
more complete phenomenological study in which the parameters of the model are constrained
by precision electroweak observables, one must include the effects of radiative loop corrections.
For example, some of the dominant one-loop effects, which can be parameterized by
the oblique parameters S, T , and U [47], have been incorporated in the analysis of the
implications of generalized Z–Z ′ mixing in ref. [27], More recently, the one-loop radiative
corrections to mW in an SU(2)L×U(1)Y ×U(1)Y ′ model have been examined in ref. [48]. A
more careful treatment of the radiative corrections to the results obtained in this section
and the resulting phenomenological consequences, which lie beyond the scope of the tree-
level analysis of this work, are currently under investigation and will be reported in a
future publication.

6.3 Using unitarity as a consistency test

In refs. [22, 44], the authors analyze a model similar to the one presented in this text. As
such, we can test the model for consistency with unitarity, using eq. (6.42).

The authors of refs. [22, 44] expand the masses to order O(ϵ2), and the rotation of
angle α to order O(ϵ). Converting the results of refs. [22, 44] to our notation,4 the squared
couplings are given by:

g2
W +W−γ = g2s2

W , (6.67)

g2
W +W−Z

?= g2c2
W , (6.68)

g2
W +W−ZD

?=
(
ϵ2t2

W

)
g2c2

W , (6.69)

g2
W +W−h = g2m2

W c2
h , (6.70)

g2
W +W−S0 = g2m2

W s2
h , (6.71)

4A comparison of notations is provided in appendix A. See also footnote 3.
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and the squared masses are given by:

m2
Z

?= m2
Z0

(
1 + ϵ2t2

W

)
, (6.72)

m2
ZD

?= δ2m2
Z0

(
1 − ϵ2t2

W

)
. (6.73)

In the equations above, we have used the ?= notation to indicate the expressions obtained
in refs. [22, 44] that resulted from an inconsistent expansion in ϵ and δ. This inconsistency
becomes evident when evaluating the unitarity sum rule given by eq. (6.42) using the results
of eqs. (6.67)–(6.73) which yields

ϵ2s2
W

[
4m2

W − 3
(
δ2 + 1

)
m2

Z0

] ?= 0 . (6.74)

A consistent expansion in ϵ and δ should yield exactly zero on the left-hand side of eq. (6.74)
rather than a term of O(ϵ2).

The inconsistent expansion in ϵ and δ can also be exhibited by computing ρ′ using
eqs. (6.72) and (6.73), which yields

ρ′
?= 1 − ϵ2t2

W (1 + δ2) + O
(
ϵ4
)

, (6.75)

which differs from the expected result, ρ′ = 1 [cf. eq. (6.60)], by a term of O(ϵ2). Hence, we
conclude that the expansion utilized in refs. [22, 44] violates tree-level unitarity. Of course,
in a correct analysis, eqs. (6.68) and (6.69) should be replaced by eqs. (6.52) and (6.53),
respectively. Likewise, eqs. (6.72) and (6.73) should be replaced by eqs. (6.38) and (6.39),
respectively. After making these substitutions, the unitarity sum rules are restored, and
the condition ρ′ = 1 is satisfied.

This exercise shows the power of unitarity relations in probing the consistency of a
given model and/or the approximations chosen.

7 Conclusions

The requirement of tree-level unitarity yields sum rules among the couplings of a given
theory. The corresponding sum rules in electroweak models with an arbitrary scalar sector
based on the Standard Model gauge group SU(2)L×U(1)Y have been previously obtained in
refs. [5, 11, 12]. In this paper, we have expanded the results given in the existing literature
by considering models with an enlarged electroweak gauge group, SU(2)L×U(1)Y ×U(1)Y ′ .
We have derived sum rules involving gauge bosons and scalar bosons, and we have obtained
additional sum rules that include the couplings of gauge bosons and scalar bosons to fermions.
In particular, we found an orthogonality of seemingly unrelated couplings, extending
results presented in refs. [11, 12] for multi-Higgs doublet models with the Standard Model
electroweak gauge group.

It is instructive to apply the unitarity sum rules obtained in this paper to a concrete
extended electroweak model. Thus, we considered an SU(2)L×U(1)Y ×U(1)Y ′ gauge group
which has been employed in the literature to provide a model for a dark sector that consists
of a new gauge boson (which has been called either a dark Z ′ or a dark photon) that is
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feebly coupled to the Standard Model via kinetic mixing. The dark Z ′ can then be used
to mediate the interactions of a new fermion or scalar that is neutral with respect to the
Standard Model gauge group and hence is a candidate for dark matter. In analyzing the
SU(2)L×U(1)Y ×U(1)Y ′ model described above, we have provided exact analytical results
as well as approximate results that are obtained to first and second order in the kinetic
mixing parameter. We then demonstrate how the unitarity sum rules can be used to provide
consistency checks on these results (which allows one to expose errors that have appeared
in the literature due to inconsistent expansions).

Finally, we have introduced a parameter ρ′ of the SU(2)L×U(1)Y ×U(1)Y ′ model
that serves as the analog of the ρ parameter of the Standard Model. Whereas the tree-
level value for ρ in the Standard Model is ρ = 1, this latter result is modified in the
SU(2)L×U(1)Y ×U(1)Y ′ model, whereas the tree-level value of ρ′ = 1 is maintained. In this
analysis, it is important to define the tree-level value of the weak mixing angle θW in terms
of mW , αEM and the Fermi constant GF in order to apply the same definition of θW to
both the SU(2)L×U(1)Y and SU(2)L×U(1)Y ×U(1)Y ′ models. Having done so, one can then
relate the definitions of ρ and ρ′, to physical observables of the SU(2)L×U(1)Y ×U(1)Y ′

model. These results can be applied to models of dark photons, such as those in refs. [22, 44],
or to more specific studies of dark matter, such as ref. [49].
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A Comparison of notation between this paper and others

For the convenience of the reader, we provide a comparison of the notation employed in
section 6 with that of refs. [22, 27] in table 2.

