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In the standard model, custodial symmetry is violated by the hypercharge U(1) gauge interactions and
the Yukawa couplings, while being preserved by the Higgs scalar potential. In the two-Higgs-doublet
model (2HDM), the generic scalar potential introduces new sources of custodial symmetry breaking. We
obtain a basis-independent expression for the constraints that impose custodial symmetry on the 2HDM
scalar potential. These constraints impose CP-conservation on the scalar potential and vacuum, and in
addition add one extra constraint on the scalar potential parameters. We clarify the mass degeneracies of
the 2HDM that arise as a consequence of the custodial symmetry. We also provide a computation of the
oblique parameters (S, 7, and U) for the most general CP-violating 2HDM in the basis-independent
formalism. We demonstrate that the 2HDM contributions to 7" and U vanish in the custodial symmetry
limit, as expected. Using the experimental bounds on S and 7 from precision electroweak data, we

examine the resulting constraints on the general 2HDM parameter space.
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I. INTRODUCTION: THE CP-VIOLATING TWO-
HIGGS-DOUBLET MODEL (2HDM)

In the most general two-Higgs-doublet extension of
the standard model (2HDM), the two hypercharge-one-
Higgs-doublet fields @, and &, are indistinguishable.
Consequently, all physical observables must be indepen-
dent of a change in the scalar basis, which corresponds to
a redefinition of the scalar doublets by a global U(2)
transformation, ®, — U, ;®,. In Refs. [1,2], a basis-
independent formalism for the 2HDM was introduced
and developed.' In particular, a basis-independent form
for the most general 2HDM interactions was obtained in
Ref. [2]. A recap of the basis-independent formalism for
the 2HDM is provided in Sec. II in order to make this
paper self-contained.

However, the most general form of the 2HDM is cer-
tainly not realized in nature. For example, for generic
2HDM parameters, one expects large flavor-changing neu-
tral currents and a significant violation of custodial sym-
metry, in conflict with experimental observations. These
problems are ameliorated in restricted parameter regimes
of the 2HDM. These restricted regions are either fine-tuned
or can be implemented by imposing additional symmetries
(e.g. discrete symmetries or supersymmetry) on the 2HDM
scalar potential. Such additional symmetries would in gen-
eral distinguish between the two-Higgs doublet fields, and
thereby choose a preferred basis. If 2HDM phenomena are
observed in nature, one important goal of experimental
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Higgs studies at future colliders will be to determine the
nature of the additional symmetry structures (if present)
that restrict the 2HDM parameters, and the associated
preferred scalar basis. However, prior to determining
whether such a preferred scalar basis exists, the basis-
independent techniques will be critical for exploring the
phenomenological profile of the 2HDM and determining
its theoretical structure.

In this paper, we provide a basis-independent formula-
tion of custodial symmetry for the most general 2HDM. If
custodial symmetry were exact, then there would be no
Higgs sector corrections to the tree-level relation m3, =
m%cos?0y, to all orders in perturbation theory. Of course,
custodial symmetry is not an exact symmetry of the stan-
dard model, as it is violated by the hypercharge gauge
interactions and the Higgs-fermion Yukawa interactions.
The precision measurements of electroweak observables
by LEP and the Tevatron suggest that additional sources of
custodial symmetry breaking beyond that which is con-
tained in the standard model must be small. This imposes
interesting constraints on the most general 2HDM.

The custodial-symmetric 2HDM scalar potential must
be CP-conserving. Thus, in Sec. III we first review the
basis-independent conditions for a CP-conserving 2HDM
potential. We then establish the basis-independent condi-
tions for a custodial-symmetric 2HDM scalar potential in
Sec. IV. These results clarify the significance of the con-
ditions for custodial symmetry in the 2HDM obtained
previously in the literature [7]. The effects of the custodial
symmetry-violating terms on the 2HDM have phenome-
nological consequences. In particular, these terms would
lead to shifts in the Peskin-Takeuchi 7" and U parameters
[8]. In contrast, shifts in the S parameter [8] can be gen-
erated even in the presence of an exact custodial symmetry.
In Sec. V, we have obtained basis-independent expressions
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for the 2HDM contributions to the oblique parameters S, 7,
and U. Using these results, we present in Sec. VI a nu-
merical study of the size of the 2HDM contributions to the
oblique parameters as a function of the 2HDM parameter
space. By comparing these results to the experimental
bounds on S and T, we determine some of the features of
the constraints on the 2HDM parameter space. Conclusions
are given in Sec. VIL

Some details have been relegated to the appendices. In
Appendix A, we reproduce the cubic and quartic bosonic
couplings of the 2HDM obtained in Ref. [2]. These cou-
plings are critical for determining the CP-quantum num-
bers of the neutral Higgs states for the CP-conserving
scalar potential. In Appendix B, we record some useful
expressions involving the neutral Higgs masses and invari-
ant mixing angles. In Appendix C, we summarize the
basis-independent treatment of the CP-conserving
2HDM. This appendix also examines a number of special
cases in which some of the neutral Higgs scalars are mass-
degenerate. Appendix D provides details of the computa-
tion of the 2HDM contributions to S, 7', and U, along with
the relevant Feynman rules (in the basis-independent for-
malism) and one-loop graphs. Appendix E summarizes the
key features of the decoupling limit of the 2HDM. Finally,
in Appendix F, we examine the tree-level unitarity bounds
on the scalar potential parameters in the basis-independent
formalism. These bounds are implemented in the parame-
ter space scans of Sec. VL.

II. RECAP OF THE BASIS-INDEPENDENT
FORMALISM FOR THE 2HDM

The scalar potential may be written in a basis-
independent form as [1,9]

V =v,;0ld, + %Zagca(d%cbb)(cb! ®,), @D
where Z,;.; = Z.;,; and Hermiticity implies Y, ; =
(Ypa)" and Z,;.5 = (Zpaqe)”". The indices a, b, ¢ and d
label the two-Higgs doublets, and there is an implicit sum
over unbarred—barred index pairs. The barred indices help
keep track of which indices transform with U and which
transform with UT. For example, under a global U(2)
transformation, the parameters of the scalar potential
change according to

Yar = Uae¥eaUjy and Zojeq = UaaUfsUeg Uy Z ez
(2.2)

The vacuum expectation values of the two-Higgs fields
can be parametrized as

(D) = %( f?a ) with 9, = ein<si;°;§§ ) (2.3)

where v = 246 GeV and 7 is an arbitrary phase. The unit
vector ¥, satisfies 0,05 = 1, where 0} = (9,)". If we
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define the Hermitian matrix V,; = 0,07, then the scalar
potential minimum condition is given by the invariant

condition

1
Tr(VY) + 50 ZipeqVoaVae = 0. (2.4)
The orthonormal eigenvectors of V ; are U, and
N s _.( —sinBe "¢
iy = e = e[ o ) e
where €, = —€,; = 1l and €;; = €, = 0. Under the U(2)

transformation, v, — U ;¥,, whereas
1 a (detU)_l Uagwb,

where detU = e'X is a pure phase. That is, W, is a pseu-
dovector with respect to global U(2) transformations. One
can use W, and Wi = (W,)* to construct a proper second-
rank tensor, W,; = w,W; = 8,5 — V5.

One can always define the so-called Higgs basis in
which only one of the two-Higgs doublets has a neutral
component with a nonzero vacuum expectation value

[9,10]. The Higgs basis fields are given by

H =00,  H,=w:d, (2.6)

Since v, and W, are orthonormal vectors, it follows that
v
\/—z,

Note that H; is an invariant field whereas H, —
(detU)H, is a pseudoinvariant field under the global U(2)

transformation. The scalar potential can then be expressed
using the Higgs basis fields as follows:

(HY) = (HY) = 0. 2.7

YV =Y\HH, + Y,HIH, + [Y;HH, + H.c.]
1 1
+ EZI(HIHI)Z + Ezz(H;Hz)z
+ Zy(HI H\)(HIH,) + Z4(H] Hy)(HI H,)

1
+ [ zs(l ) + (2] 1)

+ Z,(HIH,)JHTH, + Hc} (2.8)

where Yy, Y, and Z, , 5 4 are real-valued U(2)-invariants,

Y, =Tr(YV), Y, = Tr(YW), (2.9)

Zl = Zal;cJVbéVdE’ Z2 = Zal;ctszdeE’ (210)

7= Zu5iVoiWaer  Za = ZopedVo:Waa 2.11)
and Y3 and Zs ¢ ; are complex “‘pseudoinvariants,”

Y3 = al;f};wb’ ZS = ZaEcﬁﬁgwbﬁgwd’ (212)

Ze=Z,;0qVi0p0sWa,  Z7=Z 5, q0aWpWiwg.  (2.13)
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which transform as
(Y3, Zg, Z7] — (detU)'[Y3, Zg, Z;] and

(2.14)
Z5 — (detU)72Z5.

The scalar potential minimum condition [Eq. (2.4)] fixes

Y 1Z 2 Y 1Z 2
= — — Ve, = — — v-e.
1 2 1 3 2 6

The three physical neutral Higgs boson mass-eigenstates
can be determined by diagonalizing a 3 X 3 squared-mass

(2.15)

Z] Re(ZG€7i023)

M? = 2| Re(Zge %)

—Im(Zge 102)
where
1 .
A2 = Y2 + 5[23 + Z4 - Re(25€_21923)]vz. (218)

Note that M? is manifestly basis-independent, in which
case the neutral Higgs mass-eigenstates are invariant fields
with respect to U(2) transformations. Diagonalizing the
neutral Higgs squared-mass matrix then gives

RM?2RT = M2 = diag(m?, m3, m3), (2.19)

where m;, m, and m5 are the neutral Higgs boson masses
and

C12C13 512 —C12513
R = snci3 C12 812813 | (2.20)
S13 0 €13

where ¢;; = cosf;; and s5;; = sinf;;. As shown in Ref. [2],
one can choose a convention (without loss of generality)
where — 17 = 6,5, 6,3 <1 . The neutral Goldstone bo-
son is identified as G® = ImHY. One can express the mass-
eigenstate neutral Higgs bosons, /i, (k =1, 2, 3) and the
neutral Goldstone boson (h, = G°) directly in terms of the

original shifted neutral fields, ®0 = ®° — v,/ V2,

TABLE I. The U(2)-invariant quantities ¢, defined in
Ref. [2], are reproduced below. The g, are functions of the
the invariant mixing angles 6, and 6,3, where ¢;; = cos6;; and
5;; = sin;;. By convention, we choose =17 = )5, 6,3 <1

k k1 di2
1 C12€13 —S1p ~ iC12813
2 $12€13 Cip = 1812813
3 S13 iCl3
4 i 0

— 1 Im(Zse %02)
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matrix in the Higgs basis. The diagonalizing matrix is a
3 X 3 real orthogonal matrix that depends on three angles:
612, 0135 and 6,3. As shown in Ref. [2], under a U(2)
transformation,

015, 0,5 are invariant and e'%2 — (detU) 'efs.  (2.16)

In particular, with respect to the invariant Higgs basis
neutral fields {ReHY, Re(e'®» HY), Im(e'>HY)}, where
H) = H) — (v/\/2), the neutral-Higgs squared-mass
matrix is given by

—Im(Zge 19)
A?/v? + Re(Zse %%2)  —1Im(Zse %0») (2.17)
A% /v?
|
hy = L[(i)o’f(leﬁa + gaw,e )
Ha
+ (g, 05 + g Wse®) D], (2.21)

where g, are basis-independent quantities composed of
the invariant mixing angles 6, and 65 given in Table I.

