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The exceptional region of the parameter space (ERPS) of the two Higgs doublet model (2HDM) is
defined to be the parameter regime where the scalar potential takes on a very special form. In the standard
parametrization of the 2HDM scalar potential with squared mass parameters m73,, m3,, m?,, and
dimensionless couplings, 4,45, ...,47, the ERPS corresponds to 4, = 4,, 4; = —4, m%l = m%z and
m?, = 0, corresponding to a scalar potential with an enhanced generalized CP symmetry called GCP2.
Many special features persist if 2, = 1, and A; = —J4 are retained while allowing for m?, # m3, and/or
m?, # 0, corresponding to a scalar potential with a softly broken GCP2 symmetry, which we designate as
the ERPS4. In this paper, we examine many of the special features of the ERPS4, as well as even more
specialized cases within the ERPS4 framework in which additional constraints on the scalar potential
parameters are imposed. By surveying the landscape of the ERPS4, we complete the classification of
2HDM scalar potentials that exhibit an exact Higgs alignment (where the tree-level couplings of one neutral
scalar coincide with those of the Standard Model Higgs boson), due to a residual symmetry that is unbroken
in the vacuum. One surprising aspect of the ERPS4 is the possibility that the scalar sector is CP-conserving
despite the presence of a complex parameter of the scalar potential whose complex phase cannot be
removed by separate rephasings of the two scalar doublet fields. The significance of the ERPS4 regime for
custodial symmetry is also discussed, and the cases where a custodial symmetric 2HDM scalar potential
preserves an exact Higgs alignment are elucidated.
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I. INTRODUCTION

After the discovery of the Higgs boson at the LHC [1,2],
the ATLAS and CMS collaborations have ascertained
that the observed properties of the Higgs boson are
consistent with the corresponding predictions of the
Standard Model (SM). Various production mechanisms
and decay channels have been detected, and many of the
observed signal strengths are consistent with SM expect-
ations given the current precision of the LHC Higgs data,
typically in the range of 10%—20% depending on the final
state observable [3-6].

Can it be true that the scalar sector of the SM consists of
a single spin-0 boson? In light of the nonminimal nature
of the SM fermions (which consist of three generations of
quarks and leptons) as well as the nonminimal nature of the
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SM gauge group [which is the direct product of two non-
Abelian groups and the weak hypercharge U(1)y], it would
be surprising if the scalar sector did not possess a non-
minimal structure as well. Extended Higgs sectors have
been proposed and explored in the literature since the birth
of the Standard Model. Indeed, an important part of the
LHC Higgs program is to search for the existence of new
scalar states related to the observed Higgs boson, and to
study their properties if found.

Of course, an arbitrary extended Higgs sector can in
many cases be ruled out by current experimental data. The
observed electroweak p parameter [7—10], which is close to
1, and the absence of tree-level Higgs-mediated flavor
changing neutral currents (FCNCs) that otherwise would
lead to observable FCNC effects, in conflict with current
experimental bounds, impose significant constraints on any
theory with an extended Higgs sector. The two Higgs
doublet model (2HDM), which is one of the simplest
extensions of the SM, possesses two scalar doublet fields
@, and @, [11-13], each with the same hypercharge ¥ = 1
(in a convention where the electric charge is given by
0=T5+ % Y). Nearly all of the new scalar physics
phenomena expected in theories of extended Higgs models
can be found in the 2HDM-—charged scalars, CP-odd
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scalars (in models with a CP-conserving scalar sector) and/
or scalars of indefinite CP-quantum numbers (in models
with a CP-violating scalar sector). Moreover, the 2HDM
predicts a tree-level value of p = 1 and is also compatible
with the absence of tree-level Higgs-mediated FCNCs with
a suitably chosen Higgs-fermion Yukawa interaction
[14,15].1 Finally, the 2HDM has often been employed in
theories that introduce physics beyond the SM to solve
other conceptual problems of the Standard Model. Two
well-known examples are the minimal supersymmetric
extension of the Standard Model (MSSM), which employs
the Higgs sector of the 2HDM [19-22] and has been used to
provide an explanation of the origin of the energy scale of
electroweak symmetry breaking [23], and the inert doublet
model (IDM) [24,25], which is a special case of the 2HDM
that provides a candidate for dark matter [26-28].

Despite the simplicity of the 2HDM, the corresponding
scalar sector in its most general form is governed by 11
independent parameters [29]. However, additional theo-
retical assumptions can be brought to bear to reduce this
large number of parameters. For example, to avoid the
presence of tree-level Higgs mediated FCNCs in a natural
way (i.e., without a fine-tuning of parameters in the
Yukawa Lagrangian), one can introduce a Z, discrete
symmetry under which one of the Higgs doublet fields
is even and the other is odd. An appropriate assignment of
Z, quantum numbers to the fermion fields then provides a
symmetry explanation for the absence of Higgs-mediated
tree-level FCNCs [14,15]. In fact, this result is robust even
in the presence of a soft breaking of the Z, symmetry by
squared mass parameters appearing in the scalar potential.
The softly broken Z,-symmetric 2HDM is governed by
nine independent parameters and is called the complex
2HDM (C2HDM) [30-38].

There is some motivation to try to reduce the parameter
count even further. For example, imposing CP invariance
on the scalar potential [11] would reduce the number of
independent parameters to eight, corresponding to the
vacuum expectation value, v =~?246 GeV, four scalar
masses, two real angles, and one scalar self-coupling. As
another example, consider the requirement that one of the
scalar states of the 2HDM should resemble the SM Higgs
boson. One way of achieving this result is to posit an
additional symmetry of the scalar potential, which would
further reduce the number of independent scalar sector
parameters [39,40].

The exceptional region of the parameter space of the
2HDM, first introduced in Ref. [29], and designated by
the acronym ERPS in Ref. [41], corresponds to a special
parameter regime in which the coefficients of (CIDI(D 1)? and

(<D;CI>2)2 appearing in the 2HDM scalar potential are set

'Radiative corrections to the predicted value of p and the size
of Higgs-mediated FCNCs impose some interesting constraints
on the 2HDM parameter space (e.g., see Refs. [16—18]).

equal and the coefficient of (®®,)(DI®,) is the negative
of the coefficient of (®]®,)(®)®,). In addition, the
squared mass coefficients of dﬂd)l and <I>;<I>2 are set equal

and the squared mass coefficient of dJI(I)Z + H.c. is set to
zero. The number of free parameters of the ERPS is five,
consisting of v and the four scalar masses. The ERPS
conditions can be enforced by a global symmetry. Allowing
for the conditions on the quadratic terms of the scalar
potential to be relaxed, which would constitute a soft
breaking of the global symmetry, still yields a rather
exceptional region of the 2HDM parameter space, which
we shall henceforth denote as the ERPS4 in order to
emphasize that the global symmetry of the ERPS is still
respected by the dimension-four terms of the scalar
potential.

The ERPS4 is governed by eight parameters in its most
general form, and the corresponding scalar potential is
explicitly CP violating. If in addition one imposes a CP
symmetry on the scalar potential (which may or may not be
violated by the vacuum), the number of parameters is
reduced by one. One can identify the seven parameters as v,
four scalar masses, one real angle and one scalar self-
coupling. One may also impose additional softly broken
symmetries within the class of the ERPS4 scalar potentials,
which yields a subset of the ERPS4 with additional
exceptional features. All scalar potentials obtained in this
way automatically possess a CP-conserving scalar poten-
tial and vacuum. The 2HDM employed in the MSSM
provides one such example.

It is worth highlighting a number of the exceptional
features of scalar potentials that reside within the ERPS4.
First, in contrast to a generic 2HDM, if the conditions on
the scalar potential parameters that define the ERPS4 hold
in one scalar field basis,” then they are satisfied in all scalar
field bases.

Second, in a softly broken Z,-symmetric 2HDM, there
are two potentially complex coefficients of the scalar
potential, denoted by m3, and As in Eq. (2.1), since the
other two complex coefficients in Eq. (2.1) are 4¢ = 1;, =0
as a consequence of the Z, symmetry. Generically, one
finds that the scalar potential is explicitly CP conserving if
and only if Im(2[m3,]?) = 0, since the latter condition
implies that one can rephase the scalar fields ®; and @, to
remove the complex phases of m3, and As. The resulting

*One is always free to change the scalar field basis by
redefining the scalar fields, ®, - U, ;®, (summed over
b =1, 2 following the index notation of Ref. [29]), where U
is an arbitrary U(2) matrix. A particular choice for ®; and ®, is
called a choice of scalar field basis. In a generic 2HDM, the
squared mass coefficients and dimensionless quartic coefficients
that appear in the scalar potential will be transformed by a change
of scalar field basis. Often, relations among parameters that are
valid in one basis cease to be valid in a different basis. The ERPS4
conditions are notable in that they hold in all scalar field bases.
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scalar potential is then invariant with respect to the CP
transformation, ® — ®*. Remarkably, the “only if” part of
this statement is no longer true in the ERPS4. We find
that in the special case of (®V) = (®9), the scalar
potential is explicitly CP conserving despite the fact that
Im(2%[m?,]?) # 0. Indeed, we can identify the modified
definition of CP that governs the ERPS4 in this special
case. Moreover, if we constrain the ERPS4 by adding an
additional softly broken global symmetry, we find that the
“only if” part of the original statement is no longer true
independently of the scalar field vacuum expectation
values. Once again, we can understand this behavior
by identifying an appropriately redefined generalized
CP-transformation law (as shown explicitly in the
Appendix C).

Third, the Higgs alignment limit [42—47] (in which the
tree-level properties of one neutral scalar coincide with
those of the SM Higgs boson) can be achieved by imposing
a symmetry on the scalar potential [39,40]. For example,
exact Higgs alignment is realized in the IDM, where the
scalar potential and vacuum both respect a Z, symmetry. It
is of interest to classify all possible symmetries of the scalar
potential beyond the Z, symmetry of the IDM in which the
Higgs alignment is exact. All scalar potentials of the ERPS
fall within this class. But, one can also maintain exact
Higgs alignment in some cases in which the symmetry is
softly broken, corresponding to the ERPS4. Including these
cases completes the classification of all symmetry based
explanations for exact Higgs alignment in the 2HDM.

Fourth, it is known that custodial symmetry is an
accidental symmetry of the SM Higgs potential [48,49].
In the 2HDM, the custodial symmetry is an accidental
symmetry of the scalar potential if an additional constraint
is imposed [50-54]. A custodial symmetric 2HDM scalar
potential is automatically CP conserving. Additional acci-
dental symmetries can arise in special regions of the
parameter space. Of particular interest is the case of a
custodial symmetric scalar potential that preserves an exact
Higgs alignment. Indeed, with two exceptions, the resulting
scalar potential is necessarily in the ERPS4 regime.

In Sec. II, we introduce the 2HDM with a softly broken
Z,-symmetric scalar potential. The possible enhanced
global symmetries of the 2HDM scalar potential beyond
the Z, symmetry are summarized in Sec. III, and their
connections to the ERPS are exhibited in Sec. IV. In this
section, we provide a set of basis-independent conditions
that correspond to the ERPS4 and special subregions of the
ERPS4 where additional global symmetries (perhaps softly
broken) are imposed.

A convenient scalar field basis for the ERPS4 is one
where the softly broken Z, symmetry and a softly broken
permutation symmetry (that interchanges ®; <> ®@,) are
simultaneously imposed. We examine the properties of the
resulting scalar sector in Sec. V and note that for generic
choices of the parameters, the scalar potential is CP

violating. If the corresponding scalar potential is explicitly
CP conserving, then CP may or may not be spontaneously
broken by the vacuum. The CP-conserving ERPS4 is
examined in detail and we exhibit the special parameter
regime where CP is conserved, despite the fact that a
simple rephasing of ®@; and @, is not sufficient to produce a
scalar potential whose parameters are all real. In Sec. VI,
we extend the softly broken Z, symmetry to U(1) and
explore the properties of this special subregion of the
ERPS4. One can show that the corresponding scalar
potential respects a generalized CP symmetry (denoted
by GCP3) when expressed in a different scalar field basis.
The implications of the scalar potential when expressed in
terms of the GCP3 basis of scalar fields are exhibited in
Sec. VII and the relations between the scalar potential
parameters in the two different basis choices is made
explicit in Sec. VIII.

As noted above, exact Higgs alignment is realized in the
ERPS. If soft-symmetry breaking squared mass terms are
included, the resulting ERPS4 may or may not exhibit exact
Higgs alignment. In Sec. IX, we provide a complete
classification of the symmetries (which in some cases is
softly broken) that naturally yield a neutral scalar mass
eigenstate whose tree-level properties are identical to those
of the SM Higgs boson. In Sec. X, we combine exact Higgs
alignment with the constraint of custodial symmetry and
exhibit the implications for the ERPS4 regime. Conclusions
and future directions appear in Sec. XI, followed by five
Appendixes that provide additional details on the conse-
quences of the ERPS4 for CP symmetry and other related
matters.

II. 2HDM WITH A SOFTLY BROKEN
Z,-SYMMETRIC SCALAR POTENTIAL

Let ®@; and ®, denote two complex Y =1, SU(2),
doublet scalar fields. The most general gauge invariant
renormalizable scalar potential (in the ®-basis) is given by

V =m}, @@, + m3,®®, — [m},®|®, + H.c/]

1 1
+ 5/11 (@) + 5,12(q>§q)2)2 + 13 (DD, ) (P)D,)
1
+ 4y (D] D) (DID,) + {5/15(613;‘1)2)2

+ [A6(@T @) + 2 (DS D, )| D] D, + Hc} (2.1)

In general, m?,, 15, A and A7 can be complex. To avoid tree-
level Higgs-mediated FCNCs, we shall impose a softly
broken discrete Z, symmetry, ®; — +®; and &, - —D,
on the quartic terms of Eq. (2.1), which implies that
J¢ = A7 =0, whereas m3, # 0 is allowed. In this basis
of scalar doublet fields (denoted as the Z, basis), the
discrete Z, symmetry of the quartic terms of Eq. (2.1) is
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manifestly realized. In the Z, basis, it is convenient to
rephase the scalar fields such that As is real. Then, the
requirement that ) is bounded from below yields the
following conditions [55,56]3:

A >0, Ay >0, A3 > —(A14)"/2,

/13 +/14 Zl:/15 > —(/11/12>1/2. (22)

The scalar fields will develop nonzero vacuum expect-
ation values (vevs) if the Higgs mass matrix m%j has at least
one negative eigenvalue. We assume that the parameters of
the scalar potential are chosen such that the minimum of the
scalar potential respects the U(1)g,, gauge symmetry.
Then, the scalar field vevs are of the form

w=5() @il e

where cy=cosp=wv;/v and sz=sinf =uv,/v with
v = (v} + v3)!/? ~246 GeV. By convention, 0 < <irx
and 0 < & < 2r.

The parameters v, v, and £ are determined by minimiz-
ing the scalar potential. The resulting minimization con-
ditions in the case of 44 = A; = 0 and real A5 are given by

. 1 1
mi v = Re(mi,e)v, — 5/11”% - 5/13457)1”%7 (2.4)
2 2 e 1, 51 2
m3, vy = Re(miye™)v, — 5/12”2 - 5/134502”17 (2.5)
2 i Lo
Im(mj,e)v, = 5/151;11)2 sin 2¢, (2.6)
2 i Lo
Im(mi,e)v, = 5/151121)1 sin 2&, (2.7)

where A345 = A3 + 44 + 15 cos 2&. Note that both Egs. (2.6)
and (2.7) are provided in case one of the vevs vanishes. If
both v; # 0 and v, # 0O, then the minimization conditions
simplify,

) 1 1
m3, = Re(m3,e”) tan f — Ellvzcﬁ — 5134511%; (2.8)

) 1 1
m3, = Re(m3,e’) cot p — E/lzvzsé - 5/1345v2c§, (2.9)

’If Eq. (2.2) is satisfied then the softly broken Z,-symmetric
tree-level scalar potential is said to be stable in the strong sense. If
we replace > with > in one of the above inequalities (corre-
sponding to a particular direction in field space) and then impose
the condition that the sum of the quadratic terms in the same field
direction is strictly positive, then the scalar potential is said to be
stable in the weak sense [56].

, 1
Im(m3,e) = E/lsvzs/;cﬁ sin 2¢. (2.10)

The value of the potential at the minimum is given by

1
Viin = 3 v?

5 mi cj + m3,s5 — 2Re(mi,e)spcy

1 1 1
+ Zﬂlﬂzcz + 1/121)25‘2 + 513457]25%6%

= — é ’[]4 [/‘LIC?} —+ /12S73 + 213456%6’%3}, (21 1)
after making use of Egs. (2.8) and (2.9). In light of
Eq. (2.2), Vpin <0, which means that the extremum
with v; = v, = 0 always is less favorable than the asym-
metric minimum, assuming that there is a solution to
Egs. (2.4)—(2.7) with nonvanishing vevs.

If one of the two vevs vanishes, then the minimization
conditions are given by

m3, =0, m%zz—iﬂzvz, ifv;=0 and v,=v, (2.12)

mi, =0, m3 :—5/11112, ifv,=0 and v,=v. (2.13)
This corresponds to an inert phase in which there exists a
Z, symmetry that is respected both by the scalar potential
and the vacuum. This phase exists if and only if m?, =0
and m3, <0 [m?, < 0] in the case of v; =0 [v, = 0].
These two cases are physically equivalent, as they are
related by a basis change where ®; <> ®,. The inert
phase is stable if all the physical scalar squared masses
are non-negative.

III. ENHANCED GLOBAL SYMMETRIES
OF THE SCALAR POTENTIAL

The possible global symmetries of the 2HDM scalar
potential have been classified in Refs. [41,57-59]. Starting
from a generic ®-basis, these symmetries fall into two
separate categories: (i) Higgs family symmetries of the
form ®, —» U,,®,, and (ii) generalized CP (GCP) sym-
metries of the form ®, — U,,®;, where U resides in a
subgroup (either discrete or continuous) of U(2). Although
it might appear that the number of possible symmetries is
quite large, it turns out that different choices of U often
yield the same constraints on the 2HDM scalar potential
parameters.

The full global U(2) Higgs family symmetry trans-
formation is the largest global symmetry group under
which the gauge covariant kinetic terms of the scalar fields
are invariant. Moreover, the scalar potential is invariant
under a global hypercharge transformation, U(1)y, which
is a subgroup of U(2). Thus, any enhanced Higgs family
symmetries that are respected by the scalar potential would
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be a subset of the U(2) transformations that do not contain
U(l)y as a subgroup. We summarize below possible
discrete and continuous Higgs family symmetries modulo
the U(1)y hypercharge symmetry that can impose con-
straints on the 2HDM scalar potential in Tables I and II.

Note that the list of symmetries in Table I contains a
redundancy. Although it might appear that the Z, and II,
discrete symmetries are distinct (as they yield different

TABLE I.  Classification of the Higgs family symmetries of the
scalar potential in a generic ®-basis where the symmetries are
manifestly realized [41,57-59]. Note that Z, is a subgroup of
U(1)pg. The corresponding constraints on the 2HDM scalar
potential parameters are shown in Table IIL.

Transformation law

(Dz g —(Dz

Symmetry

Z O, - Dy,

I1, (mirror symmetry) &; < &,

U(1)pq (Peccei-Quinn @) — e 0@, @, — ¢?D,,
symmetry [60]) for iz <0 <iz

SO(3) (maximal Higgs ®, — U,,®,, where U € U(2)/U(1)y
flavor symmetry)

TABLE 1II. Classification of the generalized CP (GCP) sym-
metries of the scalar potential in the ®-basis [41,57-59]. Note
that a GCP3 symmetry transformation with any value of @ that
lies between 0 and %7: yields the same constrained 2HDM scalar
potential. The corresponding constraints on the 2HDM scalar
potential parameters are shown in Table III.

Symmetry Transformation law
GCP1 P - D], D, - D
GCP3 * * 5
D, —><chos.9—|—d>251n6’  for0<0<lz
@, —» —D7sinf+ D} cosd
TABLE III.

constraints on the 2HDM scalar potential parameters in the
®-basis), one can show that starting from a I1,-symmetric
scalar potential, one can find a different basis of scalar
fields in which the corresponding scalar potential mani-
festly exhibits the Z, symmetry, and vice versa [29]. In
Table III, the constraints of the various possible Higgs
family symmetries and GCP symmetries on the 2HDM
scalar potential in a generic ®-basis are exhibited. In the list
of symmetries, U(1) corresponds to U(1)pq (henceforth, we
shall suppress the PQ subscript).

One can also consider applying two of the symmetries
listed above simultaneously in the same basis. It was shown
in Refs. [41,57] that no new independent models arise in
this way. For example, applying Z, and II, in the same
basis yields a Z, @ Il,-symmetric scalar potential that is
equivalent to GCP2 when expressed in a different basis.
Similarly, applying U(1) and I, in the same basis yields a
U(1) ® IT,-symmetric scalar potential that is equivalent to
a GCP3-symmetric scalar potential when expressed in a
different basis. This equivalence of GCP3 and U(1) ® II,
is explicitly demonstrated in Sec. VIIIL.

There are a number of additional Higgs family sym-
metries and generalized CP symmetries that are closely
related to the ones displayed in Tables I and II that will be
useful in our work. In Tables IV and V, we have listed three
additional Higgs family symmetries and two additional
GCP symmetries that can be used to constrain the param-
eters of the 2HDM scalar potential. The corresponding
constraints are exhibited in Table VI. Given scalar poten-
tials where IT,, U(1)" and GCP3 symmetries are manifestly
realized, the basis change,

D, - D, D, — iD,, (3.1)
yields m?, — im?,, s = —1s, dg — ids and A7 — ily, and
produces a scalar potential where IT,, U(1)” and GCP3’
symmetries, respectively, are manifestly realized.

Classification of 2HDM scalar potential symmetries and their impact on the parameters of the scalar

potential [cf. Eq. (2.1)] in the ®-basis [41,57-59]. Empty entries correspond to a lack of constraints on the
corresponding parameters. Note that I1,, Z, ® I1, and U(1) ® II, are not independent from other symmetry
conditions, since a change of scalar field basis can be performed in each case to yield a new basis in which the Z,,
GCP2 and GCP3 symmetries, respectively, are manifestly realized.

Symmetry m%z m%z A n Rels ImAis ¢ e
Z, 0 0 0
I, m?, Real A 0 Aé
7, @11, m%l 0 M 0 0 0
u() 0 0 0 0 0
U(l) ® I, m%l 0 A4 0 0 0 0
SO@3) m, 0 A A=A 0 0 0 0
GCP1 Real 0 Real Real
GCP2 m%l 0 M —e
GCP3 m?, 0 A A=A =N 0 0 0
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are shown in Table VI.

Symmetry Transformation law Related symmetry
H/Z @1 d (1)2, q)2 d _q)l H2
u(1) @, - O, cosd + D, sinb, ®, > —@, sinf + d, cos U(1)pq
u(1)” O, > @, cosf + iD, sin b, ®, — (D, sinf + d, cosH U(1)pg

The origin of U(1)’ is slightly more subtle and is derived
in Sec. VIIL. It arises in the following way. We have noted
above that the U(1) ® I1, and GCP3 symmetries are
equivalent in the sense that the scalar field bases in which
these symmetries are manifestly realized are related by a
change in basis. Moreover, as shown in Sec. VIII, by
transforming from the U(1) ® I, basis to the GCP3 basis,
the U(1) symmetry constraints are mapped onto the U(1)’
symmetry constraints.

Starting from a GCP1 symmetry transformation in the ®-
basis, consider an arbitrary basis change, ® - @ = U®.
Then, Egs. (C18) and (C28) yield the corresponding GCP
transformation in the @®'-basis, ® — V®*, where V = UUT

TABLE V. Generalized CP (GCP) symmetries of the scalar
potential in the ®-basis that are related by a change of basis to the
GCP symmetries of Table II. Note that a GCP3’ symmetry with
any value of @ that lies between 0 and %:r yields the same
constrained 2HDM scalar potential. The corresponding con-
straints on the 2HDM scalar potential parameters are shown in
Table VI.

is a symmetric unitary matrix. The choice of V = ({})

corresponds to the definition of GCP1’ exhibited in
Tables V and VL In contrast to the GCP1 symmetry, the
GCP1’ symmetry transformation is especially noteworthy
in that it does not enforce reality conditions on the
potentially complex parameters m?,, As, 4¢ and A;.

Finally, it should be noted that the constraints on the
scalar potential in a scalar field basis where the GCP3
symmetry is manifestly realized are precisely the same as
the constraints due to the U(1) ® Z, family symmetry
when imposed in the same basis of scalar fields. This
should be contrasted with the U(1) ® IT,-symmetric scalar
potential, which is equivalent to the GCP3-symmetric
scalar potential when expressed with respect to a different
scalar field basis. Likewise the parameter constraints in a
basis where the GCP3’ symmetry is manifestly realized
coincide with those that arise from the U(1)"” ® Z, family
symmetry.

IV. AN EXCEPTIONAL REGION OF THE
2HDM PARAMETER SPACE

. Related The exceptional region of the parameter space (ERPS) of

Symmetry Transformation law symmetry  the 2HDM corresponds to a regime in which the parameters
GCPl! @, > @}, @, > d; GCP1 of the scalar potential satisfy the following conditions:
GCP3 m}, = m3,, m3, =0, 4} =1, and A; = —A. These con-

GCP3’ * —i®*si
{<I>1 — ®jcosf—id;sinf for 0 < 6 < %”

D, — i®]sinf — D5 cos 0

TABLE VI

ditions can be imposed by a GCP2 symmetry,

The impact of the 2HDM scalar potential symmetries listed in Tables IV and V on the parameters of

the scalar potential [cf. Eq. (2.1)] in the ®-basis. Empty entries correspond to a lack of constraints on the
corresponding parameters. Note that the constraints on the scalar potential parameters due to the Z, ® I1,, GCP3
and GCP3’ symmetries coincide with those of the IT, ® I}, U(1)’ ® Z, and U(1)"” ® Z, symmetries, respectively.

Symmetry m%z m%z /12 Re/’{5 ImS /16 17
I m?, Pure imaginary A 0 -
I, ® I m?, 0 A 0 0 0
u(ry m, Pure imaginary R A=Ay — Ay 0 0 0
U(l)” m%l Real /11 /13 +/‘L4 —/11 0 O 0
U(l), ® Z2 m%l 0 /11 21 - /13 - 24 0 0 0
U’ ® z, m?, 0 R Iy + Ay — A4 0 0 0
GCPI' m?, A As
GCP3' m, 0 A ds 4+ A — Ay 0 0 0
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However, in the case of a softly broken GCP2 symmetry,

the conditions on the m,zj are relaxed. In general, one can

take m?, # m3, and allow for nonzero complex values of
m?,. The resulting parameter regime maintains many of the
exceptional characteristics of the ERPS and will henceforth
be designated as the ERPS4.