To obtain the physical mass eigenstates of the neutral gauge boson, the first step is to
perform a field redefinition to obtain canonical kinetic energy terms (CK) for the neutral
gauge fields. One then constructs the 3×3 squared mass matrix of the neutral gauge bosons.
It is straightforward to identify the eigenstate with zero eigenvalue (corresponding to the
photon), thereby reducing the relevant neutral gauge boson squared mass matrix to a 2 × 2
matrix. In the final step, this matrix is diagonalized to obtain the mass-eigenstate fields
identified as the Z boson of the SM and the dark Z boson. Schematically, the notation for
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Parameters This paper ref. [22] ref. [27]

sine of the weak angle sW sθ ŝW

kinetic mixing term ϵ ϵ −ĉW sin χ

X field rescaling factor η cθ η/ϵ 1/ cos χ

squared mass of Z0 interaction-eigenstate m2
Z0 m2

Z,0 M̂2
Z

squared mass of X interaction-eigenstate δ2m2
Z0 δ2m2

Z,0 M̂2
Z′

Z0–X squared mass mixing angle α α ξ

Table 2. Comparison between the parameters in this paper and those of refs. [22, 27].

the fields used in this paper as compared to those of refs. [22, 27] is indicated below:

This paper:
(
W 3, B̂, X̂

)
CK−−→

(
W 3, B, X

)
P hoton−−−−→

(
A, Z0, X

)
Mass−−−→ (A, Z, ZD) ,

ref. [22]:
(
W 3, B̂, ẐD

)
CK−−→

(
W 3, B, ZD,0

)
P hoton−−−−→ (A, Z0, ZD,0) Mass−−−→ (A, Z, ZD) ,

ref. [27]:
(
W 3, B̂, Ẑ ′

)
CK−−→

(
W 3, B, Z ′

)
P hoton−−−−→

(
A, Ẑ, Z ′

)
Mass−−−→ (A, Z1, Z2) .

(A.1)

Note that the model analyzed in ref. [27] is slightly more general than the one considered
here, since the former allows for the new scalar S to have nonzero hypercharge Y . Setting
the latter to zero corresponds to setting δM̂2 = 0 in the notation of ref. [27]. Moreover,
ref. [27] defines one further field by

Â = ŝW W 3 + ĉW B̂ . (A.2)

This definition is not needed in section 6, and thus we do not make use of it.

B Algebraic conditions for ρ′ = 1

The toy model introduced in section 6 is one of many examples of theories with a tree level
value of ρ′ = 1. More generally, consider a scalar extended SU(2)L×U(1)Y electroweak
model, where each scalar multiplet (with weak isospin T and U(1)Y hypercharge Y ) satisfies

T (T + 1) = 3Y 2 . (B.1)

Such models naturally yield ρ = 1 at tree-level, independently of the values of the neutral
scalar field vacuum expectation values.

If we extend the electroweak gauge group to SU(2)L×U(1)Y × U(1)Y ′ , then we must
assign U(1)Y ′ quantum numbers to all the scalar fields. As a concrete example, suppose
we consider a scalar sector that contains the SM Higgs doublet field and a second scalar
multiplet with gauge quantum numbers (T, Y, Y ′). Then, the squared mass matrix previously
obtained in eq. (6.21) is modified as follows:

M2
ZZD

= m2
Z0

1 − g2δ2[T (T +1)−3Y 2]
2c2

W g2
D

×
× ×

 , (B.2)
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where the matrix elements denoted by × above are not relevant for this discussion. In
particular, the matrix element explicitly exhibited in eq. (B.2) does not depend on Y ′ and
thus can be identified with mZ0 = mW /cW when eq. (B.1) is satisfied. Because the definition
of ρ′ makes use of the relation mZ0cW = mW with mZ0 as defined in eq. (6.16), the analysis
of section 6.2.4 implies that ρ′ = 1 at tree level when (B.1) is satisfied, independently of
the values of the neutral scalar field vacuum expectation values.

In the toy model introduced in section 6, the SU(2)L×U(1)Y × U(1)Y ′ gauge quantum
numbers of the scalar field S are (T, Y, Y ′) = (0, 0, 1). In this case, eq. (B.2) reduces to the
squared mass matrix obtained in eq. (6.21), and we obtain ρ′ = 1 as advertised. Moreover,
in this simple model, the tree-level value of ρ ∼ 1 [cf. eq. (6.62)] because the off-diagonal
element of eq. (6.21) were proportional to the small kinetic mixing parameter ϵ. This latter
result does not persist in more general models where eq. (B.1) is satisfied and ρ′ = 1 is
obtained. To illustrate this point, consider a modification of the toy model examined in
section 6 in which ϵ = 0 and S is replaced by a scalar field with gauge quantum numbers
(T, Y, Y ′) such that eq. (B.1) is satisfied. In this case, the squared mass matrix previously
obtained in eq. (6.21) is modified as follows:

M2
ZZD

= m2
Z0


1 −g Y δ2

cW gD

−g Y δ2

cW gD
δ2

 . (B.3)

Because this matrix is not diagonal, sin α is now determined by vD/v and gD. In this case,
eq. (6.61) shows that the tree-level value of ρ can deviate significantly from 1, since there is
no reason for sin α to be particularly small.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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