The charged Goldstone and Higgs bosons are immedi-
ately identified in terms of Higgs basis fields as: G* = Hy
and H* = H; . The latter implies that H* — (detU)*'H*
under the U(2) transformation. If necessary, one can define
an invariant charged Higgs field, e H*. The charged
Higgs mass is given by

1
M. = Yy + 52300 (2.22)
Finally, inverting Eq. (2.21) yields
o G*'o,+H™ W, o
a %ﬁa+%22:1(qk11’}a+qk26—i023wa)hk . (2.23)

Inserting this result into Eq. (2.1) immediately yields the
basis-independent form of the Higgs self-couplings given
in Appendix A. Likewise, the invariant forms of the Higgs
boson couplings to vector bosons can be obtained by ex-
panding out the covariant derivatives that appear in the
Higgs kinetic energy terms; these couplings are also given
in Appendix A.

The Higgs boson couplings to the fermions arise from
the Yukawa Lagrangian, which can be written in terms of
the quark mass-eigenstate fields as’

~ Ly =U,®¥nYUg — D KT ®; nl Uy
(2.24)

2Equation (2.24) corrects an error in Eq. (75) of Ref. [2].
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where K is the Cabibbo-Kobayashi-Maskawa (CKM) mix-
ing matrix. The n¥"? are 3 X 3 Yukawa coupling matrices.
We can construct invariant and pseudoinvariant matrix
Yukawa couplings:

K =10;ms,  p2=wing (2.25)

where Q = U or D. Inverting these equations yields n; =
«%0, + p2W,. One can rewrite Eq. (2.24) in the Higgs
basis,’

_'EY = UL(KUH(I)T + 'DUH(Z)T)UR
— D, K" («kYH| + pYH;)Ug
+ U, K(kPTH + pPYH Dy

+ D, (kPTHY + pPTH))Dg + He.  (2.26)

1 -

v
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Note that under the U(2) transformation,

«2is invariant and p<¢ — (detU)p<. 2.27)

By construction, kY and k” are proportional to the (real
non-negative) diagonal quark mass matrices M; and My,
respectively. In particular,

v .
My, = —=«Y = diag(m,, m,, m,),

V2

v
M, = — kPt = diag(m,, m., m,).
D NGl g(mg, mg, my,)
The matrices pY and p” are independent complex 3 X 3
matrices. The final form for the Yukawa couplings of the
mass-eigenstate Higgs bosons and the Goldstone bosons to
the quarks is

(2.28)

Ly = ;D{MD(‘]klPR +quPL) + \/-z—[CIkz[eiaBPD]JrPR + qzzei023PDPL]}th

l r 7 *
+ o OMo(guPy + gy +

By writing [p@]tH" = [pQeif=]t[esH], we see that
the Higgs-fermion Yukawa couplings depend only on in-
variant quantities: the diagonal quark mass matrices,
pQes, and the invariant angles 6, and 65. Since
p2ei?s is in general a complex matrix, Eq. (2.29) contains
CP-violating neutral Higgs-fermion interactions. More-
over, Eq. (2.29) exhibits Higgs-mediated flavor-changing
neutral currents at tree-level in cases where the p€ are not
flavor-diagonal. Thus, for a phenomenologically acceptable
theory, the off-diagonal elements of p¢ must be small.
Note that the parameter tanB [where the angle S is
defined in Eq. (2.3)] does not appear in any of the Higgs
couplings [cf. Appendix A and Eq. (2.29)]. This is to be
expected, since tanf is a basis-dependent quantity in the
general 2HDM and is therefore an unphysical parameter
[2]. Of course, tanfB can be promoted to a physical para-
meter in special situations in which a particular basis is
physical (e.g., in the presence of a discrete symmetry or
supersymmetry, which restricts the form of the scalar po-
tential in a particular basis). In this paper, we do not assume
that any basis (apart from the Higgs basis and the neutral
scalar mass-eigenstate basis) has physical significance.

I11. BASIS-INDEPENDENT CONDITIONS
FOR CP-CONSERVATION

At present, all known CP-violating effects can be attrib-
uted to a phase in the CKM matrix K. The source of this

3Equation (2.26) corrects an error in Eq. (76) of Ref. [2].

2

_ 2 _
+ {U[K[pD]TPR —[pY1'KP, IDHT + ~ UKMpPr — MyKP,1DG* + Hc}

(g5 pYPg + qiole®> pY ]JrPL]}Uhk

V2 (2.29)

CP-violation is an unremovable complex phase in the
Higgs-fermion Yukawa couplings of the standard model.
When we extend the standard model by adding a second
Higgs doublet, new sources of CP-violation can arise from
potentially complex Higgs self-couplings and new Higgs-
fermion Yukawa couplings. In this section, we determine
the basis-independent conditions that yield no new sources
of CP-violation (at tree-level) beyond the one nontrivial
phase of the CKM matrix, and explore some of its
consequences.

The Higgs scalar potential is explicitly CP-conserving if
there exists a basis, called the real basis, in which all scalar
potential parameters are simultaneously real [11]. In addi-
tion, if there exists a real basis in which the Higgs vacuum
expectation values are simultaneously real, then CP is also
preserved by the vacuum (and is not spontaneously bro-
ken). In the latter case, it is then possible to perform an O
(2) global transformation on the fields of the Higgs basis,
which maintains the reality of the scalar potential parame-
ters. Hence, the condition for a CP-conserving Higgs
potential and vacuum is the existence of a real Higgs basis.
The only surviving basis freedom in defining the Higgs
basis is the rephasing of H,. Thus, it follows from Eq. (2.8)
that the Higgs scalar potential and vacuum are
CP-conserving if and only if*

Im (Z:Z2) = Im(Z%Z3) = Im(Z;Z;) = 0, 3.1

“No separate condition is required for the complex parameter
Y5 due to the potential minimum condition of Eq. (2.15).
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which are equivalent to conditions first established in
Ref. [10], and subsequently rederived in Ref. [1,11].

We now add in the Higgs-fermion interactions and im-
pose the requirement of CP-conserving neutral Higgs
boson-fermion interactions. This requirement is satisfied
if the coefficients of the neutral Higgs boson-fermion
interactions are simultaneously real in a real Higgs basis.
It then follows from Eq. (2.26) that®

Zs(p9)?, Zsp?,
(Q=U,D and E).

and Z,p? are real matrices
3.2)

Note that if Eq. (3.2) is satisfied, then Z;/ 2pQ is either a
purely real or a purely imaginary matrix. In particular,
given a basis in which Zs is real and Zs, Z; and the matrix
p? are purely imaginary, one can always transform to a
real Higgs basis via H, — iH,.

It is instructive to provide the explicit basis-independent
form of the CP transformation law. In the Higgs basis, it is
convenient to employ the invariant Higgs fields, H; and
e'’» H,. Then, under a CP transformation,

UcpH (X, DU} = HIr(_i 1),

UCP[n*eiH%HZ(i’ t)]UEP = [n*ei{}BHZ(_i: t)]-}-r (33)
where Up is a unitary operator acting on the Hilbert space
of fields, and 7 is a basis-independent complex phase
factor to be determined. Applying this transformation to
the Higgs scalar potential in the Higgs basis [Eq. (2.8)], it
follows that the Higgs scalar potential and vacuum is
CP-invariant, i.e. Ucp VUgp = V and Ucpl0) = |0), if

Im(n*Zse™ =) =0,
Im(nZ,e %) = 0.

Im(nZge %3) = 0,
3.4

These results immediately yield the conditions of Eq. (3.1).
Likewise, if we demand that the neutral Higgs-fermion
Yukawa interaction is CP-invariant, it follows that

Im (n*pCei®) = 0, (0=U,D and E). (3.5
Combining Egs. (3.4) and (3.5), we obtain the conditions of

Eq. (3.2).

5Equation (3.2) corrects an error in Eq. (D3) of Ref. [2], which
incorrectly stated that the matrices of Eq. (3.2) must be
Hermitian. To derive this result, consider the interaction
Lagrangian,

L =A;0;PLQ; +Hec,
and note that (AijQiPLQj)Jr = AZ‘QjPRQi = (Af)ijQiPLQj-
Under a CP transformation,
UCP(AijQiPLQj)UEA = AiijPRQi = (AT)i_jQiPRQ_/'~

Imposing CP-invariance of the interaction Lagrangian yields
AT = AT ie. A is a real matrix.
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In a generic basis, the CP transformation law is easily
obtained by applying a global U(2) transformation to the
Higgs basis fields in Eq. (3.3). Using [2]

H w —W ()]
=02 ) (3.6)
H, —U vy o,
it follows that
b, (%, 1) — (0,0, + nze*2i923wuw,,)d>*bi(—f, 1. (3.7

One can easily check that the invariance of the scalar
potential in the generic basis [Eq. (2.1)] with respect to
the transformation law of Eq. (3.7) again yields Eq. (3.1),
as expected. Note that the matrix

U, = 0,0, + nle 2050 00, (3.8)
is unitary and symmetric. Thus, the CP-transformation law
in the generic basis takes the general form (cf. Ref. [11])

UCP(I)LZ()_Z’ t)UE; = Uab(b;;(—f(, t), (39)
and invariance of the vacuum under CP requires [9]
<(I)a> = Uab<q)l;>*’ (3.10)

where ‘U is any symmetric unitary 2 X 2 matrix. Indeed,
Eq. (3.8) satisfies the above conditions.

If Egs. (3.1) and (3.2) are satisfied, then the neutral Higgs
boson tree-level interactions are CP-conserving, and the
neutral Higgs fields are eigenstates of CP. We follow the
standard notation [12] and denote the CP-odd Higgs field
by A® and the lighter and heavier CP-even neutral Higgs
fields by #° and H, respectively.

The neutral Higgs mass-eigenstates determine the mix-
ing angles 6;;. Thus, in the CP-conserving case, the require-
ment® that the neutral Higgs bosons are CP-eigenstates
determines the phase factor n that appears in Eqgs. (3.3),
3.4), (3.7), (3.8), and (3.11). By examining the Higgs
interaction terms given in Appendix A, one can determine
aconsistent set of assignments for the CP quantum numbers
of the neutral Higgs bosons such that their interactions with
gauge bosons and Higgs bosons is CP-invariant. For
example, the CP-odd Higgs boson can be identified in
general as’

A" = Im(n*ei®= HY). @3.11)

°In the case of nondegenerate neutral-Higgs boson masses, it is
automatic that the neutral Higgs mass-eigenstates are simulta-
neously CP-eigenstates. In the case where the CP-odd Higgs
boson is mass-degenerate with a CP-even Higgs boson, it is
always convenient (though not strictly necessary) to choose the
physical mass-degenerate states to be CP-eigenstates.