If the relations, 4; = 4, and 4; = —Ag, hold in one scalar
field basis, then they hold in all choices of the scalar field
basis. Indeed, one can construct a quantity, Z, which is
explicitly given in Eq. (B5), which is manifestly basis
invariant under a change of scalar field basis. Evaluating
this invariant in a generic ®-basis, we obtain

Z == =)+ A + A7)*. (4.2)

Bl

Thus, the invariant condition for the ERPS4 is Z =0,
which yields 4; = 1, and 4; = —J¢ for any choice of the
scalar field basis. Moreover as first noted in Ref. [29], there
exists a choice of basis such that 4, = 4; = 0 and 45 is real.
This basis corresponds to an enhanced symmetry obtained
by simultaneously imposing a Z, and Il, symmetry,

Zz: (I)l - q)l,

CI)Z b —@2’ (43)

I,: ® < &,, (4.4)
on the quartic terms of the scalar potential. Indeed, this
symmetry adds the constraints, 4 = 4; = 0 and 45 € R to
the ERPS4 conditions. That is, a softly broken GCP2-
symmetric scalar potential can be realized as a softly
broken Z, ® Il,-symmetric scalar potential in a different
scalar field basis. A simple proof of this result is given
below Eq. (4.20).

One can impose an additional constraint on the ERPS4
by imposing a GCP3 symmetry,

®; - ®jcosf + D sind,

D, - —Djsinf + d} cos b, (4.5)

for all 0 <0 < %ﬂ'. This symmetry adds the additional
constraint, 15 = A; — A3 — 44 (which implies that 45 is real).
We will allow for a general soft breaking of the GCP3
symmetry so that one can again take m?, # m3, and allow
for nonzero complex values of m?,. Another possible
choice for an enhanced symmetry is to impose simulta-
neously a U(1) and I1, symmetry [41],

U(l): @&, - e ",

@, - Dy, (4.6)

Hz: q)l <> q)z, (47)

for any 0 < 0 < %ﬂ'. This symmetry adds the constraint
A5 =0 to the Z, @ I, symmetry. As shown explicitly in
Sec. VIII, if the 2HDM scalar potential respects a GCP3
symmetry, then there exists a basis of scalar fields in which
the symmetry can be identified as U(1) ® II,.

A basis-invariant condition can be found that corre-
sponds to the case in which the quartic terms of the scalar
potential respect the GCP3 symmetry in some basis. The
invariant was first constructed in Ref. [41]4 and then
rederived using a different technique in Appendix B of
Ref. [61]. Below, we shall review the method employed in
Ref. [61] while providing additional details of the
derivation.

First, we make use of the notation of Eq. (C4) to
assemble the 2HDM scalar potential couplings into a rank
four tensor denoted by Z,, ., It is also convenient to
introduce a related rank four tensor,

Zab,cd = Zba,cd = Zab.dcv (48)
where the two expressions for Zab,cd given above are
equivalent in light of Egs. (C2) and (C4). Next, we define
a three-vector whose components Pg (for B =1, 2, 3) are
given by

PB = (Zab,cd + Zab,cd)(scaagbv (49)

-

and a 3 x3 real symmetric matrix whose elements D, are
given by [61,62]

1 - 1 5
Dap= (ZabcatZap.ca)0eatl, _E(Zab,ab +Zapap) 5,

(4.10)

where the ¢* are the Pauli matrices and there is an implicit
sum over repeated indices. Under a change of scalar field
basis, ® - @ = U®, Eq. (C8) yields

PB_)PIB:RBDPD’

Dag = D)y = RacRppDcp = (RDRT) 45, (4.11)

after employing the identity UT6AU = R ,z06%, where R is
a real orthogonal matrix that is explicitly given by

“The published version of Ref. [41] contains some typographi-
cal errors—in Eq. (39), det A should be replaced by —det A and
in Eq. (44), % should be replaced by % All other equations in
Sec. I1E of Ref. [41] are correct.

Quantities that are invariant with respect to scalar field basis
transformations can be constructed out of objects such as Dyp.
Although D,p is not an invariant, related objects such as TrD,
det D and the eigenvalues of D can be used to construct invariant
quantities. Ivanov published the first paper that presented this
strategy in Ref. [62].
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Rap = %Tr(UToA Uc®). (4.12)

Using the Kronecker product notation introduced in
Egs. (C9) and (C14), we can rewrite Eq. (4.10) in a
convenient form in terms of two 4 x 4 matrices, Z and
Z, where Z is defined in Eq. (C5) and Z is obtained from Z
by interchanging A3 <> 44. Then, the equivalent forms of
Egs. (4.9) and (4.10) are given by

1 -
PB :ZTT[(H3X3 ®O'B)(Z+Z)], (413)
where 13,3 is the 3 x 3 identity matrix, and
1 - 1 -

Using Z,p, cq = Zpg g Icf. Eq. (4.8)], it follows that
Tr[(6c* @ 6®)(Z + Z)] = Tr[(6® @ 6*)(Z + Z)], (4.15)
which shows that D is a symmetric matrix. Moreover,

> Tr[(6° ®6€)(Z+2)| =Tr(Z+ 2)
C

which implies that D is a traceless matrix. Indeed, a
straightforward calculation yields

p= (Re(/16 +25) = Im(Jg + 21) % (4 — m) (@17)

6

and
- % A + RC/IS —IITM.S RC(/I6 — 17)
D = —ImAs - % A — Rels —Im(/16 -4 |,
Re(dg —4;) —Im(1g — ;) ZA
(4.18)
where
1

In particular, the following condition for the ERPS4, which
makes use of the vector Py [cf. Eq. (4.17)], reproduces the
invariant previously given in Eq. (4.2),

®The matrix D is related to A employed in Ref. [41] by
D = A —L1(TrA)s,5. Thus, if A is an eigenvalue of A then
A— %Tr[\ is the corresponding eigenvalue of D. Consequently,
the condition for degenerate eigenvalues is the same if applied to
either D or A. There are some advantages to employing
Eq. (4.18), as the condition TrD = 0 simplifies the algebraic
manipulations.

1
ZEZPBPB:Z(M ~X)? + A6+ 27 =0.  (4.20)
B

We now prove that if 1; =41, and 4; = —J¢ in the
®-basis, then there exists a @'-basis, defined by @ = UD,
in which 2} =2, and Imi = A, = 4, = 0. In light of
Eq. 4.17), if 4 = 4, and 4; = —J¢ in the ®-basis then
it follows that P = 0. Moreover, D is a real traceless
symmetric matrix [cf. Eq. (4.18)], which can always be
transformed into a real diagonal matrix via an orthogonal
similarity transformation. Thus, there exists a real orthogo-
nal matrix R [explicitly given in terms of U in Eq. (4.12)]
such that P’ =RP =0 and D' = RDR' is diagonal.
Noting the explicit forms of P and D given above,
it follows that 1} =1, and ImA; =4, =4, =0 in the
@'-basis, as previously asserted.

Next, we demonstrate, following Ref. [61], that there
exists a basis in which the Peccei-Quinn U(1) symmetry of
the quartic terms of the scalar potential is manifestly
realized if and only if Pp and D,p can be written in the
following forms:

1
Pg = ¢yq3, Dyp = c;3 <CIA¢]B _§5AB>v (4-21)

where the g5 are components of a real three-vector of unit
length and ¢, and c5 are constants. It then follows that

2
Tr(Dz) :gcg,
1 2
detD = gTr(D3) = EC%,

TrD =0,
(4.22)

which yields a characteristic equation for the eigenvalues of
D [cf. Egs. (4.27)-(4.30)],

1 2 1 \? 2
x3—§c§x—ﬁc%: <x+§c3) <x—§c3) =0. (4.23)

Hence, the eigenvalues of D are — % c3, — % c3,and % c3. That
is, if D # 0 then two of the eigenvalues of D are degenerate.

Moreover, in light of the eigenvalue equation,

1 2
Dypqgp = ¢3 <61ACIB - §5AB> ): §C3QA’ (4-24)

it follows that g, is the eigenvector of the nondegenerate
eigenvalue. Thus, in a scalar field basis in which D as
defined by Eq. (4.18) is diagonal with two degenerate
diagonal elements, it follows that 15 = 0 and A¢ = 45, in
which case we can identify c; = A and the unit vector
g = (001). Applying this result for ¢ in Eq. (4.21) and
comparing with Eq. (4.17) then yields ¢, = % (4; — 4,) and
A3 = —Jg. Hence, we conclude that 15 = 4 = A; = O in the
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D-diagonal basis, corresponding to a softly broken U(I)PQ—
symmetric scalar potential.

If we now impose the ERPS4 condition on the softly
broken U(1)po-symmetric scalar potential then 4, = 4,,
which implies that P = 0. In this case, the quartic terms of
the scalar potential respect a U(1) ® II, symmetry. Given a
softly broken U(1) ® IT,-symmetric scalar potential in the
d>-b7asis, one can perform a basis change ® = U® such
that

1 0
R=|0 0 -1 (4.25)
0 0

Then, Eq. (4.11) yields P' =0, ImA; = A4y = 4, =0 and

1 2 1
—y A Rely = TA = -2 A

= - (4.26)

It follows that A" = Res. That is, 2] =24, =5+, + A%,
and ImA§ = A, = 1}, = 0, which are the conditions for a
softly broken GCP3-symmetric scalar potential in the
@'-basis.

Finally, if D=P =0 then 4, =1, =43+ 44 and
As = ¢ = 43 =0, corresponding to a scalar potential
whose quartic terms respect an SO(3) symmetry. In
summary, we have successfully provided simple basis-
invariant conditions for the 2HDM with a softly broken
U(1), GCP2 [or Z, ® I1,], GCP3 [or U(1) ® I1,] and
SO(3) symmetry, respectively.

Thus, we seek a condition that guarantees that the matrix
D given in Eq. (4.18) possesses two degenerate eigenval-
ues. In general, the characteristic equation of a generic
3 x 3 matrix D is of the form

X+ ax* +ax+ag =0, (4.27)

where

1 1 1
ay = —detD = o (TrD)3 + 5TrDTr(D2) —gTr(D3),

(4.28)
a; = % (TrD)? — %Tr(Dz), (4.29)
a, = =TrD. (4.30)

The cubic equation given in Eq. (4.27) has exactly two
degenerate roots if the following two conditions are
satisfied [63,64]:

7Using the explicit form for U given by Eq. (8.1) in Eq. (4.12)
yields the result exhibited in Eq. (4.25).

27
Za% =0

1
apa,a, — agas + Za%a% —ai -

and a3 # 3a,.

ng
2

(4.31)
Since the matrix D given in Eq. (4.18) is symmetric and

traceless, the conditions that D possesses exactly two
degenerate eigenvalues simplify to

27 1 3
D= —a} == af = S [Te(DY) = [Tr(DY)* = 0
and D #0. (4.32)

If the quartic terms of the scalar potential exhibit a
U(1) ® I, symmetry, then it follows that Z =D = 0.
Thus, we conclude that the basis-invariant condition,
I=Z+D?>=0, is satisfied if and only if the quartic
terms of the scalar potential exhibit a U(1) ® IT, symmetry
in some basis (which implies that the quartic terms of the
scalar potential exhibits a GCP3 symmetry in some other
basis). One can determine this condition explicitly by
setting A=41; =1, and 4; = —1¢ when evaluating the
characteristic equation of the matrix D, which yields

2
Tr(D?) :§A3 +2A(2[26]* = 145)?) + 12Re(2242),  (4.33)

2
Tr(D?) = §A2 + 2|25 + 8|4¢|*. (4.34)

Inserting the above results into Eq. (4.32) yields an

expression for D. First, we assume that 1g # 0, in which

case the end result is

D= 2]A6] = Rss(A+Rs6)]* [(A = Rse)* + 16|46 |*] + CI5,
(4.35)

where A =1— 13 — A4,

C= (Az - |/15|2 - R§6)2 - R§6|/15|2
+2[46*[A% + 9(A + Rs6)* + 3T % + 3|45 ]* + 24| 46|,
(4.36)

and

Note that R2, + 72, = |45]*.

The product of the first two factors on the right-hand side
of Eq. (4.35) is non-negative definite. Thus, one solution to
the equation D = 0 can be obtained by setting

1

|}“6|2 = §R56(A + R56) > 0, (438)
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which implies that A/Rsq > —1 [after dividing by Rgé].8 It
then follows from Eq. (4.35) that either Zs4 = 0 or C = 0.
We now demonstrate that the latter possibility is never
realized. After inserting Eq. (4.38) into the expression for C
given in Eq. (4.36), we obtain

C =T + (OR% + 6ARss — 2A%) 12,

+ (A +Rs6) (A +3Rs6)°, (4.39)
which is a quadratic equation whose discriminant is
given by

DiSC = (97?’%6 + 6AR56 - 2A2>2 - 4(A + RSG)(A + 3R56)3
- _RSG (4A + 3R56)3 . (440)

If A/Rsg > — % then Disc < 0 and it follows that C > 0 for

all values of Zs¢. Finally, if —1 < A/Rs¢ < —%, then
Eq. (4.39) yields C >0 for any nonzero value of Zs.
Thus, we have shown that for Ag # 0, if Eq. (4.38) is

satisfied then D = 0 if and only if
1
|/,LG|2 = §R56<A + R56) >0 and I56 =0. (441)

One can rewrite the two conditions given in Eq. (4.41) as a
single complex equation,
Q2%+ Asdg(A — A3 — Ag) =223 = 0, (4.42)
which must hold true for any choice of scalar field basis.
If C > 0 were valid for all nonzero values of g, then it
would immediately follow that Eq. (4.41) is the unique
solution of the equation D = 0. However one can verify
that regions of the parameter space exist in which C < 0.
This seems to leave open the possibility that if 1 # O then
D = 0 can be satisfied with a nonzero value of 754 due to a
cancellation between terms in Eq. (4.35).9
Nevertheless, we shall now argue that under the
assumption that g # 0, the condition D = 0 holds if and
only if Eq. (4.41) is satisfied. Recall that Eq. (4.32) states
that the 3 x 3 traceless real symmetric matrix D (assumed
to be nonzero) possesses a doubly degenerate eigenvalue if
and only if D = 0. Moreover, any 3 x 3 traceless real

¥Note that Rs¢ and/or A can be zero. If these quantities are
nonvanishing, then their individual signs can be either positive or
ne%ative.

If such a solution existed, it would not be continuously
connected to the solution given by Eq. (4.41), since any small
perturbation of the scalar potential parameters from Eq. (4.41)
would still yield C>0. We have numerically checked in
Mathematica using graphical techniques that in the region of
parameter space where C < 0, there are no solutions to D = 0 for
Zs6 #0 and g # 0. However, it is disappointing that we are
unable to analytically establish the condition Zs5s = O directly
from D = 0 when A¢ # 0.

symmetric matrix that possesses a doubly degenerate
eigenvalue must have the form specified in Eq. (4.21).1°
We can then use the discussion below Eq. (4.24) to
conclude that in the D-diagonal basis, 15 = 4¢ = 4; = 0.
Performing a basis transformation to an arbitrary basis
[e.g., cf. Egs. (A9) and (A10) of Ref. [37]], it follows
that Im(4242) = 0 in any scalar field basis. Thus, we are
justified in setting Zss = 0 in Eq. (4.35), in which case
Egs. (4.41) and (4.42) must be valid for any choice of scalar
field basis.

In the case of 4g = 0, one can either evaluate D directly
using Eq. (4.32) or simply set |4¢| = 0 in Eq. (4.35) while
keeping Rs6 and Z 54 fixed. Both procedures yield the same
result:

D = |As|*(A% — [45])%. (4.43)
In particular, if A4 = O then we can rephase @, such that A5
is real, in which case either
),5 =0 or 25 = Zl:(ﬂ] — /13 — 24), (444)
corresponding to the manifest realization of U(1) ® II, and
GCP3/GCP3, respectively, as indicated by the quartic
coupling relations exhibited in Tables III and VL.

V. THE Z, ® II, SCALAR FIELD BASIS

Since the softly broken GCP2-symmetric scalar potential
is equivalent to a softly broken Z, @ Il,-symmetric scalar
potential in a different scalar field basis, we henceforth
focus on the Z, ® I, basis, where 1 =4, = 4,, 45 # 0 is
real and 4 = A; = 0. The softly broken parameters, m%l,
m3, and m3,, are arbitrary with m3, potentially complex. If
we demand that the potential is bounded from below, the
following conditions must be satisfied:

A>0, A+23>0, A4+ 44— >0, (5.1)
modulo the remarks of footnote 3. It is convenient to
introduce the parameter,

A3+ Ay + s
R

Using the definition of 1545 given below Eq. (2.7), it follows
that

R

(5.2)

1345 = AR — 2/15 Sin2 g (53)

"Given a 3 x 3 traceless real symmetric matrix D with eigen-
values —c, —c and 2¢ (where ¢ € R), it then follows that there exists
a real orthogonal matrix R such that D = Rdiag(—c, —c,2¢)R".
However in this case one can write diag(—c,—c,2¢),p =
¢3(qaqp —%84p) with ¢ =(0,0,1) and c; = 3c. Hence, we
conclude that D = c3(q,qp —384p) with unit vector

e k
4y = Rapqs-
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A. The softly broken Z, ® II,-symmetric scalar
potential with v; # 0 and v, # 0

We shall first assume that »; and v, are both nonzero, or
equivalently, sin2f # 0. We then use Egs. (2.8)-(2.10)
(with A = 4; = 1,) to fix the values of # and &. In particular,

2 2
mya, — my,
- MmThn 5.4
2 m3, + m3, + Av? (5:4)
2Rem?

cosé = 5 5 12 5. (5.5)

saplmiy + my +34(1 + R)v7]

—2Imm?

siné = sl . (5.6)

saplmiy +m3, + GA(1 +R) = 45)v°]
where 5,5 =sin2 and c,5 = cos2f. Writing m3, = |m?, |2
in Egs. (5.5) and (5.6) and imposing cos? & + sin” & = 1
yields an equation that determines the phase 6, in terms of &
and the other scalar potential parameters. Thus, the ERPS4 is
governed by eight real parameters: 4, A3, A4, 45, |m%2 |, v, p
and &.

|

It is convenient to introduce the Higgs basis as follows
[29,37,65-69]. The Higgs basis fields H; and H, are
defined by the linear combinations of ®; and @, such that

(HY) = v/+/2 and (H9) = 0. That is,

Hl = cﬁ(I)l ‘I— Sﬂe_iéq)z,
Hz = ei”[—sﬁeiffbl + C/jq)z], (57)
where we have introduced (following Ref. [37]) the
complex phase factor e to account for the nonuniqueness
of the Higgs basis, since one is always free to rephase the
Higgs basis field whose vacuum expectation value van-
ishes. In particular, e is a pseudoinvariant quantity [37]
that is rephased under the unitary basis transformation,
O, - U,;Dp, as

e’ — (detU)~ e, (5.8)
where det U is a complex number of unit modulus. In terms
of the Higgs basis fields defined in Eq. (5.7), the scalar
potential is given by

V=Y HH, + Yo HIH, + [Yse " HIH, + Hec)

2

1 . . )
+ {Ezse—Zm(HIHz)z + [Zee M (HIH,) + Z7e "HiH, ) | HIH, + Hc}

The coefficients of the quadratic and quartic terms of the
scalar potential in Eq. (5.9) are independent of the initial
choice of the ®@-basis. It then follows that Y5, Zs, Zg and Z,
are also pseudoinvariant quantities [69] that are rephased
under ®, — U _;P, as

[Y3,Z6,Z7] - (det U)_l{Y3,Z6,Z7] and

Zs — (detU)2Zs. (5.10)

It is straightforward to compute the corresponding Higgs
basis parameters. The Y; are given by

Y| = mi cj 4 mys; — Re(miye)syp,  (5.11)
Y, = mi 55 + m3yc; + Re(miye®)sys,  (5.12)
1 . . . )
V3= [E(mgz —mi,)sos—Re(mi,e)cop— 1Im(mf2e“§)} e i,

(5.13)

Employing Eqgs. (2.8)—(2.10) (with A = 1; = 1,) to elimi-
nate m?,, m3, and Im(m?,e%), it follows that

1 1
+=Z (HJ{HI )+ EZz(H;Hz)Z +2Z; (HJ{HI)(H;HZ) + Z4(HIH2)(H;H1)

(5.9)
[
Y, = 2Re(miye’) _ livz
Szﬁ 2
1) L2 1,
t5v [A(1 = R) + 245 sin* £] l—Eszﬂ ., (5.14)
1 .
2y =2, =i~ [(1 - R) + 2ssin® sy, (5.15)
1
Zy = s+ 5 (1 = R) + 2ssin?¢ls3,.  (5.16)
1 .
Z4 :/144—5[2(1 —R) +2/15 Sll’l2 (ﬂs%ﬁ, (517)
1 .
Zs = {5 [4(1 = R) + 24ssin*¢]s3,
+ A5(cos 2& 4 icyysin 2¢) }e‘z"‘f, (5.18)

Z6:—Z7
1 2 1. . —lf
= —E[i(l—R)+2/15sm f]c2ﬁ+§1/15sm2§ Sype”'c.

(5.19)
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One can also check that the scalar potential minimization
conditions in the Higgs basis,

1 1
Y, =—=Z1?%, Yy = —Ezévz,

5 (5.20)

are satisfied. The eight parameters that specify the ERPS4
can now be identified as v, Y,, Z|, Z3, Z4, ReZs, ImZ5, and
|Z| after using the freedom to rephase the Higgs basis field
‘H, to remove the complex phase from Zg and Z;
[cf. Eq. (5.10)].

The subregion of the ERPS4 where Zg = 0 is worthy of
special attention. The ERPS4 condition, Zg = —Z-, along
with Eq. (5.20) yields Y; = Zg = Z; = 0, which signals
the presence of a Z, symmetry that is manifestly realized
in the Higgs basis and is unbroken by the vacuum. We
recognize this scenario as a special case of the IDM, and
hence we shall refer to this parameter regime as the inert
limit of the softly broken Z, ® Il,-symmetric scalar
potential. Moreover, Higgs alignment is exact in the inert
limit, as discussed in Sec. IX. The conditions for achieving
the inert limit will be elucidated below Eq. (5.59).
|

Z, Re(Zge™™)
3[Z34 + Re(Zse™M)] + Y,/ 0?

—1Im(Zse™2)

M2 = 2| Re(Zge™)

—Im(Zge™ ™)

which is expressed with respect to the {\/iReH? -,
V2ReHY, v2ImHI} basis, where!!

Zsy=Zy+ Zs = AR + 535(1 = R)] = 25(1 = 253, sin* &),

Three additional limiting cases are noteworthy. First, if
A5 = 0, then the quartic terms of the scalar potential exhibit
a U(1) ® IT, symmetry, which will be discussed in more
detail in Sec. VI. Second, if R = 1, then the quartic terms of
the scalar potential exhibit a GCP3 symmetry, which will
be discussed in more detail in Sec. VII. Both of these limits
yield the same physical scalar sector, since they correspond
to the softly broken GCP3-symmetric scalar potential
expressed in two different choices of the scalar field basis.
Finally, if 15 = 0 and R = 1, then the quartic terms of the
scalar potential exhibit an SO(3) symmetry.

The charged Higgs mass is given by

1
mi. =Y, +5Z302

_ 2Re(mpe”) 1

—502(144-/15 COSZ&). (521)

S2ﬂ

The squared masses of the neutral Higgs bosons are
given by the eigenvalues of the neutral scalar squared-
mass matrix,

—Im(Zge ™)
—3Im(Zse™2m)

5(Z34 = Re(Zse™)] + Y, /v?

, (5.22)

|
after making use of Egs. (5.16) and (5.17). The eigenvalues
of M? are independent of the choice of 7, since these
cannot depend on the phase choice used in the definition of
the Higgs basis field H,. Hence, in practical calculations,
one can choose # to facilitate the analysis.

For example, if we choose 17 = —¢, then the neutral

(5.23)  scalar squared-mass matrix is given by
|
A= LS%/} _LSZﬁCQﬁ —%/155'2/} sin 25
2Re(m?,e) 2 1 .
M2 = 2 —Lsypcop BT + Lsy, —345Cop8In28 (5.24)
—Lssypsin2e —Liseppsin2e BUR) ) cos0e
245528 24528 P52 5
|
where If Zg # 0 and/or Z; # O then the neutral scalar squared-
mass matrix has a block diagonal form consisting of a 2 x 2
L] M1 —R) + dgsin’ & (5.25) block and a 1 x 1 block if and only if Im(Zse=2") = 0 and

2

"The expressions given for m? . in Eq. (5.21) and for M? in
Egs. (5.22) and (5.23) in terms ofH the Higgs basis parameters are
valid for the most general 2HDM scalar potential.

Re(Zge ) Im(Zge™™) = 0. In such cases, the scalar poten-
tial and vacuum are CP conserving, and we shall employ the
following convention for the names of the neutral scalar mass
eigenstates: the CP-even scalars whose squared masses are
the eigenvalues of the 2 x 2 block will be denoted by # and H
where m;, < my, and the 1 x 1 block will be identified with
the squared mass of the CP-odd scalar, A.
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B. The softly broken Z, ® II,-symmetric scalar
potential with one vanishing vev

In the case where one of the vevs vanishes (i.e., 5,3 = 0),
Egs. (2.12) and (2.13) imply that m?, = 0. For example, if
vy = v and v, =0 then Y, is a free parameter, Z; = 4,
cop =1, and £ is indeterminate. In particular, Y3 = Zs =
Z7 =0, which signals the presence of a Z, symmetry,
‘H, = +H,, Hy - —H,, that is not broken by the vacuum.
This is a special case of the IDM and corresponds to the
inert limit of the softly broken Z, ® Il,-symmetric scalar
potential. In particular, Y, = m3, is a free parameter that is
generically not equal to Y| = m$, = —J4v*. To obtain the
neutral scalar squared-mass matrix from Eq. (5.22), we
must make a choice of . For reasons discussed below
Eq. (8.60), we shall choose e~ = —1. The neutral scalar
squared-mass matrix is then diagonal and we may identify

1
mi = Y2 + EAUZR, (526)
2 1 2 2 1 2
mHi :Y2 +§Z3’l} :mA—E(i4+25)’U s (527)
m? = Jv?, (5.28)
my = m? — Asv?, (5.29)

where we have denoted the mass-eigenstate neutral scalar
fields in the inert limit by

h=v2ReH)—v, H=v2ReHI, A=V2ImHI. (5.30)

This nomenclature (where no mass ordering is implied) will
be employed in all subsequent occurrences of the inert limit
in this work, and differs from the convention adopted in the
paragraph following Eq. (5.25) for the CP-conserving case
where Zg # 0 and/or Z; # 0.

If v; =0 and v, = v, then one transforms to the Higgs
basis via® — U® with U = (}). In this case, Y, = m}, is
a free parameter, Y| = m3, = —$A0%, Y3 = Zs =27, =0,
Z; =4, cop = —1, and £ = 0. The scalar squared masses
are again given by Egs. (5.26)—(5.29).

In the inert limit where Y3 = Zs = Z; = 0, the scalar
potential and vacuum are automatically CP conserving. In
particular, in the inert limit the neutral scalars consist of a
CP-even neutral scalar 7 whose properties coincide with
those of the SM Higgs boson and two neutral scalars H and
A with opposite sign CP-quantum numbers. However, one
cannot separately assign unique CP-quantum numbers to H
and A, respectively, based on the interactions of the scalars
with the gauge bosons and the scalar self-interactions."”

12Indeed, the choice of e=2" = 1 would have interchanged the
identities of H and A in Eqgs. (5.26)—(5.29).

CP-conserving interactions of the scalars with other sectors
of the theory, if present, will often resolve the ambiguity
and identify A as the neutral CP-odd scalar of the inert
scalar doublet.