In the case of Zg = Z; = p¢ = 0, one of the three neutral
Higgs bosons is CP-even and the other two neutral Higgs bosons
have opposite CP quantum numbers. But for this special case,
one cannot determine which of these latter two scalars is
CP-odd. See Sec. III B for further details.
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TABLE II.
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Basis-independent conditions for a CP-conserving scalar potential and vacuum

when Zg # 0. The neutral Higgs mixing angles ¢;; are defined with respect to the mass-ordering
my, = my,, = m, . The phase factor n?* governs the CP transformation law [cf. Eq. (3.7)].
Additional conditions in which Zg is replaced by Z; and by p2* (Q = U, D or E), respectively,
must also hold due to the phase correlations implicit in Egs. (3.4) and (3.5). In the case where two
of the neutral Higgs masses are equal, one linear combination of neutral Higgs states will be
CP-even and the orthogonal linear combination will be CP-odd. The latter defines the relevant
mixing angle, 6, in Case I and 6,3 in Case II, respectively.

Cases conditions n? Al h° H°
1 S13 = Im(ZSe_ZWB) = Im(Z6€_i023) =0 +1 l’l3 l’ll h2
Ila S = Im(Zseizwzz) = Re(26€7i023) =0 -1 h2 l’l] hg
IIb ¢, = Im(Zse 2%5) = Re(Zge 05) = 0 -1 h hy hs

In Secs. IIT A, I1I B, and ITI C, we have examined all possible
cases for the Higgs scalar parameters in which the scalar
potential and vacuum is CP-conserving, and for each case
the value of the phase factor 52 is determined. For simplic-
ity, we assume that the three neutral Higgs masses are
nondegenerate. The mass-degenerate cases are treated in
Appendix C.

A. The CP-conserving 2HDM with Zg # 0

For Z¢ # 0 (and no restrictions on the possible values
of Zs or Z;), a CP-invariant Higgs potential can arise in
the 2HDM under one of the three cases listed in Table II.
The derivation of these results (given in Ref. [2]) is
reviewed in Appendix C. Note that Egs. (3.4) and (3.5)
correlate the overall phases of Zs, Z; and the p?. In
particular, in Case I, Im(Zge 93) = Im(Z;e 05) =
Im(pQei?s) = 0, whereas Re(Zge /93) = Re(Z,e 10) =
Re(pQe?») = 0 in Cases Ila and b.

TABLE III. The U(2)-invariant quantities g, for Case 1.
k qi1 qi2
1 C12 512
2 S12 C12
3 0 i

TABLE IV. The U(2)-invariant quantities g, for Case Ila.

k k1 9k
1 0 1

2 —C13 iS13
3 8513 iC]3

TABLE V. The U(2)-invariant quantities g, for Case IIb.

The U(2)-invariant quantities g, for each of the
three cases shown in Table II are exhibited in Tables III,
IV, and V.

It is convenient to define an invariant quantity, €s¢, by
the relation

Re(Z:Z3) = e561Zs11Zg)% €56 = 1. (3.12)

Since Im(Zse 2%s) = 0 is satisfied in Cases I and II, it
follows that

Re(Z:Z2) = Re(Zse 95)[Re(Zge "2)> — Im(Zge 13)?]
= *|Zs|? Re(Zse 2%»), (3.13)
where we take the positive [negative] sign depending on

whether Im(Zge %2) = 0 [Re(Zge %) = 0]. Hence,
Egs. (3.12) and (3.13) yield

‘ esc|Z if Im(Zge 193) =0,

- 656|25| if Re(Z()e*mB) =0.

Note that €54 is the sign of Zs in the real basis. Eq. (3.14)
can be rewritten more compactly as
Re (Zse™22) = nesel Zs|. (3.15)
One can use Eq. (3.11) to identify the CP-odd Higgs
boson, A, The identity of A° is also easily discerned from
Tables III, IV, and V, since any neutral Higgs state /; with
g1 7 0 must be CP-even. As there is one CP-odd state in
the neutral Higgs spectrum, it must correspond to the
qr1 = 0 entries of Tables III, IV, and V.
The squared-masses of the neutral bosons are given by

(3.14)

1
2

1
My o =50 YV2/V* +Z, +§(Z3 +Z4+ eselZsl)

1 2
1\/[Y2/U2 -7 +§(Z3 +Zy+ 856|Zs|)] +41Zgl*

(3.16)

k ki di2
1 €13 —isy3
2 0 1
3 S13 iC13

8In the real Higgs basis as defined above, 0,3 = n for an
integer n. Since Im(Zse 2%s) = 0, it follows from Eq. (3.14)
that Zs = €s54|Zs|. That is, &5 is the sign of Zs in the real Higgs
basis.
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TABLE VI. Basis-independent conditions for a CP-conserving scalar potential and vacuum
when Zg = 0, Z; # 0. The neutral Higgs mixing angles 6;; are defined with respect to the mass-
ordering m;, = my,, = my,,, and 053 = 0y; — 0,,. The phase factor > governs the CP trans-
formation law [cf. Eq. (3.7)]. Additional conditions in which Z; is replaced by p?* (Q = U, D
and E), respectively, must also hold due to the phase correlations implicit in Eqgs. (3.19) and
(3.20). The two CP-even Higgs bosons are denoted as 4! and /9 respectively, where mlzl? =Z\v?

and mig =Y, +1(Z; + Z; + £571Zs])v*. The couplings of A{ coincide precisely with the
couplings of the standard model Higgs boson. The squared-mass of the CP-odd Higgs boson
is given by mio =Y, + %(Z3 + Z, — £571Z5|)v?. If Z, is chosen such that h? is degenerate in
mass with either hg or A, then 6, in Cases I' and II or 65 in Case III’ are fixed by the

requirement that the properties of the mass-degenerate state h? coincide with those of the
standard model Higgs boson. Additional cases not included in this table that can arise when two

PHYSICAL REVIEW D 83, 055017 (2011)

of the neutral Higgs bosons are degenerate in mass are treated in Table XIII.

Cases conditions n? Al hY 9
I'a 513 = 8515 = Im(Zse %05) = Im(Z7e " 93) = 0 +1 hsy hy hy
I'b 513 = 8515 = Im(Zse %05) = Re(Z7e 03) = 0 -1 hy hy hs
T'a 513 = ¢pp = Im(Zse ?2) = Im(Z;e 05) = 0 +1 hs hy hy
II'b 513 = ¢1p = Im(Zse %) = Re(Z7e 1%3) = 0 -1 hy hy hs
I'a c13 = Im(Zse 21%») = Im(Z;e =) = 0 e hy hs hy
1I'b c13 = Im(Zse ?5) = Re(Z;e 05) = 0 —e%i0n hy hs hy

1
mio = Y2 + EUZ(Z:; + Z4 - 856|Z5|), (317)

where €54 1s defined above [cf. Eqs (3.12) and (3.14)]. In
particular, Case I corresponds to the mass-ordering m 40 >
myo, and Cases Ila and IIb correspond to mo < myo.
Moreover, the two separate parameter regimes correspond-
ing to Cases Ila and IIb correspond to the two possible
mass-orderings mo < m;o and m4o0 > my, respectively, as
exhibited in Table II.

B. The CP-conserving 2HDM with Z; = 0 and Z; + 0

For the case of Zg =0 and Z; # 0, a CP-invariant
Higgs potential can arise in the 2HDM under any one of
the following six conditions listed in Table VI. The U(2)-
invariant quantities g, for the cases shown in Table VI are
exhibited in Tables VII, VIII, and IX. A derivation of these
results is given in Appendix C.

play the roles of #,; and 7%, respectively. Note that
Egs. (3.4) and (3.5) correlate the overall phases of Z; and
the p€. In particular,

Ia: Im(Z;e~93) = Im(pLe'?>) = 0,
Case Ill'a: Im(Z, e 02) = Im(pQ2eif=) = 0, (3.19)

Cases’'a and

CasesI'b and II'b: Re(Z;e ¥3) = Re(pQei?s) = 0,
Case III'b: Re(Z;e~12) = Re(pQei?=) = 0. (3.20)

The Higgs state corresponding to ¢;; # 0 in Tables VII,
VIII, and IX is a CP-even Higgs boson. Moreover, as
g = *1 and |g;] = 0 in each case, it follows from
Appendix A that this state has precisely the couplings of
the standard model Higgs boson. Note that the g;; vanish
for the other two neutral-Higgs states, and thus cannot be

.. TABLE VIII. The U(2)-i iant titi for C 1
Cases I'a and I'b correspond to the combination of and II'b ¢ U2)-invariant quantities gy for Cases Il'a
Cases I and Ila of Table II. Cases II’a and II’b correspond '
to the combination of Cases I and IIb of Table II. Finally, k g G
Cases III’a and III’b are new. In these last two cases, 1 0 1
_ . 2 -1
023 = 03 — 0, n?=mnle M2 ==x1, (3.18) 3 0 i
TABLE VII. The U(2)-invariant quantities g, for Cases I'a TABLE IX. The U(2)-invariant quantities g;, for Cases III’a
and I’b. and I1I’b.
k k1 di2 k ki qi2
1 1 0 1 0 ieifn
2 0 1 2 0 et
3 0 [ 3 —1 0
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used to fix the absolute CP quantum numbers of these two
states. In the Zg = 0 model, it is Z; and/or p< that deter-
mine which of these two states is CP-even and which is
CP-odd.

It is convenient to define an invariant quantity, €57, by
the relation

Re(Z5723) = e51Zs11 2417, gs7 = *1. (3.21)

Since Im(Zse~2%3) = 0 is satisfied in Cases I’ and IT', it
follows that

657|25|, ifIm(Z7e_i923) =0,

; 3.22
_657|ZS|: ifRe(Z7e_1923)=0, ( )

Re(Zse %0n) = {

Note that &57 is the sign of Zs in the real basis. Eq. (3.22)
can be rewritten more compactly as

Re (Zse %) = n’es;|Zs). (3.23)
In Case III’, Im(Zse %) = 0, in which case, Egs. (3.22)
and (3.23) hold with 6,5 and 7? are replaced by 6,5 and 7,
respectively.

The masses of the neutral Higgs bosons are as follows.
There is one CP-even Higgs boson whose squared-mass is
given by9:

mio =Zv2 (3.24)
1
As noted above, the mass and couplings of h(1) are exactly
the same as those of the standard model Higgs boson.'’
The squared-masses of the remaining two neutral Higgs
bosons (a CP-even state h) and a CP-odd state A®) are
given by

1
mho == YZ + 5(23 + Z4 + 857|ZS|)U2, (325)

1
mio = Yz + 5(23 + Z4 - 857|ZS|)U2. (326)

Cases involving mass-degenerate neutral Higgs bosons are
examined in Appendix C.

The above results are valid as long as either Zg or Z; is
nonvanishing. If both Z¢ = 0 and Z; = 0, the model has
some extra features, which we examine in the following
section.

°In Egs. (3.24) and (3.25), we employ the notation 4 and /9
for the two CP-even Higgs bosons (rather than /4° and HI") since
the mass ordering of these states depends on the choice of the
2HDM parameters.

!9The standard model properties of hY are mdependent of its
mass and the masses of ho and A°. In thls sense, this case is not a
decoupling limit, although the properties of h0 are identical to
the corresponding properties of the lightest CP-even Higgs
boson in the decoupling limit.

PHYSICAL REVIEW D 83, 055017 (2011)

C. The 2HDM with Z4 = Z; = 0

In Secs. IIIA and IIIB, we established basis-
independent conditions for which the 2HDM scalar poten-
tial and vacuum were CP-conserving. If Zg = Z; = 0 (and
Y3 = 0 by virtue of the potential minimum condition), then
Zs is the only potentially complex parameter of the scalar
potential in the Higgs basis. Consequently, one can rephase
the Higgs field H, to obtain a real Higgs basis (where Zs is
real). Hence, if Zs = Z;, =0, then the 2HDM scalar
potential and vacuum automatically preserve the CP
symmetry.''

Starting from any real basis of a CP-invariant 2HDM
scalar potential, one can always apply an O(2) transforma-
tion to the Higgs fields to define another generic real basis.
In general, all possible real basis choices can be reached in
this way. However, in the case of Y3 = Zg = Z; = 0, there
exists a particular U(2) transformation, diag(1, i), that is
not an O(2) transformation, which has the effect of chang-
ing the sign of Zs. This corresponds to redefining the
second Higgs field by

H, — iH,. (3.27)

Following Appendix A of Ref. [11] (where the analogous
arguments for the time-reversal-invariant 2HDM is pre-
sented), the CP transformation law is unique only if all
real basis choices are related by an O(2) transformation. If
all real basis choices are related by a larger global trans-
formation group, O(2) X D C U(2), then the CP transfor-
mation law (within the Higgs/gauge boson sector) is not
unique and the number of inequivalent CP transformation
laws is equal to the number of elements of the (nontrivial)
discrete group D. Applying this to the 2HDM with Y3 =
Zs = Z7 =0, we identify [ = Z,, which is the discrete
group consisting of the identity element and diag(l, i) €
U(2) [the latter changes the sign of Zs]. We conclude that
for the Y3 = Zg = Z7; = 0 model, there are two inequiva-
lent definitions of CP in the Higgs/gauge boson sector. For
example, in Cases I and II” of Table VI, the two definitions
of CP correspond to n> = *1 in Eq. (3.7) [for Case III,
simply replace 6,3 with 6,5 and 5> with 77].

In particular, consider the U(2)-invariant couplings ¢,
given in Tables VII, VIII, and IX. The Higgs boson A,
defined here as the scalar h; corresponding to |g;;| = 1, is
CP-even. For either choice of the two inequivalent defini-
tions of CP, the couplings of h{ precisely match those of
the standard model Higgs boson [as previously noted be-
low Eq. (3.20)]. But, for the two-Higgs states h3 and h
with g;; = 0, the Higgs/gauge boson interactions are in-
sufficient to uniquely identify the CP-odd Higgs field as
noted above. The squared-mass of the neutral Higgs bosons

""One can implement Yy = Zs = Z; = 0 by imposing a Z,
symmetry in the Higgs basis. If the Higgs-fermion couplings also
respect this discrete symmetry, then the resulting 2HDM is the
Inert Doublet Model [13], since the model contains no interac-
tion vertices with an odd number of H, fields.
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must be the same as in the previous subsection (where
Zs = 0 and Z,; # 0), since the neutral Higgs squared-mass
matrix is independent of Z;. However, when Z; = 0, we
cannot employ Egs. (3.25) and (3.26) since €55 is no longer
defined. Nevertheless, one can directly analyze the
squared-mass matrix given by Eq. (2.17), which is
diagonal. Defining Zs = |Zs|e*%, and noting that
Im(Zse %0») = 0, it follows that @5 — 63 = fnm for
some integer n. Hence Re(Zse %9:) = +|Zs|, where the
* corresponds to the two possible choices 65 — 6,3 = 0 or
177, We conclude that the squared-masses of 43 and A9 are

2
given by

1
mig‘hg - Y2 + §U2(Z3 + Z4 x |ZS|), (328)

where by convention we choose rm < .

If the neutral Higgs-fermion Yukawa interactions are
CP-conserving, then the ambiguity of the CP quantum
numbers of h) and hY can be resolved. The results of
Table VI still apply if Z; is replaced by p¢* (for either
Q= U, D or E). It is convenient to define an invariant
quantity, €50, by the relation,

Re[Zs(p2)?] = esolZsllpPlP, esp =1, (329)

where pg is any nonvanishing matrix element of p<.

Following the derivation of Egs. (3.21), (3.22), and (3.23),
it then follows that

€s0lZs|,  if Im(e¥»p9) =0,

i (3.30)
_GSlesl, if Re(e’ezs pQ) =0,

Re(Zse_ZiHB) = {

for Cases I’ and II” (for Case III’, 6,5 and 5 are replaced by
0,3 and 77, respectively). Note that &5 1s the sign of Zs in
the real Higgs basis in which the scalar potential parameters
and the Higgs-fermion Yukawa coupling matrices are si-
multaneously real. In particular, s is independent of the
choice of i and j in Eq. (3.29) [assuming pl-Qj # 0]. Even
though Zg = Z; = 0, the sign of Z5 in the real Higgs basis is
meaningful due to the presence of the Yukawa couplings.
Eq. (3.30) can be rewritten more compactly as

Re(ZS€72i023) = 7]265Q|Z5|. (331)

The two choices of > = *1 are now distinguishable.
For example, in Case I’, the diagonal parts of the QQh;
interactions are given by

o A . , .
Loon, = N Z O,[Re(e p?) = iysIm(e? p9)];0:h,,
=

(3.32)

1l - . . .
Loon, :E Z O[FiysRe(es p?Q) +Im(e> p?) ], 0;hs,
i=1

(3.33)
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where the upper (lower) sign corresponds to Q = U (Q =
D, E). It follows that in Case I’, h5 is CP-odd if > = 1,i.e.
Im(e®3p2) =0 and h, is CP-even if n*> = —1, ie.
Re(e!’3p?) = 0. That is, the neutral Higgs-fermion
Yukawa interaction selects one of the two inequivalent
definitions of CP. Cases II' and III’ can be similarly
treated. In a real Higgs basis, the unique CP transformation
law depends on whether p? is a purely real or purely
imaginary matrix. If the neutral Higgs-fermion Yukawa
interactions are CP-violating, then neither hg nor hg can
be assigned a definite CP quantum number.

D. CP symmetries in the 2HDM

Generalized CP-transformations (GCPs) in the 2HDM
have been examined in Refs. [14,15]. In a generic basis, a
GCP transformation is of the form given in Eq. (3.9), where
‘U is an arbitrary 2 X 2 unitary matrix. Three classes of
GCPs were identified in Refs. [14,15] according to the
value of UU":

(i) CPL: UU* = 1,x,,

i.e., Uis a unitary symmetric matrix, (3.34)

(11) CP2: UU* = _]12><2,

i.e.,, Uis a unitary antisymmetric matrix, (3.35)

(iii) CP3: UU* # *+ 1,0, (3.36)

where 1,5 is the 2 X 2 identity matrix. The CP1 trans-
formation corresponds to Eq. (3.8). Imposing CP1 on the
2HDM scalar potential implies that there exists a basis in
which all the scalar potential parameters are real. Imposing
CP2 and CP3 yields additional constraints on the scalar
potential, which are not especially relevant to the matters
addressed in this paper. In Ref. [15], the possibility of
imposing symmetries in a specific basis is discussed.
This can lead to additional conditions on the scalar poten-
tial parameters, which may or may not correspond to a
higher symmetry of the 2HDM. In Refs. [16,17], the CP1
transformation is applied directly in the Higgs basis. In
particular, these authors examine

Hl - €i§ O HT
H2 O ef"f H; ’

where 0 = ¢ =< 7. Imposing this CP1 transformation on
the Higgs basis constrains the potentially complex scalar
potential parameters as follows:

(3.37)

1.If f =0 = Y3, Zs, Zﬁ, Z7 & R, (338)
2fé=m = ZER Yi=Z,=27,=0, (3.39)
3 ELO T = Ys=Zs=Zs=27,=0. (3.40)
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This analysis singles out the importance of the Zg =
Z7 = 0 model discussed in Sec. III C, which is designated
as a “twisted” CP-conserving model in Ref. [16].12 The
case of Zs = Zg = Z; = 0 possesses similar properties to
the former model, with the added feature that the two-
Higgs scalars of indefinite CP quantum number are mass-
degenerate.

IV. BASIS-INDEPENDENT CONDITIONS FOR
CUSTODIAL-SYMMETRY IN THE 2HDM

In the standard model, the tree-level relation, m%v =

m% cosfy, is a consequence of an accidental global sym-
metry of the Higgs potential. In particular, the SM Higgs
Lagrangian possesses an SO(4) = SU(2); X SUQ2)x/Z,
global symmetry, whereas the full -electroweak
Lagrangian is invariant under SU(2) X U(1)y, which is a
subgroup of the larger global symmetry group. The global
custodial SU(2)y, symmetry, which is the diagonal (vector)
subgroup of SU(2), X SU(2)r (where V = L + R), is re-
sponsible for the gauge boson tree-level mass relation.

The U(1)y hypercharge gauge interactions and the
Higgs-fermion Yukawa couplings break the custodial
symmetry. This leads to finite one-loop radiative correc-
tions to the gauge boson tree-level mass relation. The
dominant part of these corrections can be parameterized
by a single quantity called 7, introduced by Peskin and
Takeuchi [8]. It is convenient to define T relative to a
“reference standard model,” in which the Higgs mass is
fixed. A convenient choice is to define 7 =0 for a
standard model Higgs mass of 117 GeV."? Deviations
from 7 = 0 can be accommodated by either changing
the value of the Higgs mass or adding new custodial-
violating interactions to the theory. Experimentally, 7 is
observed to be quite small, which suggests that the
custodial-breaking effects of the electroweak Lagrangian
due to new physics beyond the standard model (or a
standard model Higgs mass that differs significantly
from 117 GeV) must be quite small.

In the 2HDM with a generic scalar potential, the
Higgs Lagrangian does not possess a global custodial
symmetry. One can therefore write the Higgs Lagrangian
in the form

21 Ref. [16], the twisted model is associated with the Z4 =
Z7 = 0 model with custodial symmetry. Here, we see that
custodial symmetry has nothing to do with the existence of
this class of models, but is an additional constraint that can be
imposed on the CP-conserving scalar potential. See Sec. IVA 3
for further discussions of this point.

3The choice of Higgs mass is dictated by the global standard
model fit to precision electroweak data [18-20], which suggests
that the Higgs mass must lie above but not too far away from the
lower Higgs mass bound (at 95% CL) of 114.4 GeV established
at LEP [21]. In Ref. [19], a Higgs mass of 117 GeV is chosen for
the reference standard model in the analysis of new physics
contributions to the Peskin-Takeuchi S, 7" and U parameters.
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L tiges = Lesc + Lesvs 4.1)

where Lcgc and Lgy are the custodial symmetry con-
serving and violating pieces, respectively. The terms that
contribute to Lgy reside in the scalar potential, and do
not effect the gauge boson mass relation at tree-level.
Hence, these terms only contribute a finite correction at
one-loop to the T parameter. Nevertheless, the experi-
mental determination of 7 can place significant con-
straints on the parameters of the 2HDM scalar
potential. In this section, we formulate a basis-
independent characterization of custodial symmetry.
This will permit a clean basis-independent separation
of the custodial symmetry conserving and violating
pieces of the Higgs Lagrangian as in Eq. (4.1).