For example, the most general form for CP-conserving
neutral Higgs interactions with one generation of fermions
in the inert limit is obtained by setting g; = 1, g» =1,
g3 = i (with all other g;; = 0), pP* = pP, and p¥* = pY
in Eq. (58) of Ref. [37], which yields"

1, - _ 1 - _
—Ly = -~ (mgdd + m,au)h + 7 (pPdd + pYuu)H

+ \%(ﬂ”dysd = pYaysu)A, (5.31)
indicating that / behaves like the SM Higgs boson, H is CP
even and A is CP odd. Note that pP = pV = 0 in the IDM,
since H, is the only Z,-odd field of the model, in which
case the individual CP-quantum numbers of H and A are
not resolved.

C. Noncoexistence of an inert phase
and a mixed phase

Let us examine more closely when a vacuum in which
one of the two vevs vanishes can arise. Here, we shall
extend the analysis of Ref. [70] to the case of A5 # 0.
First, we require that R > —1 due to Eq. (5.1). If v; =
and v, =0, then Eq. (2.13) yields mj, =0 and
m3, = —1v* < 0. The value of the scalar potential at
the minimum is V,;, = —(m3,)%/(24%). The positivity of
m3 given in Eq. (5.29) yields m3, 4+ 1 ARv? > 0. Hence, it
follows that

m3, > Rm7,. (5.32)
The above inequality is equivalent to
(14 R)(m}y —m3,) < (1=R)(mf; +m3y).  (533)

Since 1 + R is always positive, it follows that

1—R
mz, —my; > — <—1 T R> (m}; +m3,).  (5.34)

In the case of v; = 0 and v, = v, the roles of m?, and
m3, are interchanged. That is,

13Introducing Yukawa interactions constitutes a hard breaking
of the symmetries responsible for the ERPS. Thus, in this paper
we shall not entertain such terms further.
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1—-R
m3, —mi; < (—1 T R> (mi; + m3,). (5.35)

Although the vanishing of one of the two vevs requires
that m?, =0, the converse is not necessarily true. If m?, = 0
then two different phases of the 2HDM are possible—an
inert phase where one of the two vevs vanishes and a mixed
phase where both vevs are nonzero. To analyze the latter
possibility in more detail, we again extend the analysis
presented in Ref. [70] to the case of A5 # 0. If m?, = 0 and
v1, vy # 0, then Eqgs. (2.4)-(2.7) yield

1
m3, = —El(v% + Rv3), (5.36)
2 1.2 2
m3, = —5/1(112 + Rvy), (5.37)
0 = Assin2¢&. (5.38)

Since 15 # 0 by assumption, it follows that sin 2§ = 0 and
cos2é = +£1. One is always free to rephase one of the
scalar doublet fields so that £ = 0, since the only possible
effect on the scalar potential parameters is a sign change
of 15. In the convention where & =0, Eq. (5.24) yields
m% = —1sv%, which implies that A5 < 0. Equation (2.11)
then yields

1
Viin = — < A(v] 4+ 05 + 2Rv303).

5 (5.39)

It is convenient to eliminate v, and v, in favor of the scalar
potential parameters. Using Eqs. (5.36) and (5.37), one
easily obtains

02:2 m5R = mi,
A\ 1=-R )

2 = z (m%lR - m§2>

1= (e (5.40)

Plugging these values into Eq. (5.39) yields

1
2)(1 — R?)
1 (m7, +m3,)? + (m7, —m3,)*

42 1+R 1-R )

- 4 4 2 2
Vinin = — [mf, + m3, — 2Rm7,m3,]

(5.41)

One can work out a number of inequalities that must be
satisfied if the mixed phase is stable. We again require
that R > —1 in light of Eq. (2.2). Using Eq. (5.24) with
m?, = & = 0, the trace and determinant of the 2 x 2 neutral
CP-even scalar squared-mass matrix yield

1
m2 +m¥ = M2, m%mézzlzv“s%ﬂ(l—Rz). (5.42)

Hence, the positivity of the scalar squared masses implies
that |R| < 1.

Next, we employ Egs. (5.36) and (5.37) along with
|R| < 1 to obtain

1
mi, +m3, = —5/11)2(1 +R) <0, (5.43)

1
mi, +m3, + Av? = 5/11]2(1 —-R)>0. (544)

Using Eq. (5.4) and |cqp| < 1, it follows that m3, > —1 107
and m3, > —12v*. However, it is again more useful to
provide inequalities that are independent of the vevs. In
light of Eq. (5.40), the requirement that v% and v3 are
strictly positive implies that

m3,R > m?,, m} R > m3,. (5.45)

The above inequalities are equivalent to

I1+R

1-R
< _<1+—R><m%‘ + m3,).

Comparing Eq. (5.46) with Egs. (5.34) and (5.35), it
follows that the mixed phase and the inert phase do not
coexist [57,70,71].

1-R
< >(m%1 + m%z) < m%z - m%l

(5.46)

D. CP properties of the softly broken
Z, @ II,-symmetric scalar potential with m3, # 0

Returning to the more general case where m?, # 0, the
scalar sector is CP conserving if and only if Im(Z:Z2) = 0.
A straightforward computation yields

1
Im(Z:Z2) = - ZMS(I — R)s35¢25 8in 2£[A(1 = R) + 24s]

1
= —1/15(/1—/13 — A= 25)(A= A5 = 2y + 4s)

X s%ﬁCZﬂ sin 26 (547)
The case of 5,5 = 0 corresponds to the inert limit, which
has already been treated above. In light of Eq. (4.44), the
conditions A5 = 0 and 1 — A3 — 44 = £45 correspond to the
ERPS4 where a U(1) symmetry is manifestly realized in
some basis. In particular, A = A3 + 44 = A5 correspond to
GCP3 and GCP3/, respectively, whereas A5 = 0 corre-
sponds to U(1) ® IT,, which is equivalent to GCP3 and
GCP3' in different choices of the scalar field basis. For
example, GCP3’ is related to GCP3 via the basis change
specified in Eq. (3.1). These enhanced symmetry cases will
be treated separately in Secs. VI-VIIL.
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In this section, we shall assume that s,5 #0, 4#
A3+ 44 £ 45 and A5 # 0, in which case CP is conserved
if either (or both) of the following two conditions hold:
sin2& = 0.

cp =0 and/or (5.48)

1. cos2f=0

In the case of ¢,; = 0, it follows that CP is conserved
despite the fact that one cannot separately rephase ®; and
@, in the Z, ® 11, basis such that all the parameters of the
scalar potential are real if Im(A2[m?,]?]) # 0, as was already
noticed in Ref. [37]. To understand the origin of this result,
note that Eq. (5.4) implies that m{; = m3, when c,3 = 0.
Together with the ERPS4 conditions, it follows that the
scalar potential is invariant with respect to a GCPI’

-

with respect to the {¢, @3} basis, where ¢, = v2ReH)—v

and @3 = \/QImH‘z). The neutral CP-even scalar mass
eigenstates are given by

1A*(14+R)

—Asv?sinécos &

— 502 sin? &

H=g@cp_0— 03550 h=@Sp_q+ @3¢p-a (5.52)

where 0<f—a<z, s5_,=sin(f—a) and cs_, =cos(f—a),

1
mly =5 {mi + R =222

£/l

— 02(4+ 25 cos 28)]2 ,1§U4sin225},

(5.53)
with m;, < my, and"
Asv? sin 2¢&
C/i—a =
z\/<m§, )3y — Lav2(1 + R) + As0sin® €]
(5.54)
2. sin2€é=0

In the case of sin2& =0, Egs. (5.5) and (5.6) imply
that Im[(m?,)?] = 2Rem?,lmm?, = 0. If siné =0 then
Imm?}, =0 and all scalar potential parameters are real,
whereas if cos& =0 then Rem?, =0 and a rephasing

“In obtaining Eq. (5.54), we have employed Egs. (9.1) and
(9.5), where the real quantity Zgv” in these equations is to be
identified with the off-diagonal element of M3 given in
Eq. (5.51).

transformation (cf. Tables V and VI). Moreover, the
condition of c,5 = 0 ensures that the GCP1’ symmetry
is preserved by the vacuum.

When ¢,3 =0, Eq. (5.24) is rendered block diagonal,
with the 2 x 2 block identified as the squared-mass matrix
of the neutral CP-even scalars. It then follows that

1
m3 = 2Re(m},e™) + 2/1v (1=R) + Asv?sin? &, (5.49)
m2, :mi—EvZ[z(l —R)+ M+, (5.50)

where A = ¢, = /2 ReH). The squared-mass matrix of the
neutral CP-even scalars is

—Asv? sinEcos & ) (5.51)

mj —12v*(1 = R) — Asv? cos? &

I
®, — i®, changes the sign of the real parameter As
while removmg the complex phase of m? 1»- Hence a real
basis exists,”” which implies that the scalar potential
and the vacuum are CP conserving. The neutral scalar
squared-mass matrix given in Eq. (5.24) is block diagonal
when sin2& = 0, with the 33 element identified as the

squared mass of the CP-odd scalar, A = @3 = \/EImHg.
For siné =0, it follows from Egs. (5.21) and
(5.24) that
mi — :I:M _ 151)2,
SZ[)’
1
mi. =mj + 5(15 — )2, (5.55)

where the choice of signs corresponds to cos § = £1. The
upper 2 x 2 block of Eq. (5.24) is identified as the squared-
mass matrix of the CP-even neutral scalars,

M — a*[1=353,(1-R)]  —3A0%s35¢24(1=R)
" — 1% s95005(1=R) m3 +Asv* +1407 szﬂ(l R))’
(5.56)

with respect to the {¢;, ¢, } basis, where ¢, = v/2ReH! —v

and ¢, = v2Re'H3. Hence,

'5A real basis is defined to be a scalar field basis in which the
scalar potential parameters and the vevs are simultaneously real.
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1
m%i,h =5 {mi + (A+25)0* + \/[m% + Asv* — Mz("%ﬁ + Rs%/})]z +’12S%ﬂc%ﬁ(l - R)2714}’

2

with m;, < my, and
AU2S2ﬂC2ﬂ<1 —R)
Cﬂ—a = .
2/ (my = mi) gy — 1*(1 = 453,(1 = R))]

(5.58)

For cos& =0, the results of Egs. (5.55)—(5.58) are
modified by the following substitutions:

2 2
*Remi, — Flmmy,,

R—)RE (13 +l4—15>//1,

15 b —/15 .
(5.59)

where the choice of signs in front of Imm?, corresponds to
siné = %1. Note that R # 1 under the assumption specified
above Eq. (5.48). If R =1 then the (softly broken)
Z, @ I, symmetry of the scalar potential is promoted
to GCP3', as discussed below Eq. (5.47).

3. cos2f=sin2E=0

If ¢;p =sin2& =0 then Egs. (5.19) and (5.20) yield
Y3 =Zg = Z; =0, corresponding to an inert limit of the
softly broken Z, ® Il,-symmetric scalar potential. If
sin¢ = 0, then one can obtain the scalar squared masses
either by taking the sin& = Imm%2 = 0 limit of Egs. (5.49)—
(5.51) or by taking the ¢, = 0 limit of Egs. (5.55)~(5.57).
Recall that we have identified the neutral scalar mass
eigenstates in the convention specified in Eq. (5.30). Taking
into account that M3 is exhibited with respect to the
{@1,¢3} basis in Eq. (5.51) and with respect to the
{@1, >} basis in Eq. (5.56), respectively, it follows that

1
m; = 5/1112(1 +R), m% = £2Rem73, — Asv?,

1
m¥ = m3} + Asv? +§/11Jz(1 -R),

1
mi. =mj + 5 (As — Ag) 2.

(5.60)
If cos& =0, then Eq. (5.60) is modified by applying the
substitutions indicated in Eq. (5.59). In the inert limit, the
vacuum preserves the II, symmetry (whereas the Z,
symmetry remains softly broken since m3, # 0).

4. Spontaneous vs explicit CP violation

Spontaneous CP violation can occur when Im[m?,]? = 0
(with m%z # 0) and sin2¢ # 0. In addition, as noted in
Appendix A below Eq. (A25), one must assume that A5 > 0
in order to guarantee that this CP-violating vacuum

(5.57)

solution is a local minimum. If Imm?, =0 and
sin2¢ #0, then Eq. (5.6) implies that m3, + m3, +
1A(1 + R)v* = Asv*. Inserting this result into Eq. (5.5)
yields cos¢& = Remi,/(Asv*sgcs); ie., spontaneous CP
violation occurs if [42]

0 < |m},| < Asv?sgep. (5.61)
Likewise, if Rem%2 =0 and sin2& # 0, then Eq. (5.5)
implies that m?, + m3, +1A(1 + R)v* = 0. Inserting this
result into Eq. (5.6) yields sin & = Imm{,/(45v%s5c5). Once
again, spontaneous CP violation occurs if Eq. (5.61) is
satisfied.

If Im(Z%Z2) # 0 then the scalar potential is explicitly CP
violating. In this case, one must diagonalize the 3 x 3
neutral scalar squared-mass matrix given in Eq. (5.24) to
determine the neutral scalar mass eigenstates. The inert
limit cannot be realized in this case, so the presence of
scalar-mediated CP-violating effects necessarily implies
that the tree-level properties of any of the three neutral
scalar mass eigenstates must deviate from those of the SM
Higgs boson. This is a special case of the C2ZHDM that has
been explored in Ref. [37].

E. Scalar potential with an unbroken
7, @ Il -symmetry

The Z, @ I1, symmetry of the scalar potential is
unbroken if m?, = m3, and m3, = 0. First, we suppose
that both vevs are nonzero. Then Eq. (5.13) implies that
Y3 =0, which yields Y3 =Zs=27Z;=0 in light of
Eq. (5.20) and the ERPS condition, corresponding to
the inert limit of the Z, ® I1,-symmetric scalar potential.
Moreover in light of Egs. (2.10) and (5.4), ¢,3 = sin2§ =0
in the Z, ® I, symmetry limit, and it follows that the
vacuum breaks Z, but conserves I1,. The scalar squared
masses in the limit of ¢,5 = siné =0 and m}, =0 are
given by the m?, = 0 limit of Eq. (5.60). Stability of the
scalar potential requires that the squared masses of the
scalars are positive, which yields 45 = —|15| < 0, 44 < |4s]
and |R| < 1. Likewise, for c,3 =cos& =0, the scalar
squared masses are given by m?, = 0 limit of Eq. (5.60)
after replacing 15 — —1s and R — R [cf. Eq. (5.59)], in
which case the stability requirement yields A5 > 0, 14 < 45
and |R| < 1.

If one of the vevs vanishes (i.e., so3 =0) then the
Z, @ I, symmetry limit of Eq. (5.26) corresponds to
setting ¥, =Y, = —3A0* [cf. Egs. (2.12) and (2.13)],
which yields

115012-16



EXCEPTIONAL REGIONS OF THE 2HDM PARAMETER SPACE

PHYS. REV. D 103, 115012 (2021)

TABLE VIIL

Landscape of the ERPS4—Part I: Scalar potentials of the 2HDM with either an unbroken or softly broken Z, ® II,

symmetry that is manifestly realized in the ®-basis. In all cases, A = A, = 4, # A3 + A4 = A5, where /s is real and nonzero, g = 1; = 0,
and A, A + A3, and 1 + A3 + A4 — || are all positive. Note that if m3, is pure imaginary, one can rephase ®, — i®, to obtain a new basis

2

where m7, is real and As flips sign. An exact Higgs alignment in the ERPS4 is realized in the inert limit where Y3 = Zg = Z; = 0.

/i sin 2¢ m,, m3, m?, CP violation? Higgs alignment Comment

s2p # 0 #0 mi, # m, Complex Explicit No Im[m3,]> # 0

S5 #0 #0 m3, # m3, Im[m?,]> =0 Spontaneous No 0 < |m},| < 325025y
S5 # 0 #0 mi; # m3, Im[m7,]* = 0 No No |m?,| > %ﬂsvzszﬂ
cp =0 #0 m?, = m3, Complex No No mi, #0
$2pC2p # 0 0 m, # m3, Im[m3,]> =0 No No

s25 =0 m3, # m, 0 No Yes

=0 0 mi, = m3, Im[m},]* =0 No Yes mi, # 0

s25 =0 m}, = m3, No Yes Unbroken Z, ® I1,
cp=0 0 mi, = m3, 0 No Yes Unbroken Z, ® I,

1
m} = E/IUZ(R -1), (5.62)
which requires that R > 1. The squared masses of H*, h
and H in terms of mi given in Eqgs. (5.27)—(5.29) remain
unchanged. In this case, the vacuum breaks II, but
conserves Z,.

F. The landscape of ERPS4—Part I: Scalar potential
with a softly broken or unbroken 7, ® II, symmetry

The landscape of scalar potentials in the ERPS4 that
respects a softly broken or exact Z, @ I, symmetry (but
no larger symmetry) is summarized in Table VII.

VI. THE U(1) ® II, SCALAR FIELD BASIS

Consider the softly broken U(1) ® I1,-symmetric scalar
potential where 1=4; =4, and A5 = A4 = 4; = 0. The
softly broken parameters, m?,, m3, and m?,, are arbitrary
with m%z potentially complex. If we demand that the
potential is bounded from below, the following conditions
must be satisfied (modulo the remarks of footnote 3),

A>0, A+ 13 >0,

At Ay+i>0. (6.1

A. The softly broken U(1) ® IT, or SO(3)-symmetric
scalar potential with v; # 0 and v, # 0

We shall first assume that »; and v, are both nonzero, or
equivalently sin2f # 0. We then use Egs. (2.8)-(2.10)
(with A = A; = 1,) to obtain

) 1 1
m?, = Re(m3,e) tan ff — 5/11]20% ) (A3 + A4) 052, (6.2)

ﬁ?
2 2 ik loao 1 2.2
m3, =Re(m7,e )cot/)’—ilv S/’_E(/13 +A)v7cy,  (6.3)

Im(m3,e®) = 0. (6.4)

Equations (6.2) and (6.3) fix the value of f. In particular,

2 2
My, — my;

—_— 6.5
m%l + m%z + ? (65)

CZﬂ =

Since m%z is the only potentially complex parameter, one
can assume without loss of generality that m?, is real and
non-negative after an appropriate rephasing of one of the
two Higgs doublet fields. Hence, Eq. (6.4) implies that the
scalar sector is CP conserving. Nevertheless, in the analysis
presented in this section, we find it convenient to retain all
factors of ¢ for later purposes, which simply means that
mi,e® = Re(m?,e’) >0, in light of Eq. (6.4) and the
requirement that mi > 0 [cf. Eq. (6.14)].

The corresponding parameters of the Higgs basis are
obtained by setting A5 = 0 in Egs. (5.14)—(5.19),

Y, = %}‘eié)—%m [R +%s§,}(1 - R)], (6.6)
Z =27, = z[1 —%sgﬁu —R)], (6.7)
Zs = I —l—%/ls%ﬁ(l _R), (6.8)
Zo = da+ %ﬂs%ﬂ(l _R), (6.9)
Zs = %zsg,,m — R)e~2, (6.10)
Ze =7, — —%Aszﬂczﬁu “R)eE, (6.11)
where
R= %ALA“ (6.12)
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Note that R > —1 in light of Eq. (6. 1).'° The limit of R = 1
corresponds to the softly broken SO(3)-symmetric scalar
potential, where the conditions 4y = 1, = A3 + Ay and 15 =
A¢ = A7 = 0 hold for all choices of the scalar field basis.

The Higgs basis parameters Y; and Y5 are fixed by the
potential minimum conditions given in Eq. (5.20). Note
that Im(Z%Z2) = 0, which implies that a real Higgs basis
exists after an appropriate rephasing of the Higgs basis field
'H,. That is, there is no CP violation (neither explicit nor
spontaneous) arising from a scalar potential that exhibits a
softly broken U(1) ® I, symmetry. Using Egs. (6.7)—
(6.11), it follows that the following conditions are satisfied:

[Re(Z5Z3)? + Re(Z528) | Z4[* (Zy — Z34)
and Im(Z:Z2) =0.

- 2|Z6 6 -
(6.13)

We recognize these conditions as equivalent to Eq. (4.41)
when applied in the Higgs basis.

The squared masses of the neutral Higgs bosons are
obtained by computing the eigenvalues of Eq. (5.22).
In light of Egs. (6.10) and (6.11), it is convenient to
take # =—-¢ in Eq. (5.22), since this choice yields
Im(Zse~2") = Im(Zge~™) = 0. One can then immediately
identity the squared mass of the CP-odd neutral scalar
A=q@;= V2ImH?,

2Re(m3,e™)

6.14
o (6.14)

1 .
my 25”2 [Z3,—Re(Zse**)|+Y, =

Combining Egs. (6.2), (6.3) and (6.14) yields an alternative
expression,

1
mi = m?, + m3, +§/11}2(1 +R). (6.15)

Likewise, the charged Higgs squared mass is given by

1 1
m?_]i - Y2 +§Z3112 = mi - 5/141)2, (616)

after making use of Eq. (6.14). Finally, the squared masses
of the CP-even neutral scalars, denoted by 4 and H, are the
eigenvalues of the 2 x 2 matrix,

Zl’lJ2

M3 = ,
(Re(Zée’5)1)2

_ (M)z[l —%S%ﬁ(l - R)]

—%//{U252ﬁC2ﬂ(1 - R)

Re(Zge')v? >

m? + Re(Zse?<)v?

—%/1’[)232/36'2[;(1 - )
m3 +340%s3,(1 = R)
(6.17)

with respect to the {¢;.¢,} basis,” where ¢, =

\/_ ReHO —v and ¢, = \/_ ReHO The neutral CP-even
scalar masses are given by

1
my = 5 {mi + Av? + \/[mf1 — A0* (3 4 Rs3p)]* + A%s3505,(1 — )21/4},

with m;, < my, and

ﬂ’UzSzﬂCzﬁ(l - R)
Cﬂ—a = .
2/ (my = m) gy — 4*(1 = 453,(1 = R))]
(6.19)

A stable minimum requires that the scalar squared
masses should be non-negative. This condition implies that

p—

Re(m?,e) >0 and m? > =442  (6.20)

l\)

If R = —1 then the quartic terms of the scalar potential
exhibit a flat direction. One can then ensure the stability of the
scalar potential in the weak sense (cf. footnote 3) if m?, + m3, >
2|m3,| [56.72].

""The computation of the squared-mass matrix of the CP-even
neutral scalars in the ®-basis is given in Appendix D.

(6.18)

I
In addition, we demand that

TrM2, = m3 + A2 > 0, (6.21)

1 1 1
—d tM3 = flzv s35(1 = R?) + Am3 {1 —Es%ﬂ(l - R)]

>0. (6.22)
Since m% > 0 by assumption, Eq. (6.21) is automatically
satisfied in light of Eq. (6.1). On the other hand, Eq. (6.22)

is satisfied only if R lies below a critical positive value that
depends on 1, # and m3/v?,

m2 "2 2 4m2
-1<R<-A4 A1 4,
~? + </1112 ) * ﬂvzs%ﬂ
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after employing Eq. (6.1)."% Tt follows that Eq. (6.22) is
satisfied for all values of f if

2m?2
~l<R<1+74

" (6.24)

One can fix the parameter space of the softly broken
U(1) ® I, scalar potential by specifying the values of six
real parameters: A, A4, R, f, my and v = 246 GeV. By
replacing A with m,, [see Eq. (131) of Ref. [70] ] and 4, with
my+, the independent parameters of the softly broken
U(1) ® IT, scalar potential can be taken as my, my,
my+, v, R and f, in which case m}, = m} — mj, + Av*
[cf. Eq. (6.21)] is a derived quantity.

B. The inert limit of the softly broken U(1) ® II, or
SO(3)-symmetric scalar potential

The inert limit of the scalar potential, where Y3 = Zg =
Z; =0, possesses an exact Z, symmetry despite the
presence of squared mass parameters that softly break
the U(1) ® I, symmetry. The inert limit arises if either
vy = 0 or v, = 0, but is more general. Indeed, Egs. (2.2)
and (6.11) imply that the inert limit arises if any one of the
three conditions, R = 1, ¢y3 = 0, or 555 = 0, is satisfied.

1. Softly broken SO(3)-symmetric scalar potential (R=1)

The case of R =1 corresponds to the softly broken
SO(3) scalar potential as noted below Eq. (6.12). In light
of Egs. (6.2)~(6.4), it follows that if sy5c,5 # 0 then

m?, # m3, and Re(mi,e’) # 0. In this case, the squared
masses of the Higgs bosons are given by

2

2 _ .2 2
my, =Av°,  my

=mj3, mr. = m; —5/141)2, (6.25)

where m?3 = 2Re(m?,¢’)/s,5. The mass degeneracy of H
and A arises due to an unbroken U(1) symmetry of the
scalar potential in the Higgs basis (since Y; =Zs =
Ze = Z7 = 0) that is preserved by the vacuum. The II,
symmetry remains softly broken (since Y| # Y,).

2. The softly broken U(1) ® Il -symmetric scalar
potential with cos2f=0

In the case of co5 = 0, Eq. (6.5) implies that m{, = m3,.
Equations (6.14)—(6.18) yield

'8 Apart from the upper bound given in Eq. (6.23), one can
obtain an independent upper bound by imposing either tree-level
unitarity [73-77] or a perturbativity constraint. One would then
expect R/(4x) S O(1).

1 1
mi:iivz(l +R), mé:mi+§lv2(l - R),

1
2 2 2
My = my —=A40°,

5 (6.26)

where m5 = 2Re(m7,e”), in agreement with the A5 =0
limit of Eq. (5.60). In this limiting case, after rephasing one
of the two Higgs doublet fields to set £ = 0, the vacuum
preserves the Il, symmetry [whereas the U(1) symmetry
remains softly broken since m3, # 0].

3. The softly broken U(1) ® Il -symmetric scalar
potential with one vanishing vev

The case where one of the vevs vanishes (i.e., 5,5 = 0)
should be treated separately and implies that m3, = 0 in
light of Egs. (2.12) and (2.13). One can check that
Egs. (6.7)—(6.11) remain valid after setting 5,5 = 0. In this
case, the U(1) symmetry of the scalar potential is unbroken,
whereas the I, symmetry is softly broken if m?, # m3,.

First, suppose that v, = 0 and »; = v. Then, Eq. (5.26)
yields

mi =Y, + %/IUZR, (6.27)
where Y, is a free parameter of the scalar potential that is no
longer given by Eq. (6.6). Moreover, Eq. (6.5) is no longer
valid since Y, = m3, is independent of the squared mass
parameter m?,; only the latter is fixed by the scalar potential
minimum condition. The squared masses of the other
scalars are given by Egs. (5.27)-(5.29) by setting 15 = 0,

my = mp=my,  om, =mj —%/sz. (6.28)
Note that the U(1) symmetry is preserved by the vacuum,
which results in the mass degeneracy of H and A. Second, if
v; = 0 and v, = v, then it follows that Y, = m%l is a free
parameter and ¥, = m3, = —4 Av*. Equations (6.7)—(6.11)
remain valid after setting f = %n. Moreover, the Higgs
masses given by Egs. (6.27) and (6.28) also remain valid.

C. The mixed phase of the softly broken
U(1) ® II,-symmetric scalar potential with m},=0

Although the vanishing of one of the two vevs requires
that m3, =0, the converse is not necessarily true, as
previously noted. That is, if m?, = 0, then both an inert
phase and a mixed phase of the 2HDM are possible. The
inequalities previously obtained that distinguish the inert
and mixed phases in Egs. (5.34), (5.35) and (5.46) still
apply (after setting 15 = 0), and again imply that the inert
and mixed phases do not coexist. In the mixed phase
with m2, =0, the scalar potential respects the U(l)

symmetry, which is spontaneously broken by the vacuum.
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Consequently, m3 = 0 and the other scalar squared masses
are given by

my , = —? [1 + 4 /c%ﬁ + st%ﬁ ,
1
m%{i = —5/141]2, (629)

with mj; < my. Stability of the vacuum requires that
/14 < 0.

D. Scalar potential with an unbroken U(1) ® II,
or SO(3) symmetry

The U(1) ® 1T, symmetry of the scalar potential is
unbroken if m?, = m3, and m}, = 0. Then, as noted at
the end of Sec. V, the squared mass conditions yield
Y3 =Zg =77 =0, corresponding to the inert limit of
the U(1) ® II,-symmetric scalar potential.

First, we suppose that both vevs are nonzero. Then in the
U(1) ® IT, symmetry limit, Egs. (6.2)—(6.4) imply that
(R—1)cy; = 0. Hence, the U(1) ® IT, symmetry limit
arises in two distinct cases. If m{, = cp; =0 and R # 1,
then Eqgs. (6.14)—(6.17) yield

1
m2 =~ v*(1 + R), my = 5102(1 —-R),
1
m; =0, my. = —5/14122. (6.30)

Note that a stable minimum exists if 44 <0 and |R| < 1.
The IT, symmetry is preserved by the vacuum, whereas the
U(1) symmetry is spontaneously broken by the vacuum and
results in a massless Goldstone boson.

TABLE VIIL

[T, symmetry that is manifestly realized in the ®-basis, where 1 =

If m}, =m%, m}, =0 and R=1, then an SO(3)
symmetry is explicitly preserved by the scalar potential
and Egs. (6.14)—(6.17) yield

mfl = 2, m¥ =mj =0, mIZLJ(i = —%141)2. (6.31)
The SO(3) symmetry is spontaneously broken by the
vacuum, leaving a residual unbroken U(1) symmetry,
which results in two massless Goldstone bosons, H and A.

If one of the vevs vanishes (i.e., Sop = 0), then setting
A5 =0 in Eq. (5.62) and in Egs. (5.27)—(5.29) yields

1
mi = v, my, = mj ZEAHZ(R— 1),
1
mi. =mj — 5/14112, (6.32)

which corresponds to a stable minimum if R > 1. Note that
in this case the Il, symmetry is broken by the vacuum,
whereas the U(1) symmetry is preserved by the vacuum and
results in the mass degeneracy of H and A. In the limit
of R =1, corresponding to an SO(3)-symmetric scalar
potential, the resulting scalar masses are again given by
Eq. (6.31).

E. The landscape of ERPS4—Part II(a): Scalar
potential with a softly broken or unbroken
U(1) ® II, or SO(3) symmetry

Table VIII provides a summary of the landscape of scalar
potentials in the subspace of the ERPS4 regime where the
U(1) ® IT, or SO(3) symmetry of the scalar potential is
either softly broken (m?, # m3, and/or m}, # 0) or unbro-
ken (m?}, = m3, and m?}, = 0).

Landscape of the ERPS4—Part II(a): Scalar potentials of the 2HDM with either an unbroken or softly broken U(1) ®

M =2, s =1 =17 =0, and CP is conserved by the scalar

potential and vacuum. The parameter m7, e is real and non-negative [as a consequence of Egs. (6.4) and (6.14)]; if m$, = 0 and 5,5 # 0
then a massless neutral scalar is present in the neutral scalar spectrum. The parameter R = (43 + 44)/4 > —1; when R = 1 the (softly
broken) U(1) ® I1, symmetry is promoted to a (softly broken) SO(3) symmetry. An exact Higgs alignment in the ERPS4 is realized in

the inert limit where Y3 = Zg = Z; = 0.

B m,, m3, m?, et R Higgs alignment Comment
S2pC2p # 0 m3}, # m3, >0 R#1 No See Eq. (6.23)
s2ﬂ62ﬂ ;é 0 I’I/l11 # m%2 0 ‘R| <1 No mf‘ = 0
¢y =0 md, = m3, >0 R#1 Yes -1 <R<1+2m%/(20?)
525 =0 m3, # m3, 0 R#1 Yes m% =m} >0
cp =0 m}, = m3, 0 |R| < 1 Yes One massless scalar
525 =0 m}, = m3, 0 R>1 Yes m% =m} >0
S2pCap # 0 m2, # m3, >0 R=1 Yes my =m3 >0
cp=0 mi, = m3, >0 R= Yes my =m3 >0
55 =0 m3, # m3, 0 R = Yes m% = m} >0
mi, = m3, 0 R= Yes my =m3 =0
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It is noteworthy that the tree-level Higgs scalar potential
of the MSSM exhibits a softly broken U(1) ® I, sym-
metry with m}; #m3,, m}, #0, 553 #0 and R = -1
[22,78], corresponding to the first line of Table VIII. 19
Of course, radiative corrections to the scalar potential of
the MSSM are significant [79] and yield an effective
2HDM scalar potential below the energy scale of super-
symmetry breaking that lies outside the domain of the
ERPS4 [80].

VII. THE GCP3 SCALAR FIELD BASIS

Consider a softly broken GCP3 symmetric scalar poten-
tial whose parameters (denoted with prime superscripts)
satisfy the following conditions: A' =4} =2, =45+ 4, + 5
and ImA; = 4, = 45 = 0. The softly broken parameters
mP, mp and m, are arbitrary (with m/5 potentially
complex). If we demand that the potentlal is bounded
from below, then

A >0, A+ 2>0,

B<i. (10)

A. The softly broken GCP3 symmetric scalar
potential with v; # 0 and v, # 0

Assuming that v} and v/, are both nonzero, Eqgs. (2.8)—
(2.10) yield

1
m? = Re(mpe’ ) tan ff — 21’ VP4 A5’y sin? g, (7.2)
m% = Re(mpe®) cotp — 2/1’ v+ 2vieysin? g, (7.3)
1 ! 22 : 4
Im(m'%e) = 5/151) spcy sin2&'. (7.4)

Equations (7.2)~(7.4) fix the value of f and &. In
particular,

2 2
my — m11
Corp — 7.5
P+ m A2 (7:5)
2Rem’?
cos& = L (7.6)
Sop (M +m5 +Av?)
—2Imm’>
sing = 12 . (17
Sap [mfy + m + (A = 25)v]
YSince R = —1, the scalar potential stability conditions

require that m?, + m3, > 2|m?,| as noted in footnote 16. More-
over, m?,m3, < |m3,|> in order to have electroweak symmetry
breaking [72], thereby excluding m?, = m3,.

As noted below Eq. (5.6), inserting m12 = |m%|e®> in
Egs. (7.6) and (7.7) and imposing cos §’+sm =1
yields an equation that determines the phase ¢/, in terms of
& and the other GCP3 scalar potential parameters.

The corresponding parameters of the Higgs basis are
obtained by setting R = 1 in Egs. (5.14)-(5.19),

Y, —ZRC(;’Zﬂllzelg ) %/1’1]2 +AL0? <1 —%sgﬂ,) sin*¢, (7.8)
Zy=Zy =N~ Jssyysin’ &, (7.9)

Zy = 2+ Mty sin? €, (7.10)

Zy =Ny + X3y sin* & (7.11)

Zs = 2™ (cos & + icyy sin )2, (7.12)
Zo=—Z,=ilssypsiné e (cosé +icypsing).  (7.13)

The Higgs basis parameters Y; and Y5 are fixed by the
potential minimum conditions given in Eq. (5.20). Note
that Eq. (6.13) is satisfied, as expected. In addition, in the
limit of A5 =0, we recover the softly broken SO(3)-
symmetric scalar potential, where the conditions 1] = 1, =
Ay + A, and A5 = Ag = A5 = 0 hold for all choices of the
scalar field basis.

One can check that CP is conserved in light of the
relation,

—Ai553, sin’ &'Zs, (7.14)
which implies that Im(Z:ZZ%) = 0. Thus, there exists an
appropriate rephasing of the Higgs basis such that Z5, Z¢ and
Z are real. This is remarkable in light of the fact that A5 is
real but m?, can be complex, which implies that one cannot
perform a simple rephasing of the scalar doublet fields in
the GCP3 basis to render all parameters real. In light of the
CP invariance of a softly broken GCP3-symmetric scalar
potential, it must be possible to find a residual generalized
CP transformation under which the scalar potential and the
vacuum in the GCP3 basis is left invariant. In Appendix C,
we provide an explicit construction of this residual gener-
alized CP transformation. Of course, the existence of such a
transformation is a foregone conclusion given that the
existence of the residual CP symmetry in the U(1) ® I,
basis can be established by inspection.

The scalar masses can now be evaluated. First, Eq. (5.21)
is still valid,

1
mili = Y2 +§Z31}2

_ 2Re(mpe)

V(A + A5 cos 2¢).
Sz/j/

(7.15)
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Next, consider the neutral scalar squared-mass matrix,
which is given by Eq. (5.22). Noting that the complex
number, cos& +icyy sing’ appears in both Egs. (7.12)
and (7.13), it is convenient to define the complex
phase y via

1/261‘{//.

In particular, Im(Zse=%") = Im(Zge~") = 0. Thus, we can
immediately read off the squared mass of the CP-odd
neutral scale from Eq. (5.22),

1 )
mi = Yz -+ E 02[23 + Z4 - Re(Zse_zm)]

cos & +icyysiné = (1 —s2,sin*> &) (7.16) IR
! i _ PRe(mpe) | 202 sin? &, (7.20)
In order to make use of Eq. (5.22), we must choose a value 28
for - Following Eq. (5..8), we shall transfogn n=-¢ where A — g = \/EImHg. Combining the results of
[which was employed in the U(1) ® IT, basis] to the Egs. (7.2). (1.3) and (7.20) yields
GCP3 basis. The derivation is provided in Sec. VIII 8- 17.2), A Y
[cf. Egs. (8.58)—(8.60)] and instructs us to choose m3 = m + m2 + A0 (7.21)
1 .. .
n=w-¢&— 5”' (7.17) In addition, Egs. (7.15) and (7.20) yield
1
Inserting this result into Eq. (5.22), it then follows that m. =m; — 5 (2 + 25)0? (7.22)
2i
—A5(1 - szﬁ’ sin? &) e, (7.18) The squared masses of the CP-even neutral scalars, &
. . A and H are the eigenvalues of the 2 x 2 matrix exhibited
Zg = —Assyp sin &' (1 — 53 sin’ &2em, (7.19) below,
|
(BT s
—Im(Z6ei(‘§/“”>)1)2 mi — RC(Z562i(§/_W))Uz

( (A = Ass3, sin* &')v?

—A507syp sing' (1 = 3, sin® &)

with respect to the {@;, ¢, } basis, where ¢,
given by

12 my — A50* (1 = 3, sin® &)

=V2ReH) — v and ¢, =

—2v?s,5 sin & (1 — 52, sin® &)1/2
v 7 : (7.23)

\/EReHg. The neutral CP-even scalar masses are

where m;, < my, and

o Asv%spsiné (1 —s%ﬂ, sin?¢')1/2 (725)
pa 2 2V 2 — (A — .52 sin2 €N 2] '
(my—my) [mg; —( 555 S £)v]

A stable minimum requires that the scalar squared
masses should be non-negative. This condition implies that

., 1 .
Re(m?,e) + E/l’svzszﬂ sin? & >0

1
and m3 > (A + %)0?

> (7.26)

The computation of the squared-mass matrix of the CP-even
neutral scalars starting from the @®’-basis is much more difficult.
Details are provided in Appendix D.

(=20 E \/ (M2 — (X + A0 + 40 (m? — z'y2)s§ﬂ,sin2§'}, (7.24)
|
In addition, we demand that
TrM3 = m3 + (X = 25)v* > 0, (7.27)

1
Fdet/\/l2 =mj (¥ = 2553,

> 0. (7.28)

sin*¢’) — X' 2507 (1 = 53, sin* &)

Since m% > 0 by assumption, Eq. (7.27) is automatically
satisfied in light of Eq. (7.1). On the other hand, Eq. (7.28)
is satisfied if and only if

Am3
N0+ s3,5i0°8 (m3 — 2'0?)

A5 < min{}/, } (7.29)

One can fix the parameter space of the softly broken
GCP3 scalar potential by specifying the values of ', 4, A%,
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Sop sin&', my and v. In particular, once my is fixed, we see
that #’ and & do not appear independently in any 2HDM
observable. By replacing A4 with m, and A4 with mg-, the
independent parameters of the softly broken GCP3 scalar
potential can be taken to be my, my, mys, v, A5 and
Sop Sin &. That is, just as in the case of the softly broken
U(1) ® II, scalar potential, the parameter space is fixed by
six real parameters.

B. The inert limit of the softly broken
GCP3-symmetric scalar potential

The inert limit of the softly broken GCP3-symmetric,
corresponding to Y3 = Zg = Z; = 0, arises if either v; = 0
or v, = 0, but is more general. Indeed, Eq. (7.13) implies
that the inert limit requires that one of the following three
conditions, s, sing’ =0, ¢y =cos&’ =0, or A5 =0, is
satisfied.

1. The softly broken GCP3-symmetric scalar potential
with one vanishing vev

The case where one of the vevs vanishes (i.e., 5,5 = 0)
implies that m12 =0 in light of Egs. (2.12) and (2.13).
Then, setting R = 1 in Egs. (5.26)—(5.29) yields

m; = 2, my = m3 — 0%,
m2. =mj —= (A + ) (7.30)

where m} =Y, +44v? and Y, is a free parameter.
Likewise, if sin& = 0, then Egs. (7.20)—(7.23) also yield
Eq. (7.30), where m} = 2|Remf|/s5p. 2l That is, if

Sop SIN & =0 then Eq. (7.30) is satisfied where
2]RemB| .. .
B2 if siné =0 and %0,

ml = { 525 g S E0 g5
Y2 +%/1/’U2, if Sz/;/ =0.

Note that if sin& = 0, s,ycop # 0 and mfy # m’,, then it
follows that Rem’f2 # 0 in light of Egs. (7.2) (7.4).

2. The softly broken GCP3-symmetric scalar potential
with cos2f' = cos & =0

Second, if ¢,y = cos E =0, then it follows from
Egs. (7.20)—(7.23) that

m2 = (A = 25)v?, my = m3 = £2Imm’} + 102,

1
=m} — 2 (A + A5)v? (7.32)

2'f sing =0 then Re(me’) = +£Rem/s = [Rem’3| after
choosing the sign that yields m2 > 0.

Using the results of Sec. VIII, this case corresponds to
s,5 = 0 in the U(1) ® II, basis. Then the choice of plus

(minus) sign in the expression for m%,’A in Eq. (7.32)
corresponds to f=0 (f = %ﬂ.’), respectively. Moreover,
recall that an unbroken GCP3 symmetry is equivalent to

U(1) ® Z, (cf. Table VI). Although the Z, symmetry is
explicitly broken (due to mf, #0), a residual U(1)
symmetry survives that is preserved by the vacuum if
cyp = cos¢ = 0 since

cos@ sind 1 ) 1
(S o) () =) o
—sind cosd +i +i

which results in the mass degeneracy of H and A.

3. Softly broken SO(3)-symmetric
scalar potential (A5 =0)

Third, if A5 = 0, then the softly broken GCP3 symmetry
is promoted to a softly broken SO(3) symmetry. In light
of Egs. (7.2)~(7.4), it follows that if s,ycop #0 then
m, # m% and Re(m'%e’’) # 0. We then obtain,

2R it
m%:/l’vz, m¥ = m} = M,
Szﬁ/
2 L, 5
e == (7.34)

in agreement with Eq. (6.25), as expected. Using the
results of Sec. VIII, this case corresponds to R =1 in
the U(1) ® I, basis.

C. Scalar potential with an unbroken
GCP3 symmetry

Finally, if m? =m% and mp =0 then the GCP3
symmetry is explicitly preserved by the scalar potential.
In light of Egs. (5.13) and (5.20) and the ERPS condition, it
follows that Y3 = Zg = Z; = 0, corresponding to the inert
limit of the scalar potential. If both vevs are nonzero,
then it follows from Egs. (7.2)~(7.4) that Ajcop sin? & =
Assing’ cos&’ = 0. Consequently, the GCP3 symmetry
limit arises in the following three distinct cases.

First, if 25 # 0 and sin &’ = 0, then Egs. (7.30) and (7.31)
yield

1
m% =0, m2, = —5(% + A%)0v? (7.35)
which corresponds to a stable minimum if 15 <0 and
A} < —25. The GCP3 symmetry is spontaneously broken by
the vacuum, resulting in a massless scalar.
Second, if A5#0, c;py =0 and cos& =0, then
Eq. (7.32) yields
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2 2 g2
my = my = Asv°,

1
=5 (A = 2)0 (7.36)

)
which corresponds to a stable minimum if 0 < 15 < A" and
A} < 25. The mass degeneracy of H and A is again a result
of a residual U(1)" symmetry that is preserved by the
vacuum.

Third, if 25 = 0, then the GCP3 symmetry of the scalar
potential is promoted to an SO(3) symmetry. In this case,

1
2.2 2 )
my=m5 =0, mHi——Eﬂ“v,

mi =2, (7.37)
corresponding to a stable minimum if 4, < 0. In particular,
the SO(3) symmetry is spontaneously broken down to U(1),
which yields two massless scalars H and A.

If only one of the two vevs is nonzero (i.e., Sop = 0), then
Egs. (2.12) and (2.13) yield m’122 = 0. Setting R =1 and
Y, =Y, =—14v* in Egs. (5.26)—(5.29), we end up with

2 .2 2 1,2
my = A'v?, my = —Asv°,

1
m; =0, m2. = —= (X + A5)v%,

2 =3 (7.38)

which coincides with the mass spectrum given in
Eq. (7.35). If in addition we set A5 = 0, then we obtain
the mass spectrum of Eq. (7.37).

D. The landscape of ERPS4—Parts II(b) and Il(c):
Scalar potential with a softly broken or unbroken
GCP3 or SO(3) symmetry

Tables IX and X provide summaries of the landscape of
possible scalar potentials in the subspace of the ERPS4
regime where the GCP3 or SO(3) symmetry of the
scalar potential is either softly broken (mf # m'% and/or
m'5, # 0) or unbroken (m3, = m%, and m, = 0).

Using the results of Sec. VIII, one can check that each
entry of Tables IX and X can be matched up with a
corresponding entry of Table VIII (and vice versa).

The analysis presented in this section can be repeated for
the closely related GCP3’ basis, where 1 =2, =5+, — A%
and ImA; = Ay = 45 = 0. Details are left for the reader.

VIII. TRANSFORMING BETWEEN THE
U(1) ® II, BASIS AND GCP3 BASIS

In Ref. [41], it was shown that the U(1) ® II, and
GCP3-symmetric scalar potentials are in fact the same
scalar potential expressed in different scalar field bases.

TABLE IX. Landscape of the ERPS4—Part II(b): Scalar potentials of the 2HDM with either an unbroken or softly broken GCP3
symmetry that is manifestly realized in the ®-basis. In all cases, A= 1] =, =2, + A, + A, (with 15 real and nonzero) and
Ay =, =0, and CP is conserved by the scalar potential and vacuum. An exact Higgs alignment in the ERPS4 is realized in the inert

limit where Y3 = Zg = Z; = 0.

p & mlE, m% my e Higgs alignment Comment
SopCap #0 sin2& #0 mp # m Complex No

SapCop #0 cosé =0 mi # mb Real No

cp =0 sin2& # 0 mp = m Real (# 0) No

cp =0 siné =0 m? =mb Real (# 0) Yes

cop =0 cos& =0 mp = m Real (# 0) Yes my =m3 >0
SapCap #0 siné = 0 m?2 # mp Real (% 0) Yes

sop =0 m # m 0 Yes

S #£0 siné =0 m? =mb 0 Yes One massless scalar
cp =0 cos & = mp = m 0 Yes my =m3 >0
S99 =0 m? =mb 0 Yes One massless scalar

TABLE X. Landscape of the ERPS4—Part II(c): Scalar potentials of the 2HDM with either an unbroken or softly broken SO(3)
symmetry that is manifestly realized in the ®-basis. In all cases, A = 1] = 1, = 25 + 1, and A = A; = 4, = 0, and CP is conserved by
the scalar potential and vacuum. In all cases of an unbroken or softly broken SO(3) symmetric scalar potential, an exact Higgs alignment

is realized as a consequence of Y3 = Zg = Z; = 0.

p mfE, m% mp e’ Higgs alignment Comment
SapCop # 0 m'? #m Real (# 0) Yes m¥y =m2 >0
Cop =0 m? = mb, Real (# 0) Yes my =mi >0
Sy = 0 m’lzl + m’222 0 Yes m%[ = mf‘ >0
iy = i, 0 Yes iy =i =0
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In this section, we extend this result to the softly broken
U(1) ® I, and GCP3-symmetric scalar potentials by
providing an explicit mapping between the corresponding
scalar potential parameters.

Consider the following unitary transformation:

el ( 1 —i)
U: )
V2 \-i 1

where the phase ¢ is determined in Eq. (8.13). Starting
from the U(1) ® I1, basis defined in Sec. VI, it then
follows that (independently of the choice of ¢)

(8.1)

1
X =k =2=51+R), (8.2)
1
1
, 1
¥ ==A(1-R). (8.5)
A=—i =0, (8.6)

where R = (A3 + A4)/A. In particular, A5 = A" — 5 — 4} is
real and Ay = A, =0, corresponding to the GCP3 basis
defined in Sec. VII. In addition, the corresponding soft-
breaking squared mass parameters are

1
mf; = 5 (mf) + m3,) + Immi,, (8.7)
n_L. 5 2 2
my = 5(’"11 + m3,) — Imm,, (8.8)
” 2 Lo 2
mi; = Remy, + 5’(’”22 —mjy). (8.9)
Finally, the vevs in the GCP3 basis are given by
et
vy = 75(7)1 — ivye®),
Ve = —e"‘f’i vy + ivye’), 8.10
2 \/i( 1 2€") (8.10)

where v} = vcy and v, = vsy are real and positive. Hence,

1 .
Cﬁr = ﬁ(l + SZﬂ Slng)l/z,
1 .
S :ﬁ(l—smsmf)l/z, (8.11)

and it immediately follows that

(8.12)

52

Sy =1 = s3siné.

By convention, 0 < /' < %ﬂ' (or equivalently, sin2p > 0).

The phase ¢ is determined by the positivity of v. Hence,
it follows that

el :M' (8.13)
(14 s55sin8)"/2

Then, Eq. (8.10) yields

i Coptisppcosé

sy =L T 8.14
s V2 (1 + sypsin&)1/2 (8.14)
Likewise, the relative phase £ is given by
i S2ﬂ COS& - iCZﬂ (8 15)
els = - . .
(1= s3;sin* &)/
That is,
. —Cop
sin & = ,
1 é: (l—s%ﬂsinzf)'/z
575 €08 &
cos¢ = - . (8.16)
(1= s3;sin* &)1/
Consequently, Egs. (8.12) and (8.16) yield
Sop sing’ = —cyp. (8.17)

Finally, if g = %ﬂ' and sin& = +£1, then one of the vevs
vanishes. It then follows that s,y = 0, in which case ¢ is
indeterminate if sy = 0 and & = 0 if ¢y = 0.

Using Egs. (8.9), (8.12) and (8.15), it is instructive to
note that

2Re(mpe™) 2Re(miy)sypeosé+cop(mzy —mi, )

. (8.18
Sap 1—s3,5in*& (8.18)
In light of Eq. (6.4), it follows that
Rem?, = Re(m},e’) cos & + Im(m3,e) sin &
= Re(m3,e) cos . (8.19)

Hence, after using Egs. (6.2) and (6.3) for m3, — m3,

and Eq. (8.19) for Rem%z, it then follows that Eq. (8.18)
yields

WRe(mfye) Re(mhed)  aP(1-R oo
Sop Sap 2(1 = s3;sin’ §)

In particular, Eq. (7.20) yields
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2Re(m/122eiél) +/1/51)2 sin2 5/ — 2Re(m%26i§) )

(8.21)
Sop Sap

2
my =

after employing Eqgs. (8.5) and (8.16). Comparing with
Eq. (6.14), we see that one obtains the same result for mi in
the GCP3 basis and the U(1) ® I, basis respectively, as
required. Note that the same conclusion can be drawn by
plugging the results of Egs. (8.2), (8.7) and (8.8) into
Eq. (7.21), which reproduces the result of Eq. (6.15).

For completeness, we check that the scalar mass spec-
trum derived from the softly broken U(1) ® I, and GCP3-
symmetric scalar potentials coincide, as required. Plugging
in the results of Egs. (8.4) and (8.5) into Eq. (7.22)
reproduces the result of Eq. (6.16) for mi]i. To check
the squared masses of the neutral CP-even scalars, we plug
the results of Eqgs. (8.2) and (8.5) into Eq. (7.27), which
reproduces the result of Eq. (6.21). Finally, we plug in the
results of Egs. (8.2), (8.5) and (8.17) into Eq. (7.28), which
reproduces the result of Eq. (6.22).

As a final check of our computations, one can verify that
the invariant quantities, Y5, Z,, ..., Zy, |Zs|, |Z¢| and Z:Z2
are independent of the choice of basis. For example,
starting from the GCP3 basis,

Z3Zg = X3y sin® &|Zs

= —25s3, sin* &'(1 = 53, sin* &')?

= SP(1 =RV sty (8.22)
in agreement with Egs. (6.10) and (6.11). One can also
check that all the other invariants yield the same values in
the GCP3 and U(1) ® II, bases.

Given a softly broken U(1) ® Il,-symmetric scalar
potential that is displayed in the U(1) ® II, basis where
the softly broken symmetry is manifestly realized, it may
turn out that the scalar potential is invariant under some
discrete or continuous subgroup of U(1) ® II,. It is of
interest to determine implications of this invariance for the
scalar potential parameters when expressed in the GCP3
basis. We proceed by assuming that the scalar potential,
which is specified in Eq. (C1) in terms of squared mass
parameters Y,; and dimensionless parameters Z,, .4
[defined in Eq. (C4)], is invariant under the transformation,

D, > X 5Py D> DX (8.23)
That is [cf. Egs. (C7) and (C8)],
Y = XYX', Z=X®X)Z(X' ® X"). (8.24)

Consider a change of scalar field basis specified by U
[e.g., U specified in Eq. (8.1) transforms the U(1) ® II,
basis into the GCP3 basis]. In light of Egs. (C7) and (C8),
Y’ = UYU" yields the squared mass parameters in the new

basis, and Z' = (U @ U)Z(U" ® U") yields the dimen-
sionless parameters in the new basis. In the new basis, the
symmetry transformation matrix X will be denoted by X
Thatis, Y’ = X'Y’X'", since the parameters in the new basis
are invariant with respect to the transformations induced by
X'. Tt then follows that UYU' = X' (UYU")X'", which
yields

Y = (U'X'U)Y(U'X'U)'. (8.25)

Comparing this result with Eq. (8.24), we can conclude that

X' = CUXUT, (8.26)
where the complex phase factor e’ is arbitrary and can be
chosen for convenience as it corresponds to an additional
hypercharge U(1)y transformation, which has no effect on
the scalar potential parameters. One can now check that
7' = (X' ® X")Z'(X'" ® X'") by inserting Eq. (8.26) for X’
and evaluating the products and Hermitian conjugates
according to Egs. (C10) and (CI11).