A. Custodial symmetry of the Higgs sector
1. Basis-dependent conditions for custodial symmetry

Conditions for custodial symmetry of the Higgs sector in
the 2HDM doublet model has been previous addressed by
Pomarol and Vega [7]. Consider the 2HDM scalar potential
in a generic basis,

YV =m} oI 0, + md,dId, — [m2,®d, + Hec]
1 1
+ 5)\1(@}@1)2 + EAz(d);fd)zF
+ (DD )(PID,) + A (] D)) (@F D))

1
+ {5 /\S(q);rq>2)2 + [)‘6((1)Tq)1)

+ A5(D D)) 0T D, + Hc} 4.2)

where m3,, m3,, A, Ay, A3, Ay € R are real parameters,
and m?,, As, As, A; € C are potentially complex. The
vacuum expectation values of the neutral Higgs fields,
denoted by

Vg

N3

are also generically complex. Pomarol and Vega asserted
that the imposition of custodial symmetry on the 2HDM
scalar potential yields two independent cases [in the nota-
tion of Eq. (4.2)]:

(@Y=-"LeC a=12 (4.3)

Casel: v, v, ER,

/\4 = /\5, and m%z, )ls, /\6, )\7 & R, (44)

Case2: v, =v5 €C, mi =md,

/\1 == )12 ol A.3, )\6 = )17, and m%z, As, )16, )\7 S C
4.5)

These conditions are derived as follows.
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In Case 1, one constructs two 2 X 2 matrix fields,'*

My = (D), @), M, = (D, D,), 4.6)
where ® = jo,®*. The matrix fields transform under
SU(R2); X SUQ2) as

M, — LM,RT, a=12 4.7
The SU(2), X SU(2)y scalar potential is constructed by
employing the manifestly invariant combinations,

T MM, ], T{MI M,] and Te[MTM,]." Explicitly,
V= lm%l MM, ]+ lm%2 T M M,]

2 2

— mi, TT[MTMz] + é/h (TT[M}LMl])Z

+ %AQ(Tr[Mg M,])? + %)\3 T MM T MI M)

1 1
+ EA(Tr[MlTMz])2 + 5()l6 Te(M[M,]

+ Ay T M3 M,]) T M M,], 4.8)
where Hermiticity implies that all the coefficients above
are real. Thus, imposing the SU(2); X SU(2)z symmetry
on the scalar potential and comparing with Eq. (4.2) then
yields A = Ay = As and m3,, As, Ag, A; € R. If the scalar
field vacuum expectation values satisfy

. 1 v, 0 Y,
M,) = ﬁ( 0 Ua) = \/—zﬂzxzr

then (M) is invariant under the SU(2)y, custodial symme-
try group, since (M,) — L{(M )Rt = (M) when L = R.
Eq. (4.9) imposes the condition v, € R, and Eq. (4.4) is
thus established.

In Case 2, one constructs the 2 X 2 matrix field,

4.9)

My = (9, @), (4.10)
which transforms under SU(2); X SU(2); as
M, — LM,R". 4.11)

The SU(2), X SU(2)z scalar potential is constructed
by employing the manifestly invariant combinations
Tr[MirQMIZ]’ detMlz, det(M12)2 and det[MT2M12:|.
Explicitly,

“In the notation of Eq. (4.6), @, is the first column and ®, is
the second column of the matrlx M (fora =1, 2).
One can check that Tr[M M, = Tr[M2 1] and detM, =
1 Tr[M M,] (for a = 1, 2), so only three independent invariant
quadratlc forms are relevant.
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V = m*TiMT M ,] + (m3, detM, + H.c.)

1
+ 5 )\(Tr[MirzM12])2 + A4 det[M‘lrlez]

1
+ E (/\5 det(M12)2 + HC)

+ (X detM, Ti[M1,M,,] + H.e). 4.12)

Thus, imposing the SU(2); X SU(2)r symmetry on the
scalar potential and comparing with Eq. (4.2) then yields
mz—m%I =m%2,/\=/\1=/\2=/\3, /\l:A6:)\7 and
m?y, As, Ag, A; € C. If the scalar field vacuum expectation
values satisfy

- 1 ‘Ul‘ 0 )
(M) = \/5< 0 Uz) = Tiﬂzxz,
then (M,,) is invariant under the SU(2)y custodial symme-
try group. Eq. (4.13) imposes the condition v} = v, € C,
and Eq. (4.5) is thus established.

Although the two cases of Pomarol and Vega appear to
be distinct, a more careful analysis shows that the two
cases are in fact equivalent, and correspond to the formu-
lation of the 2HDM in two different choices of the scalar
field basis. This can be established as follows. First, we
note that in both Cases 1 and 2, the scalar potential depends
on three independent squared-mass parameters and six
independent scalar self-coupling parameters. Now, sup-
pose one begins with a 2HDM subject to the constraints
of Case 2 [Eq. (4.5)]. It is convenient to define

1,
5
A

(4.13)

it 2= 2 2
m my; = My,

Il
D

A *
vy 2

A

Ay

/\g, A= )‘6 = A7, (414)

where 0, is defined in Eq. (2.3). By performing a basis
transformation, ®, — U ,; P, with

U — 1 e*iﬁ ei@
2\ —ie7i? et )
the coefficients of the scalar potential [cf. Eq. (4.2)] are
transformed to [in the notation of Eq. (2.8)]:

(4.15)

Y, = m? — Re(m},e %), (4.16)

Y, = m? + Re(m}, e %%), (4.17)

Y; = —Im(m?,e %), (4.18)
1 1 —4if 1,—2i6

Z, :)L+§/\4+§RC(A56 9y + 2Re(Me 2Y), (4.19)
1 1 —4if 1,-2i6

Zy = A+ S A4 + 5 Re(Ase ™) = 2Re(Ne "), (4.20)
1 1 —4i0

Z3 =)\- 5/\4 - E Re()\se ! ), (421)
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1

1 )
Z4 = Z5 = 5 )l4 - E Re(/\seime), (422)
1 . .
Ze = 3 Im(Ase%%) + Im(A'e~219), (4.23)
1 ) .
Z;, = — 5 Im(Ase 4%) + Im(A\'e~2%%), (4.24)

while the normalized scalar field vacuum expectation
values are transformed to
U, — U0, = 8, (4.25)

Equation (4.25) defines the Higgs basis {H,, H,}, up to a
phase redefinition of H,. We immediately note that
Z, = Zs and the vacuum expectation values and all the
scalar potential parameters are real. Thus, the Higgs basis
satisfies all the conditions of Case 1 of Pomarol and Vega
[cf. Eq. (4.4)]. Moreover, it is easy to check that any addi-
tional O(2) basis transformation preserves A4 = A5 and the
reality of the scalar potential parameters. Thus, we have
confirmed that Cases 1 and 2 of Pomarol and Vega are
equivalent and simply represent different choices of the
scalar field basis.'®

Of course, one can also perform arbitrary U(2) trans-
formations of the Higgs fields. The resulting scalar poten-
tial parameters and vacuum expectation values will in
general satisfy neither case 1 nor case 2 of Pomarol and
Vega. Yet, all these parameterizations are physically
equivalent and maintain the custodial symmetry. Clearly,
it is desirable to formulate a basis-independent description
of custodial symmetry. We shall provide such a formula-
tion in the next subsection.

2. The basis-independent condition for
custodial symmetry in the scalar sector

It is possible generalize the two implementations of
custodial symmetry presented in the previous subsection
by constructing an SU(2); X SU(2)y invariant scalar po-
tential using the Higgs basis fields, H; and H,. The advan-
tage of this basis choice is that no supplementary
conditions on the vevs are required. In particular, we define
2 X 2 matrix fields:

'°In Ref. [22], it was shown that in Type-I and Type-II 2HDMs,
the corresponding Higgs-fermion Yukawa couplings (defined in
the standard basis where the discrete symmetry ®, — —®, is
manifest) are custodial-symmetric if and only if the scalar
potential parameters satisfy Eqs. (4.4) and (4.5), respectively.
The two ways to implement custodial symmetry given by
Egs. (4.7) and (4.11), respectively, can be distinguished based
on the presence or absence of the A°GG effective interaction.
This is possible, as the special forms of the Type-I and II Higgs-
Yukawa interactions effectively select a “preferred” basis.
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M, = (1:11:H1),
My, = (Hy, H,),

M, = (I:Iz’ H,),

M,, = (1:12: H,). (4.26)

Since (H%) = v/+/2 (where v = 246 GeV) and (HY) = 0,
it follows that

Y1
\/z 2X2»

whereas neither (M,) nor (M,,) are proportional to the
identity matrix. Consequently, if we wish to preserve a
custodial SU(2)y after electroweak symmetry breaking,
the scalar potential in the Higgs basis must be solely a
function of Ml; and M.

In the Higgs basis, the field H, is basis-invariant, as it is
defined such that (H)) = v/ /2 is real and positive. On the
other hand, since (HY) =0 it follows that H, is only
defined up to an overall rephasing. That is, H; is an
invariant field with respect to basis transformations,
whereas H, is a pseudoinvariant field. As a result, the
SU(2); X SU(2) transformation laws for M, and M,
are given by

Ml g LMIRT,
L € SUQ),,

<M1> = <M2> =0, (4.27)

M2 - LMzR/T,

R, R" € SU(2)g. (4.28)

Since H; and H; (i = 1, 2) are doublets under the weak
SU(2); gauge transformation, the transformation matrices
L appearing in Eq. (4.28) must be the same in the
SU(2);, X SU(2)g transformation laws of M; and M,. As
noted by [16], the same requirement does not hold for the
SU(2)g transformation; hence, in general R’ # R.
However, R and R’ are related by the fact that the gauged
U(1) hypercharge operator, Y = diag(—1, +1), is a diago-
nal generator of SU(2)g. In particular, if we write R =
exp(ifn?T4) where (n', n, n?) is a unit vector, then T3 is
proportional to Y. Since the H; are hypercharge +1 fields
and the A, are hypercharge — 1 fields, the relation between
R and R’ is fixed by R’ = PRP™!, where P is an SU(2)
matrix and Pexp(i@Y)P~' = exp(ifY) for all § [16]. By
expanding in 0, it follows that PY = Y P, which constrains
P to be of the form P = diag(e ¥, eX), where 0 = y <
2. We conclude that the most general form for the
SU(2); X SU(2)g transformation laws for M; and M, is
given by

M, — LM, RT, M, — LM,PRT P~ 1, (4.29)
where
L €SUQ2),, R € SUQ2)g,

e X 0
p= ") 0=y<2m).  (430)
0 e'X

The phase angle y can be interpreted as representing the
freedom to rephase the field H,. In particular, if one
defines M| = M, and M, = M, P, then the transformation
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laws for M| and My, are the same, i.e. M/, — LM/,R* for
a=1,2

The SU(2); X SU(2) scalar potential is constructed by
employing the manifestly invariant combinations,
T[MIM, ], TMIM,] and T{MTM,P]."7 Explicitly,

1 1 -
V = EYI TI[MTMIJ + 5Y2TI[M§M2] + Y3TI'[M.1|-M2P]
1 1
+ §Z1 (Tr[MfMl])z + gZz(Tr[M; Mz])z
+ 4—1‘23 TM M, ] T{MIM,] + %/\(Tr[M}L M, P])>