We shall now employ Eq. (8.26) in several examples.
First, suppose that the softly broken U(1) ® IT,-symmetric
scalar potential is invariant with respect to Z,. Using
Table I, it follows that X = (§ °,). Hence, when trans-
formed to the GCP3 basis using U specified in Eq. (8.1),
and choosing e = —i, it follows that

x'—<0 1)
S \=1 0/’

which corresponds to the IT, symmetry defined in Table IV.
This is easily checked using Eqs. (8.7)—(8.9). In particular,
if Imm?, = 0 and m?, # m3,, then it follows that m7 =
m%, and Rem = 0 (cf. Table VI).

Second, suppose that the softly broken U(1) ® II,-
symmetric scalar potential is invariant with respect to
IT,. Using Table 1, it follows that X = (J}). Hence, when
transformed to the GCP3 basis using U specified in
Eq. (8.1), and choosing e* = 1, it follows that X’ = X.
That is, the scalar potential in the GCP3 basis also
exhibits a Il, symmetry. This is easily checked using
Eqgs. (8.7)~(8.9). Namely, if m}; = m3}, and Imm?, =0
(cf. Table III), then the same relations also hold for the
primed parameters.

Third, suppose that the softly broken U(1) & Il,-
symmetric scalar potential is invariant with respect to
U(1). Using Table I, it follows that X = (egg %), where
—%ﬂ' <0< %ﬂ' Transforming to the GCP3 basis using U

given in Eq. (8.1), and choosing e’¢ = 1, we obtain

¥ — ( cos 6
~ \—sin® cos@

(8.27)

sin @ 1 1
), for —§n<9§§ﬂ, (8.28)

115012-26



EXCEPTIONAL REGIONS OF THE 2HDM PARAMETER SPACE

PHYS. REV. D 103, 115012 (2021)

which defines the U(1)" symmetry transformation. In
particular, if 2, =4, and mj, =15 =1y = 47 =0 then
Eqs. (8.2)-(8.9) yield, m{ =m5, Rem} =0, A=
A =25 =2 is real and Ay = 45 = 0, which are the con-
straints due to U(1)" as indicated in Table VI.

As our final example, we reconsider the residual unbro-
ken symmetry in the case of a softly broken U(1) ® Il,-
symmetric scalar potential when ¢,; = 0. Below Eq. (6.26),
we noted that in this limiting case, after performing a
rephasing to set £ = 0, the residual symmetry of the scalar
potential and vacuum was I1,. However, in this example,
we shall keep ¢ arbitrary. In order to accommodate & # 0
we define a new discrete symmetry,

: @ - e, @, - P,

where aris a fixed real parameter.

(8.29)

Note that when Hg“) is applied twice, one obtains the

identity. This means that for any fixed value of «a, the Hé’”
symmetry is equivalent to a Z, symmetry that is manifestly
realized in a different scalar field basis.

Of course, for a =0, we regain the I, symmetry.
Moreover, up to an overall hypercharge U(1)y transforma-
tion, the IT), symmetry corresponds to a = %ﬂ.’. If the scalar

potential in the ®-basis is invariant under Héa), then it

follows that

Im(m?},e®) =0,

_ 1% ,—2ia
/17 = 266 .

2 .2
myy = my,

Im(Ase?a) = 0,

)’l = AZ?
(8.30)

In light of Eq. (6.4), it follows that for ¢,3 = 0, the residual
symmetry of the softly broken U(1) ® IT,-symmetric

scalar potential and vacuum is l'[gﬁ) (for any fixed value
of &).

Suppose that the Hga) symmetry is unbroken by the
scalar potential in the U(1) ® I1, basis. Then, we can
deduce the corresponding symmetry in the GCP3 basis. In
this example, X = (e9i" eg’), where « is a fixed real param-
eter. Hence, when transformed to the GCP3 basis using U

specified in Eq. (8.1), and choosing ¢ = 1, it follows that

¥ sina
cosa

cosa i
) , for a fixed real value of a.
—sina

(8.31)
Without loss of generality, we may take —37 < a <37

[since @ — a + 7z yields a hypercharge U(1)y transforma-
tion]. We shall denote this symmetry by

flga): ®, - @, sina + ®, cosa,

®, > ®, cosa — D, sina. (8.32)

Note that for @ = 0 [@ = } 7], the I:Iga) symmetry coincides

with T, [Z,]. That is, f[g@ provides an interpolation
from the I1, to the Z, symmetry.

Imposing the 1" symmetry on the parameters of the
scalar potential in the ®-basis for a fixed value of a # 0, %ﬂ',
it follows that

Imm?}, =Imis =Imis =Imi; =0, (8.33)

m3, —m?, =2 tan aRem?,, (8.34)

Al — A =2 tan aRe(dg + 47), (8.35)

Ao —2(2s+ 14+ Reds) =4cot2aRe(lg—47).  (8.36)

Applying the above results to the softly broken
GCP3-symmetric scalar potential, we set /' =4 =1, =
M+ A+ and Imiy =145 =1, =0. Note that
Eqgs. (8.33)—-(8.36) are consistent with these constraints.
In addition, the softly broken GCP3-symmetric scalar

potential preserves the lzlga)

symmetry in two cases: (i) if
m'% is real and nonzero then m # m% [in which case,
a is determined from Eq. (8.34)]; or (ii) if m = 0 then

m’ = m2 (in which case [1", which is a symmetry of the

scalar potential for all values of «, is promoted to an
unbroken GCP3 symmetry).

For example, in the inert limit of the softly broken
GCP3-symmetric scalar potential, where s,pcyp # 0,
sing =0, m? # m% and mpe® is real [See Table IX],

(@)

we see that the conditions for the I1,” symmetry are

satisfied. Moreover, one can show that the ﬁ§“> symmetry is
unbroken by the vacuum as follows. Using Eqs. (7.2)—(7.4)
under the assumption that siné& =0, it follows that
mhe's = mZ cos & = +m} is real (where + corresponds
to & =0 or & = 7, respectively), and

(8.37)

Hence, Eq. (8.34) yields tan a = £+ cot2f’. In the con-
vention where =37 < a <1z and 0 < f < 1x, it follows
that sina = £ cos 2’ and cosa = sin2f, or equivalently

1
o= i(in—zﬂ/) (8.38)
The Izléa) symmetry is unbroken by the vacuum if
v v
x( )=+ '), (8.39)
vhe' vhe’
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where the + sign reflects the fact that {(®Y), (®9)} is
equivalent to {—(®Y), —(®I)}, as the two are related by a

hypercharge U(1)y transformation. After using the value of
a obtained in Eq. (8.38) to determine X’ [cf. Eq. (8.31)], it

follows that the l:Igl) symmetry is unbroken by the vacuum
since the following equation is an identity:

(7 () -+(2)
Sop FCop iSﬂ/ ZES/}/ ’
Consequently, one can conclude that the f[;") symmetry is
responsible for the inert limit (and the attendant exact Higgs
alignment) in this case.

In some applications, it is useful to invert the relations
obtained in Egs. (8.2)—(8.9). This can be achieved by
starting from the GCP3 basis and employing the unitary
transformation

(8.40)

S L
The resulting U(1) ® II, basis parameters are
A= -1, (8.42)
Ay =2+ 25, (8.43)
Ay =Xy + 25, (8.44)
AR =1 + 1L, (8.45)
ds=dg =47 =0 (8.46)

In addition, the corresponding soft-breaking squared mass
parameters are

1
m}, = E(m11 +m%) — Immf, (8.47)
m3, = —(m +m%) + Immf, (8.48)
1
m%z = Remlz D) l(mlzzz - m/121) (8.49)

Finally, the vevs in the U(1) ® II, basis are given by
e
V2

. o
Ve =7 — (v —
4

v, = (v} + ivhe'®),

ivhe), (8.50)

where v; and v, are real and positive. Hence,

Cp = \}f(l — Spp sin 5/)1/2
sp= \% (14 s9p sin &)1/2, (8.51)
and it immediately follows that
sy =1- 52/)" sin? & (8.52)

By convention, 0 < f < %ﬂ' (or equivalently, sin2 > 0).
The phase ¢ is again fixed by the positivity of v;, which
yields

cp— isﬂre_"‘f/

e~ = ,
(1= s, sin &)1

(8.53)

and is consistent with Eq. (8.13) after employing
Egs. (8.51) and (8.55). Then, Eq. (8.50) yields

. r — iSy5 COSE
eitsy = — W " . 8.54
b \/Q(l —Szﬁ/ Sil’lél)l/2 ( )
Likewise, £ is given by
e S2/j’ COSé/ + iCzﬁ/
els = (= @)/ (8.55)
2
That is,
. Cop
81n§ = . ’
(1 =53, sin*¢)'/2
S, cos &
cosé = : . (8.56)
(1 = 53, sin* &)/
Hence Egs. (8.52) and (8.56) yield
S2ﬂ sin é = CZﬂ" (857)

Once the U(1) ® II, basis parameters have been derived,
one can perform one further rephasing to remove the
phase & (which is unphysical). Finally, if f' = 47z and
sin & = %1, then one of the vevs vanishes. It then follows
that s,5 = 0, in which case £ is indeterminate if s; = 0 and
§=0ifc;=0.

The scalar masses obtained in the U(1) & I, basis and
the GCP3 basis were derived by applying Eq. (5.22). In
employing this equation, a specific value of 7 was chosen.
The eigenvalues of M? are independent of this choice.
However, the identification of H and A depend on this
choice in the inert limit. For a consistent treatment of the
two basis choices, one should also transform z when
changing the scalar field basis according to Eq. (5.8). In
particular, given the choice of 7 = —¢ that was employed in

115012-28



EXCEPTIONAL REGIONS OF THE 2HDM PARAMETER SPACE

PHYS. REV. D 103, 115012 (2021)

the U(1) ® II, basis, the corresponding 7' in the GCP3
basis is given by

e = (detU)e ™ = %% it

_ (C/)” + l.S/}leiél)z(SQ/}/ COS 5/ + iCzﬁ/) (8 58)
(1 =55 sin&)(1 =53, sin* &)1/

after employing Eq. (8.1) to obtain detU = %% and
making use of Egs. (8.53) and (8.55).
The numerator of Eq. (8.58) can be simplified with a

little algebra,

(Cﬂr -+ isﬂ/eié/)z(.?zﬁ/ COS 5/ + iC2ﬂ!)
= e[cyp cos & +i(syy — sin&)](syy cos & + icyy)
= e (copsing +1i cos &) (1 — sy sin &).
= i@ V(1 = spp sin &)(1 = 53, sin” &)'/2, (8.59)
where we have used Eq. (7.16) in the final step. Inserting
this result back into Eq. (8.58) yields

W=w-€-3n (8.60)
which justifies the choice of 5 that was employed in
Eq. (7.17). Note that if 5,5 = 0, then one of the two vevs
in the GCP3 basis vanishes. If ¢,y = 1, then Eq. (7.16)
yields y = & and we conclude thatyf = —17. If cop = —1,
then y = & = 0 (since in this case (®9) = v//2 is real
and positive) and we again find that ' = —%71’. That is,
e = —1, which is the motivation for the choice of 5
employed in obtaining Egs. (5.26)—(5.29).

For a satisfying check of Eq. (8.60), one can compute the
value of Zs in the GCP3 basis starting from its value in the
U(1) ® I, basis given in Eq. (6.10). In performing this
computation, one must remember to rephase Zs as indi-
cated in Eq. (5.10). After making use of Eqs. (8.42), (8.45),
(8.60) and (7.16), it then follows that

Zs = %/Is%ﬂ(l — R)e%e %9

= —2(1 - sgﬁ,sinzgf)e2iv’

= Ae (1 - sgﬁ,sinzf’)eZi"’

= e (cos & + icyy sin&')?, (8.61)
in agreement with Eq. (7.12).

Although cases in which one of the two vevs vanish
appear to be isolated from the parameter regimes in which

21t $75 = 0in the U(1) ® II, basis then Zs = 0, in which case
my = my and the results of Eqgs. (5.26)—(5.29) do not depend on
the choice of 7.

both vevs are nonvanishing, in fact the two parameter
regimes can be regarded as being continuously connected.
For example, starting from the GCP3 basis, the parameter
regime in which one of the two vevs vanishes (i.e., 5,5 = 0)
implies that m’% = 0 due to Egs. (2.12) and (2.13).” In
light of Eq. (8.9), it follows that in terms of the U(1) ® IT,
basis parameters, Rem?, = 0 and m?}, = m3,, but in gen-
eral Imm?, # 0. Moreover, Eq. (6.5) then yields = %ﬂ'. As
expected, this parameter regime can be identified as the
inert limit, independently of the basis choice. Nevertheless,
it is clear that = %Lﬂ' is continuously connected to other
regions of the parameter space in the U(1) ® II, basis.
Similarly, the case of one vanishing vev in the U(1) ® II,
basis corresponds to s, sin& = +1, which implies that
p = iﬂ in the GCP3 basis. Finally, the inert limit in the

U(1) ® I, basis when R = 1 corresponds to the inert limit
in the GCP3 basis when A5 = 0.

IX. THE HIGGS ALIGNMENT LIMIT

The neutral scalar squared-mass matrix, M?, given in
Eq. (5.22) is expressed with respect to a basis of neutral
scalar interaction eigenstates, {\/ERGH? —v, ReH?, ImHg},
where HY and ‘H) are the neutral components of the Higgs
basis fields. The neutral scalar interaction eigenstate,

Q= \/EReH? — v, possesses tree-level couplings to SM
particles that coincide precisely with those of the SM Higgs
boson. Consequently, if the mixing of ¢, with ReH9 and
ImHg were to vanish exactly, then ¢; would be a mass
eigenstate with tree-level properties that are indistinguishable
from those of the SM Higgs boson. In this case, the direction
of ¢, in field space is exactly aligned with the direction of the
vacuum expectation value v. Hence, the limit of zero mixing
described above is called the Higgs alignment limit [42—47].

In light of Eq. (5.22), it follows that the Higgs alignment
is realized exactly if and only if Zs = 0, in which case we
can identify mj, = Z;v> In this limit, the masses of the two
other neutral scalars are not immediately constrained
(beyond experimental bounds based on the absence of
any newly discovered scalar states at the LHC). Although
the observed Higgs boson at the LHC is SM-like, the
precision of the current data allows for 10%-20% devia-
tions from SM behavior of the Higgs boson couplings to
vector bosons and third generation quarks and charged
leptons [3—6]. Thus, the present Higgs data requires only an
approximate Higgs alignment, which allows for a small
mixing of ¢; with the other two neutral scalar interaction
eigenstates. This small mixing can be achieved in one

“Note that it follows that the ratio Re(m%e®)/ sy that
appears in Eq. (7.20) is indeterminate, in which case it can be
replaced by m3 — ALv? sin® &, with m? being regarded as a free
parameter.
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of two ways—either |Z¢| <1 or Y, > v? The latter
corresponds to the decoupling limit of the 2HDM [42,81].

For example, if CP is conserved then the squared-mass
matrix, M2, of the neutral scalars, expressed with respect
to Higgs basis fields, breaks up into a 2 x 2 block and a
1 x 1 block,

Z]Uz Z61)2 O
M2 = Zg> mi+Zsv® O (9.1)
0 0 m;

Once again, we see that Zg = 0 corresponds to exact Higgs
alignment, whereas approximate Higgs alignment is real-
ized when |Zg¢| < 1 and/or my > v.

Diagonalizing the 2 x 2 block yields the CP-even Higgs
mass eigenstates H and #h,

(H) <c/;_{, —s/,_(,> (ﬂReH? - 11) 92)
h Sp—a  Cp-a V2Re H) ' .
where m;, < my, cs_, = cos(f — a) and s4_, = sin(f — )
in a convention where 0 < f# — a < z. In a real ®-basis with
real non-negative vevs, (@2} =,/ V2 (a=1,2),tanf =
vy/v; and a is the mixing angle that diagonalizes the
CP-even Higgs squared-mass matrix when expressed
with respect to the {v/2Re®? — v|, v/2Re®) — v,} basis.
Nevertheless, the quantity s;_, is independent of the choice
of the scalar field basis.

After diagonalizing the matrix M3, the neutral CP-even
scalar masses are given by

1
my = 3 {mfx +(Z) + Zs)v?

Y R A A A LA N CK)

where m;, < my, and

—Z67J2
Sﬁ—acﬁ—a = m%{ — m%l ’
2 2
2 ,  mi—(Z=Zs)v
Chg = Shog = 5 5 . (9.4)

My —my,

We shall henceforth assume that h ~ \/§ Re H? — v 1S
SM-like and thus should be identified with the observed
Higgs boson with m;, ~ 125 GeV. Under this assumption,
it follows from Eq. (9.2) that cs_, — 0 in the Higgs
alignment limit. Indeed, one can use Eq. (9.4) to
derive [82,83]

—261}2
Chog = 9.5
Y ey ey B

in a convention where s;_, > 0. Having identified & as
SM-like, it follows that m2, > Z,v%, which confirms that
Cp—q — 0 in the Higgs alignment limit.**

One can now ask the following question—is there a
symmetry that can be imposed on the 2HDM scalar
potential such that the Higgs alignment limit is exact,
corresponding to the condition that Zs = 0. In fact, it is
straightforward to identify the complete list of all possible
symmetries that enforce the Zg = 0 condition in the 2HDM
by noting that the scalar potential minimum condition
[cf. Eq. (5.20)] would then imply that Y5 = 0. Thus, in light
of Eq. (5.13), the Higgs alignment limit is exact if

1 . . .
Y3= 5(’”%2""%1)S2ﬂ—Re("ﬁzelé)czﬂ—iIm(m%zel'f) e®

=0. (9.6)

A sufficient (but not necessary) condition for satisfying
Eq. (9.6) can be obtained by setting m?, = 0, in which case
either 5,5 = 0 or m}; = m3,.

If 5,5 =0, then the Z, symmetry is unbroken by the
vacuum. This corresponds to the IDM, where an unbroken
Z, symmetry is present in the Higgs basis, which implies
that Y3 = Z¢s = Z7; = 0. In the IDM, the Higgs basis field
'H, is odd under the Z, symmetry, whereas H,; along with
all other SM fields are Z,-even. If in addition, one imposes
the condition Zs =0, then the IDM scalar potential
will exhibit an unbroken U(1) symmetry that is preserved
by the vacuum (resulting in a mass-degenerate pair of inert
neutral scalars, my = m,). In both cases, one can identify
@ = \/EReH? — v as the SM Higgs boson at tree level.
Deviations of the properties of ¢; from that of the SM
Higgs boson can arise due to the other Higgs fields (beyond
@) contributing to radiative loop corrections to physical
observables (e.g., the charged Higgs boson loop that
contributes to ¢; — yy decay).

Note that if m?, = m3, and m?, # 0 then one can achieve
Y53 = 0 by simultaneously imposing a II, symmetry and a
GCP1 symmetry in the ®-basis. Consulting Table III, these
symmetries taken together yield the following constraints
on the scalar potential:

m%z,/15€|R, 2‘1 :/12, /16:/17E|R. (97)

2 _ 2
mip =mp,

*If H were SM-like (with my > my,) then m%, — Z,v? in the
Higgs alignment limit, in which case Eq. (9.5) would not be very
useful. Indeed, in this case s;_, — 0in the Higgs alignment limit,
and a more useful formula to replace Eq. (9.5) would be s;_, =
~Zsv?/\/(m} —m2)(Z,v* —m?) in an alternative convention
where cz_, > 0 [84]. However, in the conventions adopted in this
paper & is always SM-like in the Higgs alignment limit in light of
Eq. (5.30), irrespective of the mass ordering of & and H.
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Such a scalar potential does not lie within the ERPS4. One
can now determine the scalar potential minimum conditions
[see Eq. (E3) of Ref. [37]], which yield

cp=0 and sin&=0. (9.8)
Hence, a scalar potential whose parameters satisfy
Egs. (9.7) and (9.8) yields Y3 = 0 [cf. Eq. (9.6)], corre-
sponding to an exact Higgs alignment [85]. Moreover,
Egs. (E1)—(E6) are satisfied after employing Eqs. (9.7) and
(9.8), which implies that Y3 = Zg = Z; = 0. That is, the
scalar potential parameters of Eq. (9.7) corresponds to the
IDM in a particular scalar field basis. Indeed, one can adopt
a definition of the IDM scalar potential as corresponding to
the existence of a scalar field basis in which the I, and
GCP1 symmetries are both manifestly preserved by the
2HDM scalar potential and vacuum.

If 555 #0 then Eq. (9.6) is automatically satisfied if
m?, = 0and m?, = m3,. Consulting the results of Table III,
it follows that exact Higgs alignment is automatically
implemented if the 2HDM scalar potential respects one
of the following symmetries: Z, ® I1,, U(1) ® II,, SO(3),
GCP2, or GCP3. Of course, given that GCP2 is equivalent
to Z, ® I, in a different scalar field basis and GCP3 is
equivalent to U(1) ® I, in a different scalar field basis, it
follows that there are three inequivalent symmetries of the
2HDM scalar potential beyond the IDM that yield exact
Higgs alignment. What is common to these three inequi-
valent symmetries is that they all reside in the ERPS.

The conditions that m?, = m%, and m3, = 0 imply that
the symmetries identified above are preserved by the scalar
potential. In particular, in the ERPS (where A =4, =4,
and 1; = —J¢), Eq. (A10) of Ref. [37] yields

) 1 1. .
Z6 = 6_15{— 5S2/}C2/3(/1 - 1345) + 5 lS2/}Im(/15€215)

+ C4ﬂRe(l6€i§> + iczﬂIm(ﬂée‘E)}, (99)

where A345 = 13 + A4 + Re(15€%¢). We have already noted
that the inert limit of the scalar potential in the ERPS
regime, where exact Higgs alignment is achieved, corre-
sponds to Y3 =0, which then implies that Z; = 0 via
Eq. (5.20) and Z; = 0 due to the ERPS conditions. For
example, in the case of a Z, ® [I,-symmetric scalar
potential, applying the conditions exhibited in Table III
yields the expression for Z4 given in Eq. (5.19). Because
m3, =m3, and m3, =0, it automatically follows that
Y3 = 0 which implies that Zg = 0. The vanishing of Zg
[although not immediately evident from Eq. (9.9)] is a
consequence of the scalar potential minimum conditions of
the ERPS which yield

),(1 - R)CQ/} = ASSZﬂ Sil’l2§ =0 or Szﬂ = 0, (910)

where R= (A3 + A4+ 45)/A. Since R#1 and A5 #0
(otherwise, the symmetry group of the scalar potential is
larger than Z, ® I1,), it then follows that either ¢, =
sin2§ =0 or s, =0. Inserting these conditions in
Eq. (9.9) along with the Z, ® II, symmetry conditions,
ImAs = 4¢ = 4, =0, yields Zs = 0 as expected.

In the case of an unbroken U(1) ® I, symmetry, we
simply add one additional condition, 15 = O to the scalar
potential parameters (while maintaining R # 1). In this
case, Eq. (9.10) implies that either ¢,5 = 0 or 5,5 = 0 (with
no restriction on &, which is an unphysical phase that can be
rephased away), and again Eq. (9.9) yields Z¢; = 0.

It is instructive to consider the GCP3-symmetric
scalar potential, which can be obtained from the
Z, @ I,-symmetric scalar potential by adding one addi-
tional constraint, R = 1 (while maintaining A5 # 0). The
case of an unbroken GCP3 symmetry is not physically
distinct from the previous case since it is equivalent to a
U(1) ® IT, symmetry in a different scalar field basis. The
minimum conditions of the GCP3-symmetric scalar poten-
tial (where we now employ primed parameters) yield
j./SC2/}/ sinzé’ = ]’/SS2/’)/ sin 25/ =0 or S2/;/ =0. (91 1)
These conditions guarantee that Zg = 0 [cf Eq. (7.13)],
independently of the parameters of the GCP3-symmetric
scalar potential. In particular, exact Higgs alignment is
achieved for all values of 4’ in cases of an unbroken and
some softly broken GCP3-symmetric scalar potentials, in
contrast to the cases of Z, @ I, and U(1) ® II, where

exact Higgs alignment is satisfied only when f =0, }‘n
or iz.%

In Refs. [39,40], Higgs alignment enforced by a sym-
metry is defined to be “natural” if Zg =0 is achieved
independently of the value of . Based on the discussion
above, this definition eliminates the Z, ® I1,, GCP2 and
U(1) ® II,-symmetric scalar potentials from the list of
potentials that exhibit a natural Higgs alignment.26

»The reader might wonder how it is possible that exact
alignment can be achieved for all values of # but only special
values of f in light of the fact that the U(1) ® I1, and GCP3-
symmetric scalar potentials can be transformed into one another
by an appropriate change of basis. The answer can be seen by
examining Eq. (8.52). Employing Eq. (9.11) with A% # 0, it
follows that either sin & = 0, in which case all values of ' are
permitted, or ¢,y = cos &’ = 0. Using Eq. (8.52), it follows that
the g)ossible values of #’ correspond to either s,; = 0 or ¢4 = 0.

**In Refs. [39,40], the maximal symmetry groups associated
with the GCP3 and SO(3)-symmetric scalar potentials, which
exhibit a natural Higgs alignment, are identified as Z, ® O(2) ®
0O(2) and O(3) ® O(2), respectively. In addition, if the U(1)y
hypercharge gauge coupling ¢ = 0 in the gauge covariant kinetic
terms of the scalar fields, then an SO(3)-symmetric scalar
potential with 44, = A5 =0 (cf. Table XII) yields an SO(5)-
symmetric scalar Lagrangian that also exhibits a natural Higgs
alignment.
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In particular, the GCP3-symmetric scalar potential exhibits
a natural alignment in the sense of Refs. [39,40], whereas
the U(1) ® II,-scalar potential does not. However, this
distinction is problematical given that the GCP3-symmetric
and U(1) ® II,-symmetric scalar potentials are physically
equivalent and can be transformed into each other by an
appropriate change of scalar field basis (as shown explicitly
in Sec. VIII). To avoid such an undesirable feature, a better
definition of natural alignment in the spirit of Refs. [39,40]
would be to require that the conditions, Y3 = Zg =0,
should be independent of the scalar potential minimum
conditions. Under this stricter definition, the GCP3-
symmetric scalar potential would not exhibit a natural
Higgs alignment. In contrast, the SO(3)-symmetric scalar
potential with m3, = m3,, m3, = 0,4; = A, = A3 + A4 and
As = A¢ = A7 = 0 does satisty Y3 = Zg = 0 independently
of the scalar potential minimum conditions [cf. Eq. (9.9)]
and thus would exhibit a natural Higgs alignment according
to the stricter definition proposed above.

However, our preference is to employ the concept of
naturalness as introduced by ‘t Hooft in Ref. [86], which
implies that a small parameter of a theory should be
considered natural if the symmetry of the Lagrangian is
increased by setting the parameter to zero. In the present
context, the small parameters are the potentially soft-
breaking parameters, m?, —m3, and m?3,, of the ERPS4
that could potentially generate departures from exact Higgs
alignment. All symmetry groups of the ERPS—GCP2,
Z, ® I1,, GCP3, U(1) ® 1, and SO(3)—yield an exact
Higgs alignment naturally in the sense of ‘t Hooft. Indeed,
exact Higgs alignment realized in this way is stable under
renormalization group running, which is further evidence
that the symmetry based approach that we have adopted is
correct.