+ %(26 THMIM, 1+ Z TIMIM, ) Tr MM, P,
4.31)

where Hermiticity implies that all coefficients above are
real. Equation (4.31) is equivalent in form to Eq. (2.8)
where

}73 = Y3€_iX = Y;‘ei)( & R,
A =27, = Zse X = Z:¥X € R,
Zo = Zge X = ZieX € R,

Z;=Ze X = ZheX € R (4.32)
Equation (4.32) implies that
Im(Yze iX) = Im(Zse 2X) = Im(Zge )
= Im(Z7e X) = 0, (4.33)

which immediately implies that the scalar potential is
CP-conserving. Hence, according to Eq. (4.32), the con-
ditions for custodial symmetry are given by

Z4 = Z5€72i’\/ S R, Z(,eii’\/, Z7€7iX eER. (434)

Note that the conditions of Eq. (4.34) are basis-
independent. In particular, under a basis transformation
cI)a - Ual; (I)b’

X — (detU)~leix. (4.35)
In the case of Zgz # 0 and/or Z; # 0, one can relate the
angle y to 6,3. In particular, by comparing Eqgs. (3.4) and
(4.33) it follows that e "X = *=xe %3 _The + ambiguity is
removed by squaring this result, which yields

—2i6,

e %X = n?e (4.36)
The phase 1? is specified in Tables Il and VI for the various
cases under which CP conservation holds. In general, the
basis-independent condition for custodial symmetry is

Zy = 1n*Re(Zse %0), (4.37)

"Note that Tr[MszP] = Tr[MngP’l], so only three inde-
pendent invariant quadratic forms are possible.
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~2i03) = ( for a

where we have used the fact that Im(Zse
CP-conserving 2HDM scalar potential.'®
One can also eliminate the phase angle y using

Eq. (4.32):

. zZ: 7
e =0 =27 (4.38)
Ze 7y
Consequently, if Zg # 0 then Eq. (4.34) is equivalent to'®
7572
Z4 = 5—62 = 856|Z5|, (439)
|Zs|

where the invariant quantity €54 was introduced initially in
Eq. (3.12). The condition for custodial symmetry given by
Eq. (4.39) is manifestly basis-independent.?® Similarly, if
Z; # 0, the basis-independent condition for custodial sym-
metry can be written in the following form:

 ZsZp

7, =277
VAR

= &57|Zs], (4.40)

where the invariant quantity €57 was introduced initially in
Eq. (3.21). Finally, if p¢ # 0, then under the assumption
that Z¢ # 0 and/or Z; # 0, one can use Egs. (3.31) and
(4.37) to obtain®":

Z4 = 85Q|Z5|. (441)
In the real Higgs basis, defined as the basis in which the
scalar potential parameters and the Yukawa coupling ma-
trices p? are simultaneously real, €54, £57 and &5 coincide
with the sign of Zs. Thus, Egs. (4.39), (4.40), and (4.41)
reduce to the simple relation, Z, = Zs, in the real Higgs
basis. This result is consistent with Eq. (4.22) obtained
previously. Note that the condition Z, = Zs is invariant
with respect to H, — —H,, which is the only remaining
basis freedom within the real basis.

The special case of Zg = Z; = 0 must be treated sepa-
rately. In this case, Y3 = 0 by virtue of Eq. (2.15) and Z5 is
the only potentially complex parameter of the scalar po-
tential in the Higgs basis. The condition for a custodial-
symmetric scalar potential is now given by the single
condition, Z, = Zse *X € R [cf. Eq. (4.34)]. Writing
Zs = |Zs|e?%, it follows that 65 + y = nm/2 for some
integer n. That is, the basis-independent condition for
custodial symmetry is given simply by

_18For Case III" of Table VI, one must replace 6,5 and 5 with
0%3 and 72, respectively [cf. Eq. (3.18)].

CP conservation requires that Im(Z5Z;?) = Im(Z5Z3?) = 0.
Hence, the numerators of Eqs. (4.39) and (4.40) are manifestly
real, as required since Z, is a real parameter.

2(’Equation (4.39) can also be obtained from Egs. (3.15) and
(4.37), after noting that n* = 1.

*'In deriving Eq. (4.41) we used the fact that n* = 1 in Cases I’
and II’, and %* = 1 in Case III".
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In contrast to Egs. (4.39), (4.40), and (4.41), where Z, is
uniquely determined (and is equal to Zs in the real Higgs
basis), in the special case of Zg = Z; = 0, there are two
solutions for Z, that are consistent with a custodial-
symmetric scalar potential. This result can also be deduced
by noting that when Zg = Z; = 0, Egs. (3.4) and (4.33)
yield e %X = +qe 2953 where the + ambiguity cannot
be removed [in contrast to Eq. (4.36)]. Hence, when Zg =
Z; = 0, the basis-independent condition for custodial sym-
metry is [cf. Footnote 18]

Zy = *1?Re(Zse %0), (4.43)

which again exhibits two possible solutions. Since 17> =
1 and Im(Zse 2%3) =0, Eq. (4.43) is equivalent to
Eq. (4.42) as expected.

The above results do not depend on the Yukawa coupling
matrix p?. If p¢ = 0, then one is free to redefine H, —
iH,, which has the effect of transforming Zs — —Zs. In
this case, the sign of Zs in the real Higgs basis is basis-
dependent, and the two conditions Z; = *=Zs are equiva-
lent. Nevertheless, there are still two solutions for Z, since
a custodial-symmetric scalar potential is possible with
either sign for Z,. If p¢ # 0, then the transformation H, —
iH, has the effect of transforming p€ to ip<. If the neutral
Higgs-fermion interactions are CP-conserving, then a real
Higgs basis exists in which Zs and p< are simultaneously
real. In this case, the sign of Zs in the real Higgs basis is
meaningful. In contrast to Eq. (4.41), the condition for a
custodial-symmetric scalar potential, which can be
obtained directly from Egs. (3.31) and (4.43), is given by

Z4 = i85Q|ZS|. (444)

The existence of these two possible solutions when Zg =
Z7 = 0 has a critical impact on the nature of the Higgs
mass degeneracy in the custodial limit, as shown in the next
subsection. If the neutral Higgs-fermion interactions are
CP-violating, then &5, has no meaning and Eq. (4.44) must
be discarded. Nevertheless, the conclusion that Z, =
*|Zs| for a custodial-symmetric scalar potential with Zg =
Z, = 0 still applies.

In summary, the basis-independent condition for a
custodial-symmetric scalar potential is given by

856|ZS|’ for Z6 * 0,
Z4 = 857|ZSI, for Z7 b 0, (445)
ilZSL for ZG = Z7 = 0.

The above conditions do not depend on the form of the
neutral Higgs-fermion interactions. However, if the neutral
Higgs-fermion interactions are CP-conserving, then there
exists an invariant quantity esq, defined in Eq. (3.29),
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which is equal to the sign of Zs in the real Higgs basis
(where all scalar potential parameters and p? are real). In
this case, we also have

esplZs|, forZs+#0 and/or Z, #0,
= 50145 6 / 7 (4.46)
i85Q|ZS|, fOfZ6:Z7=O.

In a real Higgs basis, the general condition for a custodial-
symmetric scalar potential is Z, = Zs. In the special case
of Zg = Z; =0, the condition Z, = —Z5 also yields a
custodial-symmetric scalar potential. These two conditions
are physically inequivalent when p? # 0.

3. Higgs mass degeneracy in the custodial limit

The squared-mass of the charged Higgs boson is given
by Eq. (222). If Z¢ # 0 and/or Z; # 0 and if CP is
conserved in the neutral Higgs sector, then the squared-
mass of the CP-odd Higgs boson is given by Egs. (3.17)
and (3.26), which we can rewrite as

) {mﬁf + 3072y — esolZs)), it Zg # 0,
2

M = . (4.47)
" +30%(Zy — exlZsl), if Z; # 0.

my,.

In the custodial limit, Eq. (4.45) applies, and it follows that

m?—F = mio =Y, + %Z3v2, (4.48)
in agreement with the results of [7]. That is, the charged
Higgs boson and the CP-odd Higgs boson are mass-
degenerate in the custodial limit.

The case of Zg = Z; = 0 1is special, as discussed in
Sec. IIIC. In this case, there is one neutral CP-even
Higgs boson, denoted by h{, with squared-mass mi? =
Z,v? and two neutral Higgs states of indeterminate CP
quantum number, denoted by h3 and A9, with squared-
masses given by Eq. (3.28), which yields

mig‘hg = mzi + %v2(24 F |Zs)). (4.49)
According to Eq. (4.45), Z, = *|Zs| in the custodial limit.
We conclude that either one of the states 49 or 4 can be
degenerate in mass with the charged Higgs boson.
However, the CP-quantum number of 49 and hj are in-
determinate (if the Higgs-fermion interactions are ne-
glected), since there are two inequivalent definitions of
CP when Zg = Z; = 0. This ambiguity can be resolved
if the neutral Higgs-fermion interactions are
CP-conserving.”” In this case, the two neutral states can
be identified as a CP-even state h° or H® and a CP-odd
state A?. Using Eqs. (4.46) and (3.28), it follows that

I the neutral Higgs-fermion interactions are CP-violating,
then the neutral Higgs state that is degenerate in mass with the
charged Higgs boson does not possess a well-defined CP quan-
tum number.
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mio if Z, = es0lZs|
m%{r = mio if Z4 = _85Q|Z5|,
me, if Zy = —esplZs],

where m 0 > m,o by convention. In particular, m? 2

g T My
if Z, = Zs in the real Higgs basis, whereas m},. = m7,, if
Z, = —Zs in the real Higgs basis. This result is easy to
understand. If Z, = —Zs, we can perform a basis trans-
formation H, — iH,, which yields Z, = Zs and p¢ —
ip?. The effect of the latter is to transform the pseudosca-
lar Yukawa coupling of the neutral Higgs boson into a
scalar Yukawa coupling. The case in which the charged
Higgs boson is mass-degenerate with the CP-even neutral
Higgs boson corresponds to the case of “twisted custodial
symmetry” introduced in [16].

Although this final conclusion is the same, we disagree
with the interpretation of “twisted custodial-symmetry”
given in Ref. [16]. As employed in Ref. [16], the term
twisted is associated with a particular choice of the angle y
in the SU(2); X SU(2)y transformation law of M, given in
Eq. (4.29). However, we have shown above that this angle
is basis-dependent and thus has no physical significance. It
is also argued in Ref. [16] that custodial symmetry plays a
critical role in formulating the twisted scenario. We have
shown above that the twisted scenario is a consequence of
the twofold ambiguity in the definition of CP in the special
case of Zg = Z; = 0 (in the absence of the Higgs-fermion
Yukawa couplings). This ambiguity exists whether or not
the custodial symmetry is present, as shown in Sec. IITC.
The custodial symmetry is relevant in the following sense.
The possibility that m3,. = m?, or m3,. = m2, arises pre-
cisely because the custodial symmetry condition Z; =
*e50|Zs| allows for a negative sign in this relation if and
only if Zg = Z; = 0.

B. Custodial symmetry in the Higgs-fermion
sector for the general 2HDM

We now examine the Higgs-fermion Yukawa interac-
tions in more detail, and discuss the implications of
custodial symmetry for this sector.

Custodial symmetry in the Yukawa Lagrangian was
analyzed for the Type-I and II 2HDM in [22]. Here, we
will shall examine the general 2HDM without assuming
additional conditions to restrict the terms of the Higgs-
fermion Yukawa Lagrangian. In a generic basis, the Higgs-
fermion Lagrangian is given by Eq. (2.24). It is convenient
to rewrite this Lagrangian in the following compact form:

—Ly=0,0.7YUg+ O, P, nP Dy + He., (4.51)
where U = KTU, 9, = (UD),, and

b7
v~ ()
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and ZG == Z7 == 0,

m2 < Z] U2

e and Zﬁ = Z7 = O,
m%_lt > Zl U2

and Zg=27;=0,

(4.50)

In the Higgs basis, the corresponding Lagrangian given in
Eq. (2.26) can likewise be expressed compactly as

—Ly = Q,(H kY + Hyp!) Uy

+ 9, (H\kPt + H,pPH)Dp + He.,,  (4.52)

where the basis-invariant coupling matrices ¢ and p? are
defined in Eq. (2.25).

1. Basis-dependent formulation of custodial
symmetry in the Higgs-fermion sector

We first examine the conditions for custodial symmetry
of the Higgs-fermion Yukawa interactions in the two basis
choices of Pomarol and Vega following the results of
Sec. IVA 1. In Case 1, one writes the Yukawa interactions
in terms of the 2 X 2 matrix fields M; and M, defined in
Eq. (4.6). The form of the Yukawa interactions invariant
under SU(2); X SU(2)g is then given by

= u = u
- Ly = 771QLM1( D,f) + anLM2< D,f) + H.c.
(4.53)

One can easily check that Eq. (4.53) is manifestly invariant
under the SU(2); X SU(2)y transformations

M;—LMR', Q,—Q,L%

U\ _, R Ug ‘

Dy Dpg
A comparison of Egs. (4.51) and (4.53) then yields the
custodial symmetry conditions,

(4.54)

m=n{=nft,  m=ny=nt @55
In Case 2, one writes the Yukawa interactions in terms of
the 2 X 2 matrix fields

My, = (), Dy), My, = (0y, @), (4.56)
which transforms under SU(2); X SU(2)y as
M, — LM ,R", My, — LM, R 4.57)

In terms of M, and M,;, the form of the Yukawa inter-
actions invariant under SU(2); X SU(2) is given by

= u = u
- Ly = 7712QLM12( D,f) + 7721QLM21( D,I:) + H.c.
(4.58)

A comparison of Egs. (4.51) and (4.58) then yields the
custodial symmetry conditions,
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m=nl=n",  mu=ay=n" 459

Asin Sec. IVA 1, we can demonstrate that Cases 1 and 2
are equivalent and simply represent different choices of the
scalar field basis. To prove this assertion, we start from
the basis of Case 2 and perform the basis transformation to
the Higgs basis as specified by the unitary matrix given by
Eq. (4.15). Then, 2, p? are related to the Yukawa cou-

pling matrices le, 7]2Q via

()= 550 )
pQ \/E _ie—tﬁ 1'6”9 an .
Using the Case 2 custodial symmetry conditions given in
Eq. (4.59), it follows that*:

(4.60)

1 ) )
KU — _(ett‘)néj + 6_”97)?) — KDT,

4.61
7 (4.61)

v 1
S
That is, in the Higgs basis, the Case 1 custodial symmetry
conditions given by Eq. (4.55) are satisfied. Moreover,
these conditions are preserved under any additional O(2)
basis transformation. Thus, we have verified that Cases 1
and 2 of Pomarol and Vega, including the SU(2); X
SU(2); Higgs-fermion Yukawa interactions specified
above, are equivalent and simply represent different
choices of the scalar field basis.
Using Eq. (2.28), the condition k¥ = kPt is equivalent
to the equality of the up and down-type fermion mass
matrices,

(eng — e~ ) = pPt. (4.62)

MU = MD, (463)

which is clearly a basis-independent condition. However,
the condition p¥ = pPT is not quite basis-independent, as
p? is a pseudoinvariant quantity. At this stage, Eq. (4.62)
has been obtained in a real Higgs basis. In the next sub-
section, we obtain the basis-independent conditions for
custodial symmetry of the Higgs-fermion Yukawa
interactions.

2. Basis-independent formulation of custodial
symmetry in the Higgs-fermion sector

Following Sec. IVA 2, we introduce the 2 X 2 matrix
fields in the Higgs basis, denoted by M,; and M,
[cf. Eq. (4.26)], whose transformation properties under
SU(2); X SUQ2) are given by Egs. (4.29) and (4.30).
Note that the transformation law for M, includes a phase
angle degree of freedom y that reflects the freedom to

*Using Eq. (2.25) with 0, = 93 = L¢i, one immediately
reproduces Eq. (4.61). The corresponding result for p? differs
by an overall factor of i. But, we are free to redefine the Higgs
basis field H, — iH,, which yields p€ — ip? in agreement with
Eq. (4.62).
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rephase the Higgs basis field H,. The form of the
Yukawa interactions invariant under SU(2); X SU(2)x
is then given by

= u = u
- £Y = KQLM1< DII:) + pQLM2P< D::) + H.C.,
(4.64)

where P = diag(e X, e'X). Comparing with Eq. (4.52)
yields

k = kU = kPt

p=eXpl = e XpPt  (4.65)
The first condition above implies M;; = M, which re-
produces the result of Eq. (4.63). The second condition is
basis-independent in light of Egs. (2.27) and (4.35).

For a generic custodial-symmetric Higgs-fermion
Yukawa interaction, the matrices pU and p? are correlated
according to Eq. (4.65), but they can be nondiagonal and
complex. Thus, the custodial symmetry does not imply
CP-conserving  neutral  Higgs-fermion  couplings.
However, we can impose CP-conservation of the neutral
Higgs-fermion interactions if the conditions listed in
Eq. (3.2) are respected. An equivalent set of conditions
(which are more useful as they do not rely on Zs, Z¢ and
Z;) is given by Eq. (3.5). In this case, it is convenient to use
Eq. (4.36) to rewrite the second condition of Eq. (4.65) as
follows:**

€i923pU — n2[ei923pD]T’ (4.66)
which is manifestly basis-independent. The sign factor 7>
is given in Tables II and VI. If Zg = Z; = 0, then Table VI
applies with Z;e ™% replaced by p2e’» (Q = U, D). In
particular, note that for a CP-conserving Higgs-fermion
interaction, Im(pYe%s) = Im(pPei?s) =0 if n = +1
and Re(pVe/%s) = Re(pPe/?=) = 0if n = —1.

V. THE OBLIQUE PARAMETERS S, T AND U

The S, T, and U parameters, introduced by Peskin and
Takeuchi [8], are independent ultraviolet-finite combina-
tions of radiative corrections to gauge boson two-point
functions (the so-called “oblique” corrections). The pa-
rameter 7 is related to the well-known p-parameter of
electroweak physics [23] by p — 1 = aT. The oblique
parameters can be expressed in terms of the transverse
part of the gauge boson two-point functions [19,24]%>:

Iy ) _ 75°(0)

2 2
My, mz

al =

(5.1

2As usual, in Case III" of Table VI, one must replace 6,3 and
1> with 6,3 and 72, respectively [cf. Eq. (3.18)].

5In the definition of U, we differ slightly from that of Ref. [19]
by evaluating I157" and IT75" at m%, (instead of m%). This choice
was advocated in Ref. [24].
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& Tgpen) - 30
4sZcZ m%
CwS m> m2 ’ '
wSw z Z
[Tpew 2 I new
T S+ U) = WW(mW)2 i (0)
4sZ 2 my,
oy 1 Omgy) T3 (mi) 53)
Sw o omy, my, '
where Sy = sinfy(my), ¢y = cosfy(m,), and a =

8%5%/(4) are defined in the MS scheme evaluated at
myz. The IIY, are the new physics contributions to the
one-loop V, — V, vacuum polarization functions. New
physics contributions are defined as those that enter rela-
tive to the standard model with a particular choice of the
standard model Higgs mass (denoted in what follows by
mg). In Ref. [19], the value of my = 117 GeV is chosen.

In the linear approximation [8], which is a good approxi-
mation if the energy scale new physics that contributes to
the oblique parameters is significantly larger than m,, we
may approximate

H?fw(qz) = Aij(o) + quij(qz)- (5.4)
Electromagnetic gauge invariance implies that*
A,,(0) = Az, 0) = 0. (5.5

In the linear approximation, the oblique parameters take
the following form [25]:

A A
of = WV{;(O) B zzz(o) (5.6)
myy myz
2 2 2
g B 2 — s
ez S = Farm) = Fypfo) = ()i ()
5.7
g2 2
S (S+U) = Fyw(mjy) — F,,(m3) — _F27(mW)
167
(5.8)

where we have dropped the bars for ease of notation.

The S, T, and U parameters are defined relative to the
standard model, so that S =7 = U = 0 corresponds to
the standard model with a particular “‘reference” choice of
the Higgs mass m,. The 2HDM yields new contributions
to S, T, and U that in general shift their values away from
zero. To compute the 2HDM contributions to S, 7', and U,

0 Although 11 zy(0) # 0 (when all standard model contribu-
tions are included), the new physics contributions to II,(0)
considered in this paper can be shown to vanish as a consequence
of electromagnetic gauge invariance.
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we evaluate the relevant one-loop gauge boson polarization
functions in which the Higgs bosons appear as intermediate
states, and then subtract out the corresponding contribu-
tions due to the standard model Higgs boson of mass m.
In our computations, we initially leave my as a free
parameter.