The conditions that m?, = m3, and m3, = 0 are suffi-
cient but not necessary for exact Higgs alignment. In
particular, exact Higgs alignment arises in any inert limit
of the 2HDM. Thus to obtain a complete classification of
2HDM scalar potentials that yield an exact Higgs alignment
due to a symmetry, it suffices to enumerate the inert limits
of the softly broken Z, ® I1,, U( lg ® II, or GCP3, and
SO(3)-symmetric scalar potentials.”® These results can be
found in Tables VII-X. We proceed to list all the relevant
subcases below.

Given a softly broken Z, ® I1,-symmetric scalar poten-
tial, exact Higgs alignment arises in two subcases, as shown
in Sec. V: (i) 555 = sin2& =0, m}, # m3, and m}, =0,

In general, renormalization group running does not preserve
the scalar field basis. However, the group theoretic properties of
the symmetries of the scalar potential, whose specific realization
may change in different choices of the scalar field basis, do not
deggnd on the basis choice.

The possibility of natural Higgs alignment in the presence of
soft symmetry-breaking squared mass terms has also been treated
in Ref. [85].

which preserves a Z, symmetry that is unbroken in the
vacuum, and (i) ¢y =sin26 =0, mi, =m3, and
Im[m?,]? = 2Rem?,Imm?, = 0, which preserves a I,
[IT,] symmetry if Imm3, = 0 [Rem?, = 0] that is unbroken
in the vacuum. In the absence of soft breaking, the
constraints on the scalar potential parameters due to I,
and IT) are identical. The Z,, IT, or IT, residual symmetries
are responsible for maintaining the exact Higgs alignment.

Given a softly broken U(1) ® IT,-symmetric scalar
potential, exact Higgs alignment arises in two subcases,
as shown in Sec. VI: (i) 555 = 0, m{, # mj, and m7, =0,
which preserves a U(1) symmetry that is unbroken in the
vacuum, and (ii) ¢y = 0, m}; = m3, and m7, # 0. In light
of Eq. (6.4), one can rephase ®, — e~/*®, to achieve a real
basis, in which case the scalar potential in subcase
(i) preserves a II, symmetry that is unbroken in the
vacuum. If one does not remove the (unphysical) parameter
&, then Eq. (8.30) can be used to identify the unbroken

vacuum symmetry as Hf), which is II, in the rephased

scalar field basis. In the case of an unbroken U(1) & II,-
symmetric scalar potential, the U(1) ® I, symmetry is
spontaneously broken down to U(1) if 5,5 =0 or to I,
if ¢,5 = 0.

Although a softly broken GCP3-symmetric scalar poten-
tial is equivalent to a softly broken U(1) & IT,-symmetric
scalar potential in a different basis, it is instructive to
enumerate the cases in which a softly broken GCP3-
symmetric scalar potential exhibits exact Higgs alignment.
Using the results of Sec. VII, exact Higgs alignment arises
in four subcases in terms of the primed GCP3 basis
parameters: (i) sop =0, mf; # m5, and mf, = 0, which
preserves a Z, symmetry that is unbroken in the vacuum;
(ii) cop =cos& =0, mf; = m5, and Imm'?, # 0, which
preserves a U(1)’ symmetry that is unbroken in the vacuum;
(i) cop = sing =0, mP = m% and Rem}, # 0, which
preserves a [I, symmetry that is unbroken by the vacuum;
and (iv) sapcop # 0, 8in & = 0, mf # m%, and Rem, # 0,

which preserves a lzlgl> vacuum symmetry, where a =

(3m—=2p)cos& = +(3x —2f'). This result is derived in
Sec. VIII, where the I_Té@ symmetry is introduced in
Eq. (8.32) and the relation that yields « in terms of ' is
obtained in Eq. (8.38). Finally, in the case of an unbroken
GCP3-symmetric scalar potential, the GCP3 symmetry,
which is equivalent to a U(1)’ ® Z, symmetry, is sponta-
neously broken down to U(1)" [Z,] if ¢, =cosé& =0

[s3p = 0, or to T with @ = +(z—2p) if 555 #£0
and cos & = +1.

Finally, we examine the case of a softly broken SO(3)-
symmetric scalar potential. We noted above that in this case
Z¢ =0 independently of the scalar potential minimum
conditions. This means that all softly broken SO(3)-
symmetric scalar potentials exhibit exact Higgs alignment,
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since the scalar potential minimum conditions will guar-
antee that Y3 = 0 even when m?, # m3, and/or m3, # 0.

Below Eq. (6.25), we noted the presence of mass-
degenerate scalars, H and A, which was attributed
to a Peccei-Quinn U(1l) symmetry in the Higgs basis,
H, = Hy, Hy, = e*"H, (for any value of 0 <6 < n),
which is unbroken by the vacuum.” It is instructive to
ascertain the precise form of the U(1) symmetry in the
®-basis. To accomplish this, we employ Eq. (8.26), where
the unitary matrix

c _e_i(fJF’I)s
/ / ) (9.12)

U= .
(e"fsﬂ

transforms the Higgs basis into the ®-basis. The phase e™,
which appears in Eq. (5.9) and reflects the freedom to
rephase the Higgs basis field H,, cancels exactly when
Eq. (8.26) is applied. Starting with X = (; %), we make
use of Eq. (8.26) with { = —@ to obtain

e ey

—ie™%s,55in 6

cos@ —icyz8inf
( 7 ) (9.13)

—ie®sy58in6  cos@ + icysin 6

Thus, in the ®-basis characterized by tan 8 = |(®9)/(®Y)|
and &= arg[(®")*(®Y)], the Peccei-Quinn symmetry,
which we designate by U(1)y (to remind the reader that
it has been first applied in the Higgs basis), is given by

U(l)y: @ = (cos@ — icopsin0)®; — ie™ 5,5 5in 0D,
@, — —ies5y5sin 0P + (cos @ + icyp8in 0)D,.

(9.14)

Imposing the U(1), symmetry on the parameters of a

general 2HDM scalar potential in the ®-basis yields the
following constraints:

Im(m%ze’f) = /15 = }*6 = 17 = 0, (915)
/15],1 :/12223 +ﬂ4, (916)
m3, — m3, = 2cot2fRe(mi,e’). (9.17)

These constraints correspond to a softly broken SO(3)-
symmetric scalar potential and scalar potential minimum
conditions [cf. Egs. (7.2)~(7.4) with 4 =43+ 1, and
As = 0]. Moreover,

*The version of the Peccei-Quinn symmetry transformation
that is used here corresponds to U(1)p given in Table I followed
by a hypercharge U(1)y transformation, which is also a sym-
metry of the vacuum in the Higgs basis.

(9.18)

spe’t spe’t

which confirms that the vacuum is invariant under the
U(1)y transformation [up to an overall hypercharge U(1)y
transformation that has no effect on the scalar potential
parameters].

We conclude that for a generic softly broken SO(3)-
symmetric scalar potential, a U(1); subgroup remains
unbroken and is responsible for the mass degeneracy of
H and A as well as the exact Higgs alignment.3 In the case
of an unbroken SO(3)-symmetric scalar potential, the
SO(3) symmetry is spontaneously broken down to
U(1)y, in which case both H and A can be identified as
massless Goldstone bosons (of opposite CP-quantum
numbers).

This completes the classification of all unbroken or
softly broken symmetries of the 2HDM scalar potential that
yield an exact Higgs alignment. This classification is
summarized in Table XI. Many aspects of this table
can be easily understood by employing the results of
Appendix E. Applying the ERPS4 conditions (1; =4,
and 4; = —J¢) in Egs. (E1)-(E6), the parameters of the
scalar potential in the ERPS4 regime in the ®-basis satisty

Im(m?,e’) = 0, (9.19)
(m3, — m%1)52ﬂ = ZRe(m%zeié)Czﬁ’ (9.20)
) 1 )
C4/}Re(ﬂ6€l§) = ESQﬁCQﬁM — 13 — ﬂ4 — Re(/1562’5)], (921)
. 1 .
C2/jIITl(/16el§) = —ESZﬁIm(AseZIé:). (922)

Equations (9.19)—(9.22) provide the necessary and suffi-
cient conditions for the inert limit of the scalar potential in
the ERPS4 regime, thereby producing an exact Higgs
alignment.

One can check that all the entries listed in Table XI
[including the first two lines, which correspond respec-
tively to the Z,-symmetric IDM and the U(1)-symmetric
IDM, outside of the domain of the ERPS4] satisfy the four
conditions specified in Egs. (9.19)—(9.22). For example,
starting from the softly broken or unbroken GCP2-
symmetric scalar potential transformed to the basis in
which A5 is real and 14 = A; = 0, one easily obtains the
following correlations of the parameters f and £ for the
symmetry cases listed in Table XI:

*In the case of 575 = 0, the ®-basis coincides with the Higgs
basis (up to a possible discrete I, transformation), in which case
U(1)y reduces to the standard U(1)p, symmetry.
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TABLE XI. Classification of symmetries of the 2HDM scalar potential that yield exact Higgs alignment, where the tree-level
properties of one of the neutral scalar mass eigenstates coincides with those of the SM Higgs boson. Note that m%l = m%z and
Re(mi,e®) = Im(m3,e) =0 (and similarly for the primed parameters) unless otherwise indicated. The unprimed parameters
correspond to the Z, ® I, or U(1) ® I, basis, whereas the primed parameters correspond to the GCP3 basis. All such basis choices
are consistent with the ERPS4 with A¢ = 1; = 0 and real As; the corresponding parameter constraints for the softly broken GCP2-
symmetric scalar potential are given in Eqgs. (9.19)-(9.22). In cases where the residual symmetry is given by ﬁé”), the value of
a= (3n—2p)cos&, where cos & = +1. Although separate listings are provided for scalar potentials that exhibit the U(1) @ I1, or
GCP3 symmetry (either of which may be softly broken), they represent the same scalar potential expressed in two different choices of
the scalar field basis.

Residual unbroken symmetry of

Symmetry Soft breaking Parameter constraints Scalar potential Vacuum
ZQ None S2ﬁ =0 ZQ Zz
u(l) None 525 =0 u() u(l)
Z, @TI, m3, # mi, s =0 Z, Z,
ZZ ® H2 Rem%Z ;é 0 C2ﬂ = Sinf =0 H2 H2
Z, ®11, Imm?, # 0 Cyp=cosE=0 IT, I,
Zz ® H2 None Szﬁ =0 Zz ® H2 Zz
Zz ® H2 None CZ/)’ = sin 25 =0 Zz ® H2 H2
U(l) ® In, m?, # md, 525 =0 u(l) u(l)
ul) eI, Re(miye’) #0 € =0 y’ my”
U(l) I, None 525 =0 U(l)®T1, u(1)
U(l) ® Hz None CZﬁ =0 U(l) ® H2 H2
GCP3 m/lzl #* m’222, Rem’122 #0 Sop Cop # 0, sin fl =0 ﬁg’) ﬁg")
GCP3 mllzl * m/222 Sop = 0 Zz ZZ
GCP3 Rem,122 ?é 0 Czﬂ/ = 0, sin 6/ =0 H2 H2
GCP3 Imm? #0 cop =0,c088 =0 U1y u(1)
GCP3 None sy =0 U(l) ® 7, Z,
GCP3 None S,y #0,sing" =0 Uu(l)y ® Z, ﬁ(;)
GCP3 None cyp =0, cos& = u(l) ® 2, u(1y
SOB3) m # mb, Re_(m'lzzeia) #0 sopcop #0 Uy U(l)y
SO(3) Re(m%e) # 0 oy =0 Uy Uy
SO(@3) m? # m s =0 u(l) u(l)
SO(3) None None SO(3) U(l)y
Zy @Iyt syps0: =0 or spp¢05 =0, (9.23) This symmetry is necessarily violated by the hypercharge
U(1)y gauge interactions.”’ Nevertheless, in the limit of
. / his i ial f th i f
U(1) @ T: sy5005 = 0, 924) 9= 0 this is a potential symmetry of the boslomc sector
the 2HDM. Given that custodial symmetry is an approxi-
mate symmetry of nature in light of the small deviation of
GCP3: syp500 =0, (9.25)  the electroweak p-parameter from its custodial symmetric
value of p = 1, it is of interest to consider the possibility
SO(3): no constraints. (9.26) that the 2HDM scalar potential respects the custodial

One can then employ Egs. (9.19) and (9.20) to determine
the allowed soft breaking due to m?, # m3, and/or m?, # 0
that is consistent with exact Higgs alignment.

X. IMPLICATIONS OF
CUSTODIAL SYMMETRY

One of the possible symmetries of the scalar potential
that does not appear in Table III is custodial symmetry.

symmetry. In more detail, if the 2HDM scalar potential
is symmetric under SU(2); ® SU(2), transformations
where SU(2), is identified with the SU(2) part of the
electroweak gauge group and SU(2) is a global symmetry
group, then after the symmetry breaking of SU(2), the
residual custodial symmetry can be identified with an
unbroken diagonal SU(2); , » global symmetry.

*'That is, the custodial symmetry is violated by the gauge
covariant kinetic term of the scalar fields that is proportional to ¢'.
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Details of the SU(2), ®SU(2), transformation laws are
given in Refs. [50,52-54]. As shown in Ref. [52], a ®-basis
exists for any 2HDM custodial symmetric scalar potential
such that’

14 = Re/ls and m%z, A5 s 167

A eR.  (10.1)

Hence, all 2HDM custodial symmetric scalar potentials
are explicitly CP conserving. In the case of an unbroken
Z,-symmetric scalar potential where mz2 =l =47 =0,
one is always free to rephase ®, — iCI>2,3 in which case the
custodial symmetry condition of Eq. (10.1) specializes to
/14 = :*:Re/ls and m%z = Im/15 = /16 = 17 =0. (102)

Additional information is provided by minimizing the
scalar potential and determining the Higgs basis. Then, as
shown in Ref. [53], the scalar potential respects the
custodial symmetry if the Higgs basis parameters satisfy

. . 1 .
Zy = Zse?M € R, Yie™ = —EZée_mvz eER,

Z7e_i’7 (S R, (103)
where the phase # represents the freedom to rephase the
Higgs basis field H,. It follows that one can choose 7 such
that the parameters of the scalar potential in the Higgs basis
are all real, which implies that GCP1 is a symmetry of the
scalar potential and vacuum. In particular, in a real Higgs
basis, Eq. (10.3) yields two possible solutions,

Z4 — Zs, (104)
or
Z4 = :l:ZS, and Y3 = Z6 = Z7 =0. (105)

Equation (10.4) is a consequence of choosing n =0
(mod z). In the case of Y; = Zg = Z; = 0, the condition
Z4 = —Z5 is now possible by choosing n = %7[ (mod x), as
indicated in Eq. (10.5). Note that if the Yukawa interactions
are neglected then the sign of Z5 in a real Higgs basis is not
physical since one can always redefine H, — i, while
maintaining the reality of the Higgs basis. Thus, Eq. (10.5)
can be understood to mean that Z, = +|Zs| in a real Higgs

1t A4 = A5 in the ®-basis where 15 € R, then 14 = 45 in any
real basis, ® = U®, such that U is a real orthogonal matrix.
However, if m%z = l¢ = 47 =0, then one can perform a basis
transformation where U is unitary but not real orthogonal that still
preserves the reality of the basis. For such basis transformations
the relation 4, = 45 is no longer preserved. Equation (10.2)
provides a trivial example of this. A more interesting example is
provided by the basis transformation that converts Eq. (10.10)
into Eq. (10.11). Of course, if U is not real orthogonal, then the
basis transformation will not preserve the reality of the vevs.

33Although this rephasing maintains the reality of the scalar
potential parameters, it introduces a relative phase, £ = %ﬂ,’, in the
Vevs.

basis, which corresponds to two physically inequivalent
conditions.

Moreover, employing the results of Eq. (10.3) in
Egs. (5.21)-(5.23), it follows that if Z5 # O then we can
identify the squared mass of the CP-odd mass eigenstate as
corresponding to the 33 element of the squared-mass matrix
M? given in Eq. (5.22), namely mj = m3,.. If Zg = 0, then
M? is diagonal; nevertheless, one can determine the CP
properties of the neutral Higgs mass eigenstates via the
three-scalar and four-scalar interaction terms assuming that
Z7 # 0 [69]. One can again confirm that the CP-odd mass
eigenstate corresponds to the 33 element of M?2, in which
case we also conclude that m3 = m?,..

Finally, in the case of a custodially symmetric
scalar potential with Y3 = Zg = Z; = 0, an exact Higgs
alignment is realized and we can identify m; = Z,v?
following the convention of Eq. (5.30), and m} , =
mzi + % (Z4 + Zs)v?. Although the CP-quantum numbers
of H and A are of opposite sign, there are no bosonic
interactions that can uniquely identify which of the two states
H and A is CP even and which is CP odd, as previously noted
in Sec. V. Ultimately, the CP-quantum numbers of H and A
may be fixed by the Higgs-fermion Yukawa couplings (if
these interactions are C P conserving), except in special cases
where the ambiguity persists [cf. Eq. (5.31)]. Assuming that
the CP-quantum numbers of H and A are unambiguously
determined by the Yukawa couplings, then the sign of Zs is
promoted to a physical parameter in the case of
Y3 = Z¢ = Z; = 0. It then follows that [53]

2 mi if Z4:Z5 and 26:Z7 :0,
mHi = By

. (10.6)
my; le4:—Zs and 26:Z7:O,

in a real Higgs basis. In particular,

my, <mg ifZ4:—Z5, Z6:Z7:O and mzi >Zl7}2,
Zo=77=0 and m;, <Zv.

(10.7)

my>mg if Z4 = —ZS,

Indeed, the transformation H, — iH, changes the sign of Z;
while also changing the scalar Yukawa coupling into a
pseudoscalar Yukawa coupling and vice versa.

In this section, we propose to classify all 2HDM custo-
dial-symmetric scalar potentials that exhibit exact Higgs
alignment due to an unbroken or softly broken symmetry.
All such scalar potentials will satisfy the Higgs basis
conditions given in Eq. (10.5). If the parameters of the
corresponding Higgs potential lie in the ERPS4 regime, then
this classification amounts to supplementing the results of
Table XI with the conditions of custodial symmetry.

As a first step, we review the classification of custodial
symmetric 2HDM scalar potentials first obtained in
Refs. [59,87] (and recently reproduced in Ref. [88]). If
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the scalar potential respects a custodial symmetry, then the
Higgs Lagrangian can exhibit seven additional global
symmetries in the limit of ¢ = 0 beyond the symmetries
listed in Tables I and II. Three of the seven symmetries
correspond to GCP1, the Peccei-Quinn U(1) and IT,, which
when combined with the custodial symmetry yield maxi-
mal symmetry groups of SO(3), SO(4) and Z, ® O(3),
respectively [87]. The case of GCP1 corresponds to the
minimal implementation of custodial symmetry in the most
general 2HDM scalar potential. Indeed, the custodial-
symmetric scalar potential of the 2HDM must be CP
conserving as noted below Eq. (10.2). A custodial sym-
metric, Il,-symmetric scalar potential is equivalent to a
custodial symmetric, Z, symmetric scalar potential in
another scalar field basis. To validate this remark, we first
combine Eq. (10.1) with the constraints of the I, symmetry
shown in Table III to obtain

/11 = /12, 14 = Re/15,
= Im/16 = Im/17 = 0,

/16 = /17,
(10.8)

2 _ 2
miy = My,

Imm3, = Im 45

in the ®-basis. We now transform to a new basis by
defining @ = (®, + ®,)/+/2 and @) = (O, — ®,)//2.
In this new basis, the corresponding scalar potential
parameters are

mP =mi, —Rem?,, m% =mi +Rem},, mp =0,
2= %(/11 s + 204+ 4),
P %(/11 Ay 20y — 4).
2 %(/11 +A3—24), A, =Rek =%(/11 —43),
Im, = 2, = A, = 0, (10.9)

which combines the constraints of Eq. (10.1) with the
constraints of the Z, symmetry.

The remaining four symmetry cases of Ref. [87] corre-
spond to Z, ® I1,, U(1) ® I1,, GCP3 and SO(3), which
when combined with custodial symmetry [cf. Eq. (10.2)]
yields a maximal symmetry group of Z, ® Z, ® SO(3
0(2) ® 0O(3), Z, ® O(4) and SO(5), respectively.”
In light of Eq. (9.6), each of these symmetry cases
corresponds to the inert limit in the ERPS, and thus satisfy
Eq. (10.5) in a real Higgs basis. The case of O(2) ® O(3)

#Since a GCP3-symmetric scalar potential is a U(1) @ Il,-
symmetric scalar potential in a different scalar field basis, one
cannot unambiguously associate O(2) ® O(3) and Z, ® O(4)
with either ERPS symmetry. A physical criterion for distinguish-
ing these two maximal symmetry groups is provided by the two
Higgs basis conditions specified in Eq. (10.19) and exhibited in
Table XII and in the discussion that follows.

requires some clarification. In Table 1 of Ref. [87],
the constraints on the scalar potential parameters corre-
sponding to the O(2) ® O(3) symmetry are

miy = m3,,

15:/16217:0.

m%zzO, 11 :)Q:)g,

(10.10)
This is a U(1) ® IT,-symmetric scalar potential, but it does

not satisfy Eq. (10.1). However, if we transform to the
GCP3 basis then Egs. (8.2)—(8.9) yield

2 7 __
mi; = mj, mi; =0,

A} = Rels,

X =2y = A + 2, + Rel,
I, = 2, = 2 =0, (10.11)

which corresponds to custodial-symmetric, GCP3-symmetric
scalar potential.

We are now ready to present the classification of
custodial-symmetric 2HDM scalar potentials that satisfy
exact Higgs alignment due to an unbroken or softly broken
symmetry. Exact Higgs alignment requires Y3 = Zg = 0,
and then to achieve Higgs alignment via a symmetry also
requires Z; = 0. Two immediate examples are the IDM
with either an unbroken Z, or U(1) symmetry in the Higgs
basis. Supplementing these two examples with the con-
dition that Z, = 4+Z5 yields a custodial symmetric scalar
potential with exact Higgs alignment.

In light of the classification of custodial symmetric scalar
potentials discussed above, we now consider cases in which
additional unbroken or softly broken symmetries are present.
It is clear that at minimum, a softly broken Z, symmetry that
is manifestly realized in the ®-basis must be present.
Consequently, let us consider a softly broken Z,-symmetric
scalar potential in the ®-basis that is distinct from the Higgs
basis which satisfies Y; = Zg = Z; = 0. Since 4 = 1;, =0
holds in a ®@-basis such that 5,5 # 0, the ERPS4 conditions
must be satisfied as we now demonstrate.

First, we shall employ Eqgs. (A.26)—(A.28) of Ref. [37]
with 5,5 #0, 46 = 47 = 0 and Zg = Z; = 0 to obtain

SZ/J[Z] C‘% - ZQS% - ZS4C2ﬁ — Re(ZsezlE)Czﬁ - iIm(Z5eZi§)]
—0, (10.12)

Szﬁ[lez — ch/% + Z34C2/j + RC(Z5e2i§)C2/j + l.Im(Zsezif)}
—0, (10.13)

where Z3, = Z3 + Z,. Adding and subtracting these two
equations yields

sp(Z1 = 23) =0, (10.14)
S2/)’{62/3 [Zl +Zy =273 — ZRG(ZSezlf)] — 2iIm(ZSeZi§)}
=0 (10.15)

115012-36



EXCEPTIONAL REGIONS OF THE 2HDM PARAMETER SPACE

PHYS. REV. D 103, 115012 (2021)

Moreover, we can use Eqgs. (A20) of Ref. [37] along with
Eq. (5.20) to obtain

) 1
m%zelf :E(YZ_YI)SZ,B' (1016)
It follows that
Im(m3,e) = 0. (10.17)

Imposing the scalar potential minimum condition given by
Eq. (2.10), it follows that either sin2& =0 or 15 = 0. If
A5 = 0 then the only remaining complex parameter of the
scalar potential, m%z, can be arbitrarily rephased. Thus
without loss of generality, we may assume that sin 2 = 0
holds in all cases, or equivalently e*¢ = 1. Moreover,
having assumed that s,; # 0, we see that Egs. (10.14) and
(10.15) yields Z, = Z, and ImZ5 = 0. That is, the Higgs
basis parameters satisfy the ERPS4 conditions.™
In the case of sy5c05#0 and e** =41 (and
Z¢ = Z7 =0), Egs. (10.14) and (10.15) yield
Zl = 22 = Z3 + Z4 + ZS and Im25 =0. (1018)
Hence, the quartic terms of the scalar potential satisfy the
GCP3 or GCP3’ symmetry conditions in the Higgs basis. If
we now also impose the custodial symmetry condition,
Z, = £Z5, where the sign choice is uncorrelated with the
=+ sign appearing in Eq. (10.18), then it follows that two
relations are possible that are physically distinguishable,
Z] :ZZZZ3+2Z4 or Zl :ZZZZ3. (1019)
Moreover, we can use Eqgs. (A21)-(A28) of Ref. [37]
along with Eq. (10.18) to obtain the scalar potential
parameters in the ®-basis,
Ai=2Z; fori=1,2,....7. (10.20)
When Y;=Z¢=27;,=0, it is always possible to
rephase the Higgs basis field, H, — iH,, such that
Zy =2, =23+ Z4+ Zs. Then, in a GCP3 basis (where
parameters in the ®-basis are indicated with prime super-
scripts), Egs. (10.19) and (10.20) respectively yield

M =X=2+A+72, where ) =, (10.21)
or
X =2 =2, where X, = -2  (10.22)

PAs expected, if 5,5 = 0 then Egs. (10.14) and (10.15) are
automatically satisfied, in which case no enhanced symmetry
beyond Z, is present for generic parameters of the scalar
potential.

In both cases, the GCP3 conditions are manifestly
realized by the quartic terms of the scalar potential in
the @-basis. In light of Eq. (10.11), in the case of unbroken
GCP3 and custodial symmetry, Eq. (10.21) yields a
maximal symmetry group of O(2) ® O(3) in the classi-
fication of Ref. [87]. To determine the maximal symmetry
group of the scalar potential whose parameters satisfy
Eq. (10.22), we transform to the U(1) ® II, basis. Then
EqS. (842)—(846) yleld /11 = /12 ?é /13 and /14 = /15 = /16 =
A7 =0, corresponding to a maximal symmetry group
of Z, ® O(4) in the classification of Ref. [87]. Note that
the custodial symmetry is preserved in the presence of soft
breaking of the GCP3 symmetry by allowing for m? # 0
subject to the condition, m% —mf =2mPcop/say
[cf. Egs. (7.2) and (7.3)].

If Zs =0, then Eq. (10.20) together with the custodial
symmetry condition Z; = +Z5 imply that 1} = AL = 0. In
light of Eqgs. (10.21) and (10.22), the SO(3) conditions are
manifestly realized by the quartic terms of the scalar
potential. Indeed, in this case the quartic terms are given
by V3 L1A(®]{®, + ®]®,)%, which corresponds to the
maximally symmetric SO(5) limit of the 2HDM (after
including the gauge covariant kinetic terms of the scalar
fields with ¢ = 0) analyzed in Ref. [39]. Soft breaking of
the SO(3) symmetry due to mf5 # 0 is again allowed
subject to the condition, m5, — m? = 2mBcop /52

In the case of ¢, = sin2& = 0, Egs. (10.14) and (10.15)
yield Z; = Z, and ImZs = 0. Hence, the quartic terms of
the scalar potential in the real Higgs basis satisfy the
Z, @ I, symmetry conditions. Using Eqs. (A21)-(A25) of
Ref. [37], we obtain

1
M =X =2Z —z(zl —Zs),

/11‘ = Zi +_(Zl - Z345), for i = 3,4,

~ 1
As =Zs ii(zl —Zs), s = Z, +§(Zl —Zus),

/16 - 17 - 0, (1023)

wherte Zyys =75+ Zys+7Zs and Adygs = A3 + Ay £ As.
Assuming that Z; # Zs4s [otherwise, Eq. (10.18) is
satisfied and we return to the previous case], it follows
that 1, # J3s. That is, the Z, ® IT, symmetry of the
quartic terms of the scalar potential of the ®-basis is
manifestly realized. Soft breaking of the Z, ® I1, sym-
metry due to m3, # 0, where m?, is real (pure imaginary) if
siné =0 (cosé =0), is allowed subject to the condi-
tion m?, = m3,.

If we now impose the custodial symmetry condition,
Z, = £Zs, then it follows that two parameter relations are
possible,
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TABLE XII.

Classification of 2HDM scalar potentials that possess an unbroken custodial symmetry and satisfy the inert conditions,

Y3 = Z¢ = Z; = 0, thereby exhibiting exact Higgs alignment. The Higgs basis field H, has been rephased such that Zs is real. In the
symmetry limit, the scalar Lagrangian symmetry that is manifestly realized in the ®-basis is shown along with the corresponding
maximal symmetry group (that includes the custodial symmetry in the limit of ¢ — 0) according to the classification provided in
Ref. [87]. Excluding the first two lines of the table, all entries correspond to the ERPS4 regime. The corresponding ERPS symmetry may
be softly broken if m?}, # m3, and/or m?, # 0 as indicated in Table XI. Since GCP3 is equivalent to U(1) ® I, when expressed in a
different scalar field basis, there is a one-to-one mapping between their corresponding entries above that is consistent with the results of

Sec. VIII.

Higgs basis conditions

(all cases satisfy Custodial symmetry Additional real Scalar Lagrangian Maximal
Ys=2¢=72;=0) conditions ®-basis constraints symmetry symmetry group
Z,=%Z5#0 553 =0 Z, Z, ® O(3)
Z,=2Zs=0 55 =0 u() SO4)
Zy =7y # Zuys Z,=47Z5#0 copsin2é =0, A =13 or Ay = £4s Z, ® 11, Z, ® Z, ® SO(3)
Zy =7y # Zzys Z,=%Z5#0 S5 =0, Ay = £1s5 Z, @11, Z, ® Z, ® SO(3)
Z,=2,=123+22Z, Z,=+Zs#0 Cp=0,A=23, 24 #0 U(1) @ I, 0(2) ® O(3)
Zy=2,=124 Z,=+x7Zs#0 Ccp=0,1#13, 4 =0 U(l) ® I, 7, ® O(4)
Z\=Z,#7Z4 Z,=7Z5=0 5p =0, 1# 23, 44 =0 U(l) ® 11, Z, ® O(4)
Z\=Z,=7Z3+27Z4 Zy,=7Z5#0 Sypsing =0, =45 #0 GCP3 0(2) ® 0(3)
Z\=2,=17; Z,=-Zs#0 sypsing =0, Ay = -5 #0 GCP3 Zy ® O(4)
Z\=Z,#7Z4 Z,=2Z5=0 Cop =cosg =0, =-1;#0 GCP3 Z, ® O(4)
Z\=27Z,=174 Z,=2Z5s=0 Ay=25=0 SO@3) SO(5)
A = Ay # Iaus,  Where 1y = £1s, (10.24) convenience, we have included entries corresponding to
or both U(1) ® I, and GCP3, which correspond to physi-
cally equivalent points in the ERPS4 in light of the results
j’l = ﬂz = 23, where /14 56 :]Z/IS (1025) of Sec. VIII.

Equations (10.24) and (10.25) are related by a change of
scalar field basis. For example, if sin & = 0 then we replace
the £+ sign with a plus sign in the above expressions.
Starting from Eq. (10.25) and employing Eq. (8.1) to
transform ® — ® = U®, the scalar potential parameters in
the new basis satisfy m?, = imn3,, m3, # 0 and

- 1
A = A3 +§(/14 —2s),

p Y|

- 1
! /132/13—5(/14—/15)7

Since A3 + A4 + A5 — A} = 245, Eq. (10.24) is satisfied in
the ®@-basis, assuming that A5 # 0. However, if 45 = 0, then
A =2y = A3+ Ay + A5 is satisfied, corresponding to a
softly broken GCP3-symmetric scalar potential in the
®-basis. The case of cos& =0 can be similarly treated
by rephasing ®, — i®,, and yields a softly broken
GCP3'-symmetric scalar potential.

Finally, if s,; = 0, then one can impose the unbroken
or softly broken symmetries of the ERPS4 and the
custodial symmetry condition directly in the Higgs basis.
In Table XII, we provide a complete classification of the
2HDM scalar potentials that possess an unbroken custodial
symmetry and exhibit exact Higgs alignment. For

It is noteworthy that two maximal symmetry groups are
associated with both U(1) ® I1, and GCP3. These two
cases are distinguished by the corresponding Higgs basis
conditions. Indeed, one can check that O(2) ® O(3) is
physically distinguished from Z, ® O(4). In particular, in
the cases of softly broken or unbroken U(1) ® II, and
GCP3-symmetric scalar potentials, O(2) ® O(3) is asso-
ciated with the mass relation, my: = my # my4. In con-
trast, Z, ® O(4) is associated with the mass relation
my+ = my, which includes the possibility of my: = my =
my if in addition Z, = Zs = 0. The latter is an example of
the more general result that any custodial symmetric
2HDM scalar potential with Z, =Zs=Z¢,=7,=0
exhibits a Peccei-Quinn U(1) symmetry that is unbroken
by the scalar potential and vacuum and thus possesses a
scalar spectrum where H* is degenerate in mass with both
H and A.

XI. CONCLUSIONS AND
FUTURE DIRECTIONS

There is a fascinating region of parameter space of the
2HDM that can be implemented by imposing the gener-
alized CP symmetry, GCP2, on the quartic terms of the
scalar potential, which enforces the relations, 4; = 4, and
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A7 = —Ag¢. We call this region the ERPS4, generalizing the
exceptional region of the parameter space (ERPS) of the
2HDM introduced in Refs. [29,41], where the GCP2
symmetry is also respected by the quadratic terms of the
scalar potential and yields the additional constraints, m?, =
m3, and m?, = 0. That is, the ERPS4 is the parameter space
of a softly broken GCP2-symmetric scalar potential. In this
paper, we have provided a comprehensive study of the
many interesting properties of this 2HDM parameter
regime, including limiting cases of the ERPS4 parameters
that extend the unbroken or softly broken symmetries of the
scalar potential beyond GCP2.

We have enumerated the basis invariant conditions that
characterize the softly broken GCP2 symmetries and their
extensions and evaluated the scalar squared masses and
neutral scalar mixing matrices in each of these cases. We
have discussed intricacies that arise when scalar potentials
originating from two different symmetry conditions yield
physically equivalent results. In such cases, although the
parameter constraints imposed by the symmetry conditions
may differ, one can show that a unitary transformation
relates the scalar field bases in which each of the sym-
metries is manifestly realized. Indeed, a GCP2-symmetric
scalar potential is related by a unitary basis transformation
to a scalar potential that is invariant with respect to
Z, @ I1,, and a GCP3-symmetric scalar potential is related
by a unitary basis transformation to a scalar potential that is
invariant with respect to U(1) ® II,. These considerations
persist even if the corresponding symmetries are softly
broken.

The equivalence of the softly broken GCP2 and Z, ®
[T, symmetries, as demonstrated below Eq. (4.20), does
not yield a simple analytic formula that relates the
parameters of the GCP2 basis and the Z, ® I, basis.
In this work, our analysis of the ERPS4 always starts from
the Z, ® I, basis, from which all subsequent special
cases can be analyzed. In contrast, the translation between
the GCP3 basis and the U(1) ® I1, basis can be made
explicit, and a translation between the parameters defined
in each of the two basis choices has been provided in
Sec. VIII. The results for the softly broken SO(3)-
symmetric scalar potential, which are different limiting
cases of the GCP3 and U(1) ® II, basis choices, ulti-
mately yield identical results given that the form of the
softly broken SO(3)-symmetric scalar potential is invari-
ant with respect to an arbitrary unitary transformation of
the scalar field basis.

In examining the CP-invariance properties of scalar
potentials in the ERPS4, we encountered an interesting
feature that runs contrary to a statement usually found in the
literature. In a softly broken Z, ® Il,-symmetric scalar
potential where the magnitudes of the two neutral scalar
field vevs are equal, we originally noticed in Ref. [37] that
the scalar potential and vacuum were both CP conserving
even though the relative phase between the potentially

complex parameters m?, and 15 could not be removed by
separate rephasings of the scalar fields ®; and ®,.
In contrast, outside of the ERPS4 regime, it is straightfor-
ward to show that if 45 = 4; = 0 and Im(2[m?,]?) # 0,
then the corresponding scalar potential is explicitly CP
violating. We were able to identify an alternative definition
of CP, denoted by GCP1’ in Tables V and VI, which
provides an explanation for why the softly broken
Z, @ Il,-symmetric scalar potential with v; = v, always
preserves a CP symmetry.

Perhaps even more astonishing was that in a
softly broken GCP3-symmetric scalar potential with
Im(2%[m?,]*) # 0, the scalar potential and vacuum are
always CP invariant independently of the vevs. In this
case, the identification of the relevant CP transformation
law is more obscure (see Appendix C). Of course, this
result becomes almost trivial by transforming to the
U(1) ® IT, basis, where a simple rephasing can be
performed to remove all potential complex phases
from the corresponding scalar potential parameters.
Moreover, in both CP-conserving examples above where
Im(A2[m?},]?) # 0, a more general unitary transformation of
the scalar fields exists that can transform directly to a real
scalar field basis in which the CP invariance of the scalar
potential is manifest. Because the scalar potentials of the
ERPS4 are quite constrained, such a unitary transformation
is still consistent with the parameter constraints imposed by
the softly broken Z, ® Il, and GCP3 symmetries.

A very important subset of the ERPS4 is the so-called
inert limit where the Higgs basis parameters satisfy
Y3 = Z¢ = Z7 = 0. In this parameter regime Higgs align-
ment is exact, which means that there exists a neutral
scalar whose tree-level properties coincide with those of
the SM Higgs boson. Indeed, the LHC Higgs data have
already confirmed at the 10%-20% level that the proper-
ties of the observed Higgs boson (of mass 125 GeV) are
consistent with the predictions of the Standard Model.
Consequently, any phenomenologically viable extended
Higgs sector must exhibit at least an approximate Higgs
alignment. One can achieve an approximate Higgs align-
ment automatically in the decoupling limit where the
masses of all additional scalars are significantly larger
than 125 GeV. However, it is of interest to consider the
possibility of approximate Higgs alignment without
decoupling, as this scenario would provide more options
for potential discoveries of new scalars of an extended
Higgs sector in future LHC runs. Higgs alignment without
decoupling can be achieved without a fine-tuning of scalar
sector parameters if a symmetry is present that can enforce
the Higgs alignment. Thus, in the 2HDM it is especially
useful to provide a complete classification of all such
symmetries. The simplest example of a 2HDM with this
property is the IDM which possesses an unbroken Z,
or U(1) symmetry in the Higgs basis. All other 2HDM
scenarios that provide a natural explanation for exact
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Higgs alignment lie in the ERPS4 regime. The complete
classification has been provided in Table XI.

A phenomenologically viable extended Higgs sector
must also be consistent with precision electroweak con-
straints. The observation that the electroweak p-parameter
is approximately equal to one strongly suggests that the
scalar potential should be invariant under a custodial
symmetry. The ERPS4 enters in these considerations as
well, since one of the two ways to satisfy the requirements
of custodial symmetry is provided by the inert limit. Thus,
combining the requirements of exact Higgs alignment and
custodial symmetry yields a classification of 2HDM
scenarios that is exhibited in Table XII.

Finally, there is one aspect of the 2HDM that has been
almost completely ignored in our comprehensive study of
the ERPS4—namely, the Higgs-fermion Yukawa inter-
actions. There is a reason for this neglect. In a 2HDM
with one generation of quarks and leptons, it is not possible
to construct a Yukawa Lagrangian that respects a GCP2
symmetry or any of its symmetry extensions. If three
generations of quarks and leptons are present, then it is
possible to construct a set of Yukawa interactions that
respect a GCP2 or GCP3 symmetry by positing trans-
formation laws that involve fermions of different gener-
ations. However, all such constructions are inconsistent
with the constraints of experimental observations with the
possible exception of one very special implementation of
the GCP3 symmetry in Ref. [89]. It is not clear whether
these remarks also hold if one were to construct a Yukawa
Lagrangian that respects a Z, ® I, or U(1) ® I, sym-
metry. Scalar Lagrangians that are constrained by sym-
metries that are physically the same when only the scalar
sector is considered might be different once fermions are
included. This possibility is presently under study.

If there is no phenomenologically successful 2HDM
Yukawa Lagrangian consistent with the ERPS4 regime,
then there are two possible approaches. In one approach
advocated in Refs. [39,90], the ERPS4 conditions are
imposed at the Planck scale. The Yukawa interactions
represent a hard breaking of the symmetries responsible for
the ERPS4 regime. Hence, renormalization group evolution
down to the electroweak scale will generate an effective
2HDM that deviates from the ERPS4 but might retain some
of its best features (e.g., approximate Higgs alignment and
approximate custodial symmetry). The second approach
follows the proposals of Refs. [70,91], where vectorlike
quark and lepton partners are introduced in an extended
Yukawa Lagrangian. In this case, one can construct a
Yukawa Lagrangian that is consistent with the ERPS4
regime (even in a one generation model of fermions and the
vectorlike partners). To ensure that the vectorlike fermions
are sufficiently heavy to avoid current LHC search limits,
one can introduce explicit mass terms for the vectorlike
fermions, which then generate the soft-breaking squared
mass terms of the ERPS4.

In either of these two approaches, one can determine
parameter regimes that are consistent with observed Higgs
boson phenomena, while setting useful targets for pre-
cision Higgs studies at the LHC and future Higgs
factories now under development. It is also of theoretical
interest to seek out ultraviolet complete models that
include the Yukawa sector to ultimately explain the
origin of the fundamental symmetries that underlie
the approximate symmetries governing the 2HDM at
the electroweak scale.”® We shall defer such matters to
future studies. Given that the ERPS4 provides a simple
framework for the scalar potential of an extended Higgs
sector with a reduced number of free parameters, we
would anticipate that useful correlations could emerge,
such as relations among various three-scalar couplings, if
deviations from SM Higgs properties are detected and/or
new scalar states are discovered.
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APPENDIX A: THE POSSIBILITY OF
SPONTANEOUS CP VIOLATION

Consider the case of an explicitly CP-conserving,
softly broken Z,-symmetric scalar potential written in a
real scalar field basis, where A4 = 4; =0 and the two
potentially complex scalar potential parameters, m?, and
As, are real and nonzero. In this case, spontaneous CP
violation is possible [68,98,99].37 It is instructive to
examine the minimum and stability conditions under the
assumption that (®%) = »,/v/2 and (®)) = v,e%/1/2,
where v; and v, are real and positive. Following the
analysis of Appendix B of Ref. [42], the vacuum value
of the scalar potential is

For example, attempts to construct ultraviolet complete
models that yield Higgs alignment without decoupling in the
2HDM can be found in Refs. [92-97].

’Spontaneous CP violation is also possible if m?, is purely
imaginary and s is real. In this case, one can redefine ®, — i®,,
which renders m%Q real while transforming A5 — —As and

E>E+inm
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1 1
Viae = Em%l v? +§m%20% —miv v, Cos§+§ (A v} +v5)
1 1
+Z(/13 + A4 —As5) 0303 +Eﬁsv%v§coszf. (A1)
The scalar potential minimum conditions are
av.,, 1 1
0= (%V,dc = m3, v, — m},v,cos & + El,v? + 5/13451),1)%,
(A2)
av,, 1 1
0= avvj = m3,v, — M}, cos & + 5/121)% + 5/13451)%1)2,
(A3)
10V
= ; 8g:ac = U]vvz (m12 /151]1 (%) COS é:) Sln 5 (A4)

where 345 is defined below Eq. (2.7). The vacuum is CP
conserving if sin2§ = 0 [98,100],3 8 whereas the vacuum is
potentially CP violating if sin2& # 0.

First consider the case of sin2& = 0. Having excluded
m3, =0 from consideration (cf. footnote 38), it follows
that sin& = 0. Without loss of generality, we may take
cos £ = 1 by rephasing ®, — —®, (which also changes the

-

Stability requires that TrH > 0 and det H > 0. In addition,
we demand that the squared masses of the neutral Higgs
bosons should be positive. Using the results of Ref. [42],
the following quantities all must be positive:

2
mi, 2 o T A}

2
2 mi,
=(—=-21 , All
" <UIUZ 5) ( )
mi +mi = m3 + A v + A3, (A12)
2.2 m3 4 4 2.2
MMy =5 (v} + 405 + 2(43 + Ag)v703]
[ﬂ Ao = (A3 +/14) ]Ulvz (A13)

Note that the trace and determinant of the Hessian matrix
are related to the squared masses of the neutral scalars,

*1f cos & = 0 then Eq. (A4) yields m?, = 0. In this case the Z,
symmetry of the scalar potential is explicitly preserved and
spontaneous CP violation does not occur [98] (see also Theorem
23.3 of Ref. [68]).

—miy + (A3 + A4 + As)v1 vy

sign of m3, but otherwise has no effect on the other scalar
potential parameters). Then, Eqs. (A2) and (A3) yield

vy, 1 1
mi :m%2_?_§’117)1 5 (s + A4 + 25)03, (A5)
2 v 1 1
my = lev_z B 5’127)2 > (s + A4 + 2s)vt (A6)

The stability conditions can be discerned from the
Hessian. Computing the relevant second derivatives,

a;‘;?c = mi, + %’110? + % (43 + 24+ 45)v3

=m3, Z—? + Ao, (A7)
azﬁzgac =mi + 2’12”2 (’13 A+ As )i

=m3, Z—; + A3, (A8)
PV yac
Ov, 00y —miy + (A3 + A4 + A5) v 0, (A9)

after applying the results of Egs. (A5) and (A6). Thus, the
Hessian matrix is given by

—mi, + (A3 + A4 +/15)”1”2) (AL0)
m12 vl +/121}2 '
TrH = mj, + m3; + A50%, (A14)

2m3
detH = mim% + As [(25 + 1]2A> vivd + A0t + ).
(AL5)

Next, consider the case of sin2¢& # 0. In this case, it is
convenient to replace Eq. (A4) with

10V v
wOcoséE

(=m3, + Asv vy cosé),  (A16)

which yields m%z = Asv;0, cos . Inserting this result into
Egs. (A2) and (A3), it follows that

1

1

= -Sa-togea-am )
1 1

m%z = —5127)% —§<ﬂ3 +)~4 _15)1}% (AIS)

The elements of the 3 x 3 Hessian matrix are given by
the following second derivatives:
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azvVaC 3 1
82 mi; + 5/1111% ) (A3 + A4 + A5 c08 28)v3
= 3 v} + Asv3c08%¢, (A19)
0%V, 3 1
&%ac =m3, + 5/1211% ) (A3 + Ag + A5 cos 2&)v?
= Jyv} + Asvicos’E, (A20)
aZVVaC 2
dvon, 2 c0s & + (A3 + Ay + As cos 2&) vy v,
= (A + A4 = Assin®8) vy vy, (A21)

Ay cj 4 Assjcos*E

H = 1)2 (13 + 14 - /15sin2.§)sﬂc/;

Ass5cpcos &

where s; = v,/v and ¢z = v, /v. Stability requires that H is
positive definite. By Sylvester’s criterion [101], it follows
that the principal minors must all be positive. A necessary
(although not sufficient) condition is that all diagonal
elements of H must be positive. In light of Eq. (2.2), we
conclude that 45 > 0 is a necessary condition for sponta-
neous CP violation.

APPENDIX B: AN INVARIANT
CHARACTERIZATION OF THE ERPS4 AND
CONSEQUENCES FOR CP SYMMETRY

In Eq. (4.20), we provided an invariant characterization
of the ERPS4 that is defined by 4, = 4, and }; = —4,
which if realized in one scalar field basis is then satisfied in
all scalar field bases. Using Eq. (4.9) and employing the
identify,

ngafd = 25ad5bc = SapOcas (Bl)
it follows that the ERPS4 invariant can be rewritten in terms
of the quartic coefficients of the scalar potential,

1 1
Z= gTr([z“) +Z@P) - c (TrzW) + Trz®)?,  (B2)
where, following Ref. [29], we have defined
M+ Ao+ 4
Z(a]d) = 5bczab,cd =Zuppa = </1* * ), <B3)
e+ A At
M+ dg+ 4y
Z§72d> = 5acZab,cd =Zubad = </1* « ), <B4)
6 t4 At

1 0V s v3v3

1 _ , A22
v? O(cos €)? 2 (A22)
1 Ve | Asvjvicosé (A23)
vOv0cosE v ’
1 0%V Asv3v, cos &
- T . A24
v O0vy0cosé v (A24)
Thus, the Hessian matrix is given by
(A3 + A4 = Assin*E)spcy  Asvsiepcos &
Aysj + Ascieos’E AsspcicosE |, (A25)

Asspcycosé Ass5C;

|

and the Z,;, ., are defined in terms of the quartic couplings
of the scalar potential in Eq. (C4). One can simplify
Eq. (B2) using the symmetry properties of the Z,;, ., to
obtain a slightly more compact form than was originally
obtained in Ref. [29],

2= Te{(Z0)7) — iz

(A1 = 4)* + |A¢ + 49|~ (B5)

A= DN =

As noted below Eq. (4.20), the ERPS4 corresponds to the
invariant condition, Z = 0, which implies that A, = 4, and
A7 = —A¢. This condition is invariant with respect to
changes in the scalar field basis, ®, = U_;®, for any
U € U(2). Thus, if 4y =4, and 4; = —44 in one basis,
then the same relation holds in any scalar field basis. In
particular, it holds in the Higgs basis, which implies that
Zy =2, and Z; = —Zg.

One can make an even stronger statement that for any
scalar potential of the ERPS4, there exists a scalar field
basis where 4 = 1; = 0 and ImA; = O (the latter after an
appropriate rephasing of ®,), which defines the Z, ® I,
basis of Sec. V. A simple proof of this statement was
provided below Eq. (4.20). Moreover, if CP is conserved
then the scalar field basis in which 1 = 4; =0 can be
explicitly identified, as shown in Appendix B of Ref. [37]
and summarized below.

The first step is to go to the Higgs basis of the ERPS4
where Z, = Z, and Z; = —Z4. If Zg = 0O then it trivially
follows that A4¢ = 4; = 0 in the Higgs basis. If Z4 # 0, then
consider a U(2) transformation from the Higgs basis to the
®-basis with neutral vevs v;/v/2 and v,e%/+/2 where v,
and v, are positive, tanff = v,/v;, and 0 < & < 2x. It is
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straightforward to derive a ®-basis expression for ¢ = —4;
in terms of Higgs basis parameters,

L1 ey _ L ~
dge'€ = 5 52pC2p [Z, — Z34 — Re(Zse*®)] — 3 isoplm(Zse*<)

+ cypRe(Zge™) + icoglm(Zge™), (B6)
where Z3, = Z5 + Z,. We now search for values of # and &
such that 1, = 0. Moreover, since 1; = —/¢ in the ERPS4,
it follows that if (f,&) yield 44 =0 then so does
(}m — p.&+ ), corresponding to the interchange of the
scalar doublet fields, ®; < ©,.

Since Zg # 0, we may write Zg = |Zg|e'%. It is then
convenient to define

E=¢+ 06, (B7)

where & is defined modulo z. In the case where
CP is preserved by the scalar potential and vacuum,
Im(Z:Z2) = 0, as noted above Eq. (5.47).”" Inserting ¢ =
e Z%/|Zs| and Im(Z:Z2) = 0 into Eq. (B6), we search for
values of f# and & such that

SQ[; Re(Z;‘Z%) sin 25 = 2C2ﬁ|Z6|3 sin 5, (Bg)
52p¢2l|Z6*(Z1 = Z34) — Re(Z5Z5) cos 2¢]
= —2C4/}|Z6|3 Cos é (Bg)

We can immediately obtain one solution to Eq. (BS),
siné = 0 or equivalently cosé = 41. The twofold ambi-
guity was anticipated in the remarks below Eq. (B6).
Inserting cosé = +1 into Eq. (B9) yields a quadratic
equation for cot2f,

Re(2322)

2|Zg|cot?23 & (zl —Zay— Z

) cot2f —2|Zs| =0,

(B10)

which possesses two real roots whose product is equal to
—1. As a result, one ends up with four choices of (,&),
where 0 < f < %7[ and cos& = +1, for which Egs. (BS)
and (B9) are satisfied.

Moreover, additional solutions can be found if sin & # 0,
in which case one can divide Eq. (B8) by siné. Solving
Eq. (B8) for c,4/s,4 and inserting this result into Eq. (B9)
yields

PIf CP is violated, then Tm(Z:Z2) #0 and the existence
of the scalar field basis where 43 = 4; =0 can be identified

numerically, although no simple analytic expressions exist for
and & [37,102].

cos E{[Re(Z5Z3) > + Re(Z5Z3)|Z6[* (Z1 — Zaa) — 21Z6|}
— 0. (B11)

One immediate solution to this equation is cos & = 0, which
we can then plug back into Eq. (B8) to obtain cos 2 = 0.
Thus, we learn that (8 = in, & =1z)and (b =1n, & =3n)
are also solutions to Egs. (B8) and (B9).

The above results are consistent with the result of Sec. V.
Equation (5.19) provides a relation between Z4 and the
scalar potential parameters of the Z, @ II, basis, which is
of the form Zg = (x + iy)e™*. Thus, x + iy = |Z¢|e’* and
we can identify

/15 sin 25
[/’{(1 - R) + 2/15Sin2§]62ﬂ ’

tané_,‘:;:— (B12)

Taking into account the values of (,&) obtained above
that provide solutions to Egs. (B8) and (BY), we see that
siné = 0 corresponds to sin2& = 0 and cos& = 0 corre-
sponds to c¢,3 = 0. Since this analysis was based on the
assumption that Im(Z:Z2) = 0, we have reproduced the
result of Eq. (5.48).

It is now instructive to compute Im(A:[m?,]%) in the
Z, ® I, basis. Using Eq. (B11) of Ref. [37], written in a
slightly different form under the assumption that ¢4 # 0,

we obtain®
|Zg|v* sy sin € 2Y,\2
TR A

tm (5[, ) e

27,
— 7 [S%ﬂzl + (1 - 3C%ﬁ)Z34] - C%ﬁRg

2Y,
+ (Zl + 7) Rs + Z34(Z34C%/; - le%ﬂ)

B 4;?4; |ZG|2sin25}, (B13)
where
Rs = Re(Zse**)
_ Re(Z573) cos 2¢ + Im(Z575) sin 26 (B14)

1Z|*

Under the assumption that Im(Z:Z%) =0, the results
obtained above imply that either sin& = 0 or cos & = 0. If
sin & = 0 then itimmediately follows that Im(A[m?,]?) = 0.
That s, one can rephase the scalar doublet fields in the GCP2
basis to obtain a scalar potential whose coefficients are
all real in a scalar field basis where the vevs are also real.