A. 2HDM contributions to S, T and U

The derivations of S, 7, and U are provided in
Appendix D. The 2HDM contributions to S are given by

1
5= —{Z g1, [ By (m%; m%, m3) — m3By(m%; m%, m3)]
7Tmz k=1

+ 6111322(’712,"12, ) + 61%1322(”12,1111, )

+ g3, Bao(my: m3, m3) — By (m%;m3,., m3,.)
= Byy(my; my, my) + m3Bo(mz; m3, mé)}, (5.9)
where
Bp(g*s mi, m3) = By(q*;s mi, my) — By (05 mi, m3),
(5.10)
B(q*; mi, m3) = By(g*; mi, m3) — Bo(0; mi, m3),

(5.11)

and the m,, are the masses of the neutral Higgs h; (k =1
2, 3). The functions B,, and B, appearing in Egs. (5.10)
and (5.11), defined in Ref. [26], arise in the evaluation of
the two-point loop integrals. They can be evaluated in
dimensional regularization using the following formulae
of Ref. [25]:

1
By (g% mi, m3) = —(A + 1)[m1 +m3 — 3‘]2]

— / dxX In(X — ie), (5.12)
2 Jo
1
By(g*;m3, m3) = A — f dxIn(X — ie), (5.13)
0
where
X =mix+mi(l —x) — ¢*x(1 — x),
2
in d space-time dimensions. Note that
By(q*: m3, mz) = By(q*;m3, m}),
Bo(q §m1’ Bo(q m2, 2 (5.15)

The 2HDM contributions to 7 and U + S are given by
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3
r= {Z |qk2|2~7:(m%1i’ m%) — g1, F(m3, m%) — ¢35, F(m3, m%) - q%lf(m%, m3)
=

2 2
16mmy, sy, L=

3
+ Z g [ F(m3, m3) — F(ms, m3) — 4dm},B(0; m3, m7) + 4m%By(0; m%, m3)]
k=1

+ F(m2, mé) - F(m3, m%ﬁ) + 4m?2,By(0; m?,, m%ﬁ) 4m%B,(0; m2, m¢)}

S+U= 77_7{ z q2,m3, Bo(m,; m3, m2) + m¥, Bo(m?,; my, md,) B,y (m3,; m, mé)
W

+ Z[legzz(mws mW’ mk) + ICIkQI BZQ(mW’ e mk)] - ZBZZ(mWs

k=1
where the function F is defined by

m2m2 m2
F (mi,m )——(m1+m2)—7221n(—§). (5.18)
my — mj m;

Note that

F (m3, m3) = F(m3, m3), F(m? m*) =0. (5.19)

One can simplify the expression for 7 by making use of the
identity

miBy(0; m3, m3) — m3By(0; m3, m3)

= F(mi, m3) = F(m3, m3) + Ag(mi) = Ag(m3)
=5 (mt = m3) (5.20)
where
Aog(m?) = m*(A + 1 — Inm?). (5.21)

Applying the identity of Eq. (5.20) in the expression for T’
then yields

1
T — 7{2 gl F e, m2) = g3, Flmd, md)

167m3,s3,

- 61215:(’”1’ m3)
3
+3> qh[F(m2,
k=1

- Q31~7:(m1’ m%)
mz) — F(myy, my)]

= 3LF o, ) = Flmdy, )1} (5.22)
which reproduces the result first obtained in Ref. [7]. In
particular, note that terms in Eq. (5.20) of the form
Ag(m?) — Ag(m3) — 3(m} — m3) are independent of m3
and hence cancel out exactly in Eq. (5.22).

Using Egs. (5.9) and (5.17), we can isolate the
U-parameter,

(5.16)
2 m +)} (5.17)
[
1 3
U=G(m})—G {Z[|C]k2| B (miysmiy =, my)
W

k=1
_ 2322(}7!%4/, mzt, m%i )}

1

- ZB 2; b + B b b
sz{q“ 20 (m7 mz ) ‘121 22(mz m1 )

+ @2 Bap(omm?, ml) — Bap(miml,e, mg,)} (5.23)

where

G(m}) = #{z G [ B i )

- mVB()(mV, mv, )] 322(171%/;"1%/, m%b)

+ m%By(m3; md, m¢)} (5.24)

B. S, T, and U in the CP-conserving limit

To obtain S, 7, and U in the CP-conserving limit, we
must identify the values of g;; and g, and the corre-
sponding neutral Higgs masses my in the CP-conserving
limit. For example, in Ref. [2], the values of the ¢;, and
my, were obtained for Cases I, Ila and IIb defined in
Sec. IIT A. For the reader’s convenience, we reproduce
those results here in Tables X, XI, and XII. These three
cases correspond to three different mass orderings of the
neutral Higgs bosons (by assumption, we assume here
that m;, <my, <m,.).

In the CP-conserving limit, it is traditional to employ the
factors cos(8 — «) and sin(8 — a), where « is the mixing
angle obtained from diagonalizing the 2 X 2 CP-even
Higgs squared-mass matrix in a generic real basis [12].
These angle factors are related to the g, as indicated in the
captions to Tables X, X1, and XII. The results for S, 7', and
U do not depend on which case is employed to compute the
qe» since the different cases simply correspond to different
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mass orderings of the neutral Higgs bosons. Plugging in
the values of the ¢, parameters from any of the
Cases exhibited in Tables X, XI, and XII into Egs. (5.9),
(5.10), (5.11), (5.12), (5.13), (5.14), (5.15), (5.16), and

PHYSICAL REVIEW D 83, 055017 (2011)

(5.17), and choosing the reference Higgs mass my = myo
(where h° is the lightest CP-even neutral Higgs boson), we
obtain

1 .
S = - %{—Bzz(m%; my., my.) + sin*(B — @) By (mz; m7, m%) + cos*(B — a)[ By (my; miy, m3,)
+ Boy(my: m7, mzg) — Bop(m; my, my,) — myBo(my; m3, me,) + myBo(ms; m3, mio)]}, (5.25)
1 .
L= temsym, {f(m%,i, m3) + sin®(B — @) Flmi., mpo) = Flmiy, miyo)
whty
+ COSZ(ﬁ - a’)[f(milr, m%lo) - f(mio, mio) + j:(m%v, m?_lo) - j:(m%v, mio) - T(m%, milo) + T(m%, mio)
+ 4m%B(0; m2, mio) — 4m%B(0; m2, mio) — 4m3, By (0; m3,, mzo) + 4m3, By (0; m3, mﬁo)]}, (5.26)
1 .
StU= Wm%V{Bﬂ(m%v;mip, m30) = 2By (s myy, miy) + $in?(B = @) Bo iy ., o)
+ cos* (B — ) Bop(miys myg, m3,.) + Boy(myys miy, mr) — Bos(miyys miy, m3,)
+ my, By(miy; myy, mao) — miy, Bo(myy; miy, mio)]} (5-27)

The above results agree with results previously obtained in
Refs. [25,27].”

C. T and U and the custodial limit

In the custodial-symmetric limit, both the 7 and
U-parameters must vanish [8]. Using Eq. (5.22), we can
verify this behavior. In the 2HDM, custodial-symmetry-
breaking arises from two sources. The first source is the
gauged U(1l)-hypercharge interactions that are always
present. The second source is the custodial symmetry-
breaking terms of the scalar potential. Let us look at both
sources in turn.

We can formally restore custodial symmetry in the
gauge sector by taking the limit of g’ — 0 (in which
case, my = my). If we set my = m, in Eq. (5.22), we
see that the second line of this equation vanishes. That is,
the second line of Eq. (5.22) is a consequence of the gauged
U(1)-hypercharge interactions. Formally, this term must be
proportional to g’. Noting that

@ ¢ "

= = , 5.28
Swmy  Amm?,  Aw(md — m3,) .25

it follows that

?"In Eq. (3.47) of Ref. [25], there is a typographical error in the
expression for 7. The right bracket at the end of the third line of
Eq. (3.47) is misplaced and should appear at the end of the fifth
line.

I

TABLE X. Case I: s;3 = 0. In a real basis, e %2 = sgnZ, =
g¢. The neutral Higgs fields are h; = h°, hy = —gzH® and
hy = A%, The angular factors are ¢, = sin(8 — a) and s;, =
—ggco8(B — a).

k 9kl qk2
1 C12 —S12
2 S12 C12
3 0 i

TABLE XI. Case Ila: s, =0. In a real basis, e 5 =

isgnZs = igq. The neutral Higgs fields are h; = h°, h, = g4A°
and h; = g¢HP. The angular factors are c;3 = sin(8 — «) and
s;3 = ggcos(B — a).

k qr1 qdi2
1 C13 *l‘Sl3
2 0 1

3 S13 iC13
TABLE XII. Case IIb: ¢, =0. In a real basis, e s =

isgnZe = igg. The neutral Higgs fields are h; = g¢A°, h, =
—h0 and hy = ggH. The angular factors are ¢;3 = sin(8 — @)
and s;3 = g4 cos(B — a).

k k1 di2
1 0 1

2 —C13 iSl3
3 S13 iC13
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3g/2
647 (m% — m¥)

- Pl m3) + Flny )}

3
T — {Z G} LF(m3, md) — F ok, m})]
k=1

2 3
g 2F(m2,., m?) — ¢° 2 2
" dmn, {,Zl |qial® Fmiye, mp) = g3, F(m3, m3)

~ 3 Tt ) = g3 Flnd, ) (529)
In this form, one can explicitly identify the term in T
proportional to g’ as the piece that arises from the gauged
U(1)-hypercharge interactions.®

The term proportional to g in Eq. (5.29) arises as a
consequence of custodial symmetry breaking in the scalar
potential. Thus, we should verify that this term vanishes in
the limit of a custodial-symmetric scalar potential. In this
limit, CP is conserved, so we may use the results of
Table X, XI, and XII to evaluate Eq. (5.29) [any one of
the three cases can be used as noted in the previous sub-
section]. For convenience, we again choose m, = mo, in

which case,
3g"%cos2(B — @)
P i)~ Py
2

— FmZ,m2) + F(mi, mm‘,j)} t= py {f (e, m30)

+sin*(B — a)[ F(my., m7o) — Flmio, m7,)]

+cos?(B— @[ F e, miy) — Fln il (530

For a custodial-symmetric scalar potential, the term
proportional to g in Eq. (5.30) must vanish, i.e.

F(m2,.,m2) +sin2(B — a)[ F(m2,.,m%o) — F(m2o, m2)]
+cos*(B — a)[ F(m2.,m2,) — F(m2,, m2,)]=0.
(5.31)

In Sec. IVA 3, we demonstrated that for a custodial-
symmetric scalar potential, m?,. = mio [cf. Eq. (4.48)], in
nearly all cases. Indeed, for sin(8 — a)cos(B — a) # 0,
the only solution to Eq. (5.31) is m},. = m7,. However, we
identified the special case of Zg = Z; = 0 in which the
custodial-symmetric scalar potential could also yield
m3. = mz, or my. = m7, [cf. Eq. (4.50)]. For example,
by comparing Table X with Tables VII and VIII, we see
that the special case of Zg = Z; = (0 corresponds to
cos(B—a) =0 and sin(B — a) =0, respectively. In
these two cases, Eq. (5.31) reduces to the following two
equations:

ZNote that the expression in Eq. (5.29) that multiplies g’
approaches a finite limit as m; — my,. Hence, the entire term
does indeed vanish in the custodial symmetry limit as expected.
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:F(m%.[r’ mio) + .’F(milry m?_lo) - T(miu: m?_lo) =0,

if cos(B—a) =0, (5.32)

f(m%_]:, mio) + .,F(milry mio) - .T(mim mio) =0

if sin(B — a) = 0. (5.33)

Of course, m7,. = m?, remains as a possible solution to

both of the above equations. But, for each equation above,
a second solution exists, namely m,. = m7,, for Eq. (5.32)
and my,. = mJ, for Eq. (5.33). Thus, we confirm that in the
case of Zg = Z; = 0, the custodial-symmetric mass rela-
tions identified in Eq. (4.50) are consistent with the vanish-
ing of the T parameter (in the limit of g’ =0 and
my = mg).

So far, we have focused on the contributions of the
bosonic sector of the 2HDM to the 7 parameter. In
addition, there are also fermion loop contributions since
the Higgs-fermion Yukawa interactions can also violate
the custodial symmetry. However, at one-loop, the only
custodial-violating contribution to the 7T-parameter
arises due to the nondegeneracy of the up and down
fermion mass matrices. But, this effect also is present in
the standard model with one Higgs doublet, as first
noted in Ref. [23]. New custodial symmetry breaking
effects in the Higgs-fermion