Orf ¢4y = 0, then the expression given in Eq. (B11) of Ref. [37]
is more useful.
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In contrast, if cos & = 0, which implies that ¢op = 0 as noted
below Eq. (B11), then Eq. (B13) yields

v*Z 2Y,\ 2
(i) =+ -0 iz - (2,4 22)

2Y, Re(Z:72)
Zi+ 2 ) (2, -2y - 25260 1
+( v v2)< VA
(B15)

which is generically nonzero. Thus, it follows that if
p=in and Immi, #0 in the GCP2 basis, then one
cannot remove all complex phases from the scalar
potential with a simple rephasing of the Higgs doublet
fields. Nevertheless, the scalar potential and vacuum are
CP conserving since Im(Z:Z2) =0 implies that a real
Higgs basis exists (i.e., all Higgs basis scalar potential
parameters are real after an appropriate rephasing of the
Higgs basis field H,).

In the analysis presented above, we used Eq. (B11) to
conclude that cos é = 0. However, there is an alternative
solution to Eq. (B11) where the coefficient of cos &
vanishes. Indeed, this alternative solution corresponds
to the case of the softly broken GCP3-symmetric
2HDM where Eq. (6.13) is satisfied. In this case, division
of Eq. (B8) by siné is permitted when sin& # 0, which
yields

3
cos & :7|Zﬁ| COtZ‘B. (B16)
Re(2;22)

Plugging this result into Eq. (B13) yields Im(25[m/3]?) # 0
for generic values of the scalar potential parameters and /.
In particular, in the GCP3 basis (where the scalar potential
parameters are designated with prime superscripts), there
exists a residual CP invariance despite the fact that
Im(25[m3)?) #0 when siné& # 0, independently of the
value of #. In contrast, As =0 and Zg = |Zs|e®s =
+|Zg|e ™ [cf. Eq. (6.11)] in the U(1) ® II, basis, in which
case Eq. (B7) yields sin& = 0.

APPENDIX C: CP INVARIANCE OF THE
SOFTLY BROKEN GCP3-SYMMETRIC
SCALAR POTENTIAL

The softly broken GCP3 scalar potential contains a
complex parameter, m’fz in a basis in which the only
other potentially complex parameter, A%, is taken to be
real. Moreover, there is a relative phase between the two
vevs. Thus, naively one would conjecture that the scalar
sector of the softly broken GCP3-symmetric 2HDM is
CP violating. However, we have demonstrated that by
changing the scalar field basis, this scalar potential can
be transformed into a softly broken U(1) ® II, scalar
potential in which A5 = 0. Then, one can rephase either

®, or @, to remove the phase of m3,, which yields an
explicitly CP-conserving scalar potential. Moreover, one
can show that the scalar potential minimum condition in
the explicitly CP-conserving basis yields two vevs with
no relative complex phase. Hence, it follows that the
softly broken GCP3-symmetric 2HDM is explicitly CP
conserving, and the vacuum also preserves the CP
symmetry. These observations imply that in the original
GCP3 basis, one should be able to identify a residual
generalized CP transformation under which the GCP3
scalar potential and vacuum are invariant. The purpose of
this Appendix is to provide the explicit construction of
this generalized CP transformation.

We begin by rewriting Eq. (2.1) following the notation of
Ref. [29],

1
V<CI)) = Yai)(q):[lq)b> + Ezaﬁcﬁ(q)g(pb)(q);q)d>’

(C1)
where the indices a, b, ¢ and d can take one of two
values 1, 2 (with an implicit sum over barred and unbarred
index pairs of the same letter), and Hermiticity and
symmetry under the interchange of barred and unbarred
indices imply that

Zal;a_i = anal; = (Zbadé)*' (Cz)

Note that as a matrix,

Y Yo mi —mi
= v)= Gy ) @

Y, Yp —(mi,) mzn
where the minus sign in the definition of m?, is conven-
tional. It is convenient to assemble the elements of the
tensor Z ;.4 into a 4 x 4 Hermitian matrix (denoted by Z)

as follows. First, we introduce a slightly different notation
for the components of Z,

Zac,bd = Zal_vcz_l’ (C4)
where the first pair of indices of Z,,,. ,,; consists of unbarred
indices and the second pair consists of barred indices. In
this notation, it is conventional to omit the bars in the
second pair of indices.*' With this notation, each element
of a row of the matrix Z is denoted by a pair of sub-
scripts. These index pairs arranged in the order 11, 12, 21
and 22, and similarly for the pair of subscripts denoting
each element of a column of Z. The matrix Z is then
given by

“'The reader is cautioned that in contrast to Eq. (C4), the
symbol Z,, ., employed in Ref. [41] is equivalent to Z,.;
without an interchange of the indices b and c.
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Ziun Znan ZunZun
7 _ Zpn Zinn ZonZonm
I Zagn ZoamZom
Zpn Zynyn ZonnZnn
M A Ag As
_ A b Ay X (©5)
A A A
Y S S
Under a basis transformation,
D, > D, = U;Py,  Of - @ =d U} (C6)

where U € U(2) is a 2 x 2 unitary matrix (UZaUaE = Spz)-
Under this unitary basis transformation, the vevs are
transformed as (®9) — (@) = U ;(®Y). Moreover, the
gauge covariant kinetic terms of the scalar fields are
invariant under a unitary basis transformation, whereas
the coefficients Y ,; and Z,;, .4 transform covariantly with
respect to U(2) transformations as

Y=Y, =UgY Uy = (UYU ) (CT)
Zab,cd - Z;b,cd = UaEUngeg,fh U;EUILZZ
=[(U®U)Z(U" ® UM)lupear  (C8)

where the Kronecker product of two 2 x 2 matrices is a
4 x 4 matrix given in block matrix form by

(€9)

A B ApB
A®B—<11 12 >

A21B AzzB

The Kronecker product of two matrices satisfies the
following properties [103]:

(A® B)(C ® D) = AC ® BD, (C10)

(A® B)' = A’ ® BT, (C11)
(A®B)T=AT®B', (C12)
(A®B)'=A"'®B7!, ifA~! and B~'exist. (Cl13)

In particular, if A and B are unitary then so is A @ B. The
Kronecker product A ® B can be represented by a rank
four tensor whose components are given by

(A ® B)ab.cd = AacBbd’ (C14)

where a row of the matrix A @ B is denoted by a pair of
subscripts that are arranged in the order 11, 12, 21 and 22

(and similarly for the pair of subscripts denoting the
columns of A ® B). This convention yields the 4 x 4
matrix representation of A ® B given in Eq. (C9).
Hence, it follows that

Uaé Ubgzeg.fh UTEUZQ = (U 2 U)ab,egzeg,fh<UT ® U-k)fh,cd
= [(U ® U)Z(UT ® U+)]ah,c‘d’
(C15)

as indicated in Eq. (C8). That is, Egs. (C7) and (C8) are
equivalent to the matrix equations,

Y =UYU', Z=({UQU)Z(U @ U’). (Cl6)

It is common to consider the standard CP transformation
of the scalar fields as

D, (1;X) - O (1;X) = D (1; —X), (C17)

where we shall no longer distinguish between barred and
unbarred indices, and the reference to the time (¢) and space
(¥) coordinates will henceforth be suppressed. However,
in the presence of several scalars with the same quantum
numbers, U(2) basis transformations can be included in
the definition of the CP transformation. This yields the
generalized CP transformation (GCP) [68,104],42

(I)SCP _ eiyxabq);; = eiyxub((DZ)T’ (C18)

BT = e X:, ] = X, (@), (C19)

where X is an arbitrary unitary matrix of unit determinant
and y € R. We will indicate below Eq. (C25) how the
complex phase factor e” is determined.

Note that the transformation @, — ®G°P where ®IP is
given by Eq. (C18), leaves invariant the gauge covariant
kinetic terms of the scalar fields. The GCP transformation
of a scalar field bilinear yields

QPRI — X+ X, /(D D)7, (C20)

which does not depend on the complex phase factor e”.
Under this GCP transformation, the quadratic terms of the
potential may be written as

“For early work on generalized CP transformations,
see Refs. [105-107]. Generalized CP transformations in the
context of the 2HDM have been treated in
Refs. [30,41,58,59,67,87,89,108-112].

115012-45



HOWARD E. HABER and JOAO P. SILVA

PHYS. REV. D 103, 115012 (2021)

GC %
Y @i DI = ¥, X X, DD,
= XYV} X5 @D,
= XY X5, @00,

= (X'YX):, DL®,, (C21)
after making use of the Hermiticity of Y [cf. Eq. (C2)]
and appropriately relabeling the indices. A similar argu-
ment can be made for the quartic terms, by employing
the properties of the Kronecker product given in Egs. (C10)—
(C13). We conclude that the scalar potential is invariant
under the GCP transformation exhibited in Eq. (C18) if and
only if the scalar potential coefficients obey

Yi, = Xta¥caXap = (XTYX) . (C22)
Zivea = XeaXgpZegnX reXna> (€23)

or equivalently,
Y*=X'rX, Z=X"®XNZ(X ® X). (C24)

Finally, we must check to see whether the GCP sym-
metry is preserved by the vacuum, in which case the
following condition must be satisfied:

(®)) = "X (D}). (C25)
The complex phase factor e will be chosen subject to the
convention where (®9) is real and non-negative. The latter
can always be arranged by performing an appropriate
hypercharge U(1)y transformation on the scalar doublet
fields, which has no effect on the coefficients of the scalar
potential.

So far, we have assumed that all statements apply in the
®-basis. If we now perform a basis transformation to the
@'-basis as indicated by Eq. (C6), then we can express
the scalar potential in terms of the @’-basis scalar potential
parameters,

1
V(@) = Y, (@4 ®}) + 5 Zi g (P D) (9L D).

5 (C26)

where Y!, and Z/_,, are given by Egs. (C7) and (C8),
respectively.

Suppose that V(®) is invariant under the GCP trans-
formation of Eq. (C18) with the matrix X. Equation (C22)
guarantees that Y* = X'YX. Now, Eq. (C7) relates the
coefficients in the two bases through ¥ = UTY'U. It then
follows that

UT y’* U*

= X' (U'Y'U)X, (C27)

which implies that

Y* = (U XTUNY'(UXUT) = X"TY'X, (C28)
where X’ = UXUT. A similar argument can be made for
the quartic terms, by employing the properties of the
Kronecker product given in Egs. (C10)—(C13). Thus, we
conclude that V(®') is invariant under a new GCP trans-
formation with matrix

e”X' =" UXUT. (C29)
The phase y’ is not fixed by this computation and must
instead be determined by examining Eq. (C25) in the
@'-basis in a convention where (@) is real and non-
negative.

To construct the residual GCP transformation that is a
symmetry of the softly broken GCP3-symmetric scalar
potential, we begin our analysis in the U(1) ® I, basis.
The parameters of the quadratic part of the scalar potential
are specified in Eq. (C3), where Y, = |V ,|e/” is poten-
tially (:omplex.43 In addition, the parameters of the quartic
part of the scalar potential satisfy [cf. Eq. (C5)]

A=Zin = Zynn, 3 =2 =2y,

Ay = Z1p21 = Zy1 12, (C30)

and all the other Z,,. vanish. The softly broken
U(1) ® IT,-symmetric scalar potential is invariant with
respect to a GCP transformation with matrix

oy (10
AT\ o2t )0

The phase y = —60, has been chosen in anticipation of
Eq. (C34) below.

To establish the presence of the residual GCP symmetry,
we first verify that Eq. (C22) is satisfied,

< Y |Y12|€_i9'2)
Y 1p]e Yy

. (1 0 )( Yll |Y12€i0[2> <1 0 )
- 0 200 |Y12|e—i6,2 Yy 0 e 20 |°

(C32)

(C31)

Next, we verify that Eq. (C23) is satisfied:

“Here, we are assuming that Y, # 0. In the case of Y, =0,
one can choose y = £ and replace 6, with —¢ in the definition
of X given in Eq. (C31) to ensure that Eqs. (C32)—(C34) are
all satisfied, thereby establishing invariance of the scalar
potential and the vacuum under the residual generalized CP
transformation.
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20 0 0 1 0 0 0
0 4 4 0| [0 & o0 0
0 4 4 0 o o e¥: o
0 0 0 21 0 0 0 et
A0 0 0
0 A a0
0 A 43 0
0 0 0 2
1 0 0 0
o e o 0
0 0 20 0
0 0 0 e 4o

(C33)

Finally, the GCP symmetry is preserved by the vacuum if
Eq. (C25) is satisfied. The vevs are given by v, =
(v1, v,€%), where v, and v, are positive and & is determined
by the scalar potential minimum condition [cf. Eq. (6.4)],
Im(Y,e) = 0, which yields sin(6,, + &) = 0, under the
assumption that Y, # 0 (cf. footnote 43). It then follows
that 6y, + £ = 0 mod 7, which demonstrates that Eq. (C25)
is indeed satisfied. That is,

(1 1 0 (]
. = . L. C34
<Uzel£> (0 6_2’9‘2> (Uze_l§> (©34)

In the GCP3 basis, A5 = 1] — A5 — 1 is real and nonzero.
Now, it is not immediately obvious that the softly broken
GCP3-symmetric 2HDM preserves a CP symmetry, since
Im(2%[m?,]?) # 0, which implies that one cannot rephase
the scalar doublet fields to remove the phase of m3,.
Nevertheless, we know that CP is a symmetry of the softly
broken GCP3-symmetric scalar potential and vacuum since
it corresponds to a softly broken symmetric U(1) ® II,
scalar potential expressed in a different basis. Thus, it
should be possible to explicitly construct the residual
generalized CP transformation that preserves the softly
broken GCP3-symmetric scalar potential and vacuum by
employing Eq. (C29), with U given by Eq. (8.1). Indeed,
we will construct X’ below and explicitly verify that
Egs. (C24) and (C25) are satisfied when expressed in
terms of the GCP3 basis parameters.

Equations (8.1) and (C29) yield*

-5 c
vl s iy 12 12
e’ X ——le”’( s

12 S12

“In obtaining Eq. (C35), we have absorbed the phase ¢
[cf. Eq. (8.1)] into the definition of y’.

(C35)

where s, =sinf, and ¢, = cosf,. Using Eq. (8.49),
which we can rewrite as

1
Yio =Re¥j, +5i(Ys = Vi), (C36)
it follows that
ReY/,
ez 21 2’
VReY1? 4 (¥s, - 1)
Y, =Y,

S12 = 22 1 (C37)

2\ (Re¥1y)? + 4 (¥g, = ¥}))?

One can check that Eq. (C22) is satisfied in the GCP3 basis
by rewriting this equation as

<Y/11 Y/1*2>_<—512 012) (Y/u Y’12> <—S12 6’12)_0
Y/12 Y’zz €12 S12 Y/1*2 lez €12 S12
(C38)

To verify Eq. (C38), we multiply out the left-hand side
above to obtain

C12  S12

[2S]2RCY/12 - ClZ(Y/22 - Y/ll)] < ) = 0, (C39)

S12 —C12

which is equal to the zero matrix after making use of
Eq. (C37).

Next, we check the validity of Eq. (C23) in the GCP3
basis. The explicit form of X’ ® X’ is given by

5%2 —512C12 —S512€12 C%z
2 2
, | TSz S . St
XQx'=|_ . (C40)
S12€12 - €2 ST S12€12
C%z S12C12 S12C12 S%z
In the GCP3 basis,
A 0 0 V-=-2-4
0 A 2 0
7' = ; , (C41)
0 A 2 0
N=2-2 0 0 A

Indeed, Eq. (C23) is satisfied in the GCP3 basis, inde-
pendently of the value of 6,.

Our final check involves confirming the validity of
Eq. (C25) in the GCP3 basis. This computation will
then determine the phase y’. Before performing the
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computation, we shall record an important result that is a
consequence of the scalar potential minimum condition
that is used to fix &. In light of Egs. (7.5) and (7.6), it
follows that"’

C1aCop
cosg = -, (C42)
S1282
after employing Eq. (C37).
Thus, we must verify
< Cp > . ,~7/<—S12 C12>< Cp )
‘el = —le ‘el
e"’: Sﬂr C12 S12 e"‘f Sﬂ’
—ie'" (=spcp + cpaspe
:< ( 12%p / )> (C43)
—ie" (C12C/}/ + S12S/;l€_l§)

We can immediately determine y’ from the equation for c4
in Eq. (C43),
—ie'” = =5y, + cpe tan B (C44)

One can verify that —s;, + ¢, tanf is a complex
number of unit modulus after making use of Eq. (C42),
which provides one independent check of the validity of
Eq. (C43). The explicit form of the residual GCP symmetry
in the GCP3 basis has now been fixed.

Finally, we must verify the second complex equation for
e¥'sy given in Eq. (C43),

sy = —iei(yl_‘f')(clzc/;r + slzsﬁre—’f/). (C45)
Straightforward algebra shows that Eq. (C45) is an identify
after making use of Eqs. (C42) and (C44) to eliminate cos &
and e,

Thus, we have verified that the scalar potential and
vacuum of the softly broken GCP3-symmetric 2HDM are
invariant with respect to a residual GCP transformation
with matrix

. . —S12 C1p
e’y/X’ = (612815/ tanﬂ/ - 512) ( ! !

) . (C46)

Ci2  S12

where s, and ¢, are given by Eq. (C37) and ' and & are
determined by the GCP3 scalar potential parameters as
indicated in Egs. (7.5)—(7.7). Note that although the form of

45Equation (C42) can also be deduced from Eq. (8.56) after
making use of tan £ = —tan #,,, which is a consequence of the
scalar potential minimum condition, sin(#,, + &) = 0, obtained
above Eq. (C34).

e’ X' depends on the parameters of the softly broken GCP3
scalar potential, our calculation demonstrates that for any
choice of the parameters (and in particular for any choice of
the parameters that softly breaks the GCP3 symmetry),
there exists a residual GCP symmetry characterized by the
matrix e’ X’.

These results are not surprising given that we knew
from the beginning that the softly broken GCP3-symmetric
scalar potential is equivalent to a softly broken U(1) & II,-
symmetric scalar potential where the residual CP-
symmetry transformation law is identified as GCP1, after
removing all complex phases from the coefficients of the
scalar potential parameters by an appropriate rephasing of
the scalar doublet fields. Nevertheless, it is satisfying to
explicitly identify the residual GCP symmetry of the softly
broken GCP3-symmetric scalar potential independently of
the relations between U(1) ® I, basis and the GCP3 basis
obtained in Sec. VIIL

APPENDIX D: SCALAR SQUARED MASS
MATRICES IN THE ®-BASIS

In Secs. VI and VII, the neutral scalar squared mass
matrices were evaluated in the Higgs basis. Of course, the
same scalar squared masses can be obtained by computing
the eigenvalues of the neutral scalar squared mass matrices
evaluated in the ®-basis (under the assumption that
25 # 0). This computation provides a check of the results
obtained in Secs. VI and VIL

For example, for a softly broken U(1) ® IT,-symmetric
scalar potential, the calculation of the eigenvalues of the
neutral scalar squared-mass matrix is most easily done after
rephasing m?, as described below Eq. (6.5). In this case,
one obtains mj = 2m?,/s,; and the squared masses of
and H (with my < mp) correspond to the eigenvalues of
the 2 x 2 matrix,

M
B < mash 4 e

—spcplmi — (A3 +244)v°] >
—spcplmi = (3 +24)07] ’

m3 c% + /1112s§

(D1)

with respect to the {v2Red)— vcﬂ,\/iRed)g — vsy}
basis. One can verify that Eqgs. (6.21) and (6.22) are
satisfied, as these equations are independent of the choice
of scalar field basis.

For a softly broken GCP3-symmetric scalar potential
(where parameters and fields are denoted with prime
superscripts), the computation of the neutral scalar
squared-mass matrix in the @'-basis (where s,y # 0) is
more challenging. After employing the GCP3 condition,
Ay + Ay =2 — 25, the 4 x4 neutral scalar squared-mass
matrix is given by
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R’ + A'v? cﬁ,

M —cos &R — (X — Asin®E ) v sy cp]
Na =

1 ALv? s/,, sin 2¢&’

—sin&[R' — (L' — Ascos*E ) v?sycy]

—cos¢[R —

(X = Aisin®E ) v2spcy]

f’j R + (¥ s[%coszf’ + Agcf,sinzf’ Yo?

sin&[R +
1 s v sﬁ, sin 2¢&'

Msvtsyepsin®é]

345055, sin 2¢/ —sin&[R — (L’ — Ascos*E v sy cp]
sin&'[R + Avrsycysin®é] A 5 sin2¢'
/ , D2
%R’ Asv? sﬂ, cos 2¢& —cos&'[R — /151) 255 cycos?E] (D2)
—cos&'[R' = Avrspcycos’E] % R+ (Xspsin® — Ascj,co87¢) v’
with respect to the {v/2 Re®? — vey, V2Re @) — vsy cosE, V2Im®?, /2 Tm®Y — vsy sin &'} basis,
|
where Defining the real orthogonal matrix,
= Re(me?), L'=X-24sin?¢.  (D3) 1 0 0 0
< (0 identi 0 cos¢ 0 sin &’
The next step is to identify the neutral Goldstone boson, R = . - (DS)
which resides in the Higgs basis field H;, and corresponds 0 cpsing sy —cpcosg
to the eigenvector of M3, with zero eigenvalue, 0 —sgsing cp spcosé

1
—G"=ImH)

V2

= —sp sin&Re®@) + cyIm®@ + 55 cos & ImPY.

one then finds that RM3,RT is a matrix with respect to
the rotated basis whose fourth row and column consists
entirely of zeros (due to the Goldstone boson). Removing
the fourth row and fourth column yields a 3 x 3 squared-

(D4)  mass matrix,
|
R’ + A? cﬂ, —R + L'v’sgcy 125075y sin2¢
M3, = —R’ +L'?sycy %R’ e BV v%ﬂ, sin2¢ |, (D6)
197 ,2 . <1 / 19,2 s / 1,2 /
5 Asv°s g sin 2& 5 Asv7Cp sin 28 ‘/"/f’ A5v cos 2&
with respect to the {V2Re®}? — vcy, v2Re(e € @) — vsy, v2[syIm®) — cyIm(e~ DY)]} basis.
|
. . . . R i&
The normalized eigenstate corresponding to A is given by m2 = e(mpe’) Y p2sin2e (D8)
sy cos & Spep
1
A=————oo—| —cycost |, (D7)
2 ainle
1 85510 & —cop sin g
) . i in agreement with Eq. (7.20). In particular,
with corresponding eigenvalue,
|
A=(1- sgﬂ,sinzf/)_l/zx/i{sﬂ/ (cos ERe®) — ¢y sin EImP) + cp[cay sin EIm(e™ DY) — cos ERe(e < DL)]}
=(1- sgﬂ,sinzé’)‘l/zx/ilm[i(cos & +icyysiné)(sp @Y — cye DY)
= V2Im[ie" (sp @ — cpe DY) = v2Im[e™ (—sp e O + cydY)]
= V2ImHY, (D9)

after making use of Egs. (5.7), (7.16) and (8.60).
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One can then identify two other mutually orthogonal
normalized vectors orthogonal to A,

cy
V2ReH)—v= sp | and
0
—sgcopsing’
cpcypsing |,

—cosé

V2ReH) = ! (D10)

2 in2E
1—s2ﬂ,sm &

(A = Ass3,sin’e’ )0

M%{:(

which reproduces the result of Eq. (7.23), and the squared
mass of the CP-odd scalar, mf‘ [which is given by Eq. (D8)],
is the 33 element of OM%,0T.

Clearly this is not the preferred method for computing
the squared masses of the neutral scalars that derive from a
softly broken GCP3-symmetric scalar potential, in light
of the much simpler Higgs basis computation given in
Sec. VIL

APPENDIX E: THE IDM IN THE ®-BASIS

The inert doublet model (IDM) can be defined as a
2HDM in which the 2HDM Lagrangian and vacuum are
invariant under a Z, symmetry, H; —» H,, H, = —H,, in
the Higgs basis. In particular, H, is odd under the Z,
symmetry, whereas all other fields of the 2HDM (.e., H;,
the gauge bosons, and the fermions) are even under the Z,
symmetry. Of course, one is free to transform the scalar
field basis from the Higgs basis to an arbitrary ®-basis by
employing the unitary matrix U given in Eq. (9.12).

Suppose one is given a 2HDM scalar potential in
a ®-basis, where the vevs of the scalar fields yield tanf =
(@) /(DV)| and & = arg[(®V)*(DY)]. What are the con-
ditions on the scalar potential parameters that imply
that the model under consideration is the IDM? To
answer this question, we start in the Higgs basis with
Y3 =Z¢ =77, =0, as mandated by the Z, symmetry.
Employing Eqgs. (A18)-(A28) of Ref. [37], it then follows
that in the ®-basis, the scalar potential parameters must
satisfy the following conditions:

Im(m?,e’) = 0, (E1)

(m3, —m},)s25 = 2Re(mi,e’)cop, (E2)

—A5vsyp sin &' (1 — s3,5in%¢") !/ my — 250 (1 = s3,8in°¢’)

where the identification of the vectors above with the Higgs
basis fields follows the same procedure that yielded
Eq. (D9). Hence, if we construct a 3 x 3 real orthogonal
matrix O whose rows are given by the transposes of the
column vectors exhibited in Egs. (D10) and (D7), respec-
tively, then it is straightforward to verify that OM3,;0T is a
block diagonal matrix with respect to the {\/fReH? -0,
V2ReH9, v/2ImH9} basis. The upper 2 x 2 block of
OM3,;0T can be identified with the 2 x 2 CP-even neutral
scalar squared-mass matrix,

—Av?s,5 sin & (1 — 52,sin>&)1/?
S » > (D11)

04/;Re[(/16 - /17)eié]

1 .
= 552/302/3[31 + A = 2(43 + A4 + Re(25¢*7))],  (E3)

coplm[(A — A7) €] = —spplm(Ase*), (E4)
eyRelliy +)e] = 35yl = 1), (ES)
Im|(4s + 47)e’] = 0. (E6)

Note that if the scalar potential parameters satisfy Eq. (9.7)
then Eqgs. (E1)—~(E6) yield ¢y =siné =0 as expected
based on the corresponding scalar potential minimum
conditions.

When written in a generic ®-basis, the form of the Z,
symmetry that is respected by the scalar potential and
vacuum becomes somewhat obscure. Nevertheless, it is
straightforward to check that if Eqs. (E1)—(E6) are satisfied,
then the scalar potential and vacuum are invariant with
respect to the following discrete symmetry of order 2 in the
®-basis,

ZZH: (I)l e C2ﬂ(D1 + e_i5S2ﬂq)2,
(1)2 — elszﬂq)l — Czﬂch, (E7)

which can be obtained from Eq. (9.14) by setting 0 = %7:
and applying a hypercharge U(1)y transformation to
remove an overall factor of —i. Note that the square of
the Z,y transformation is equal to the identity, as adver-
tised. As a final check, note that if we set ¢,; = siné =0
[cf. Egs. (9.7) and (9.8)], then we can identify Z,y with IT,.
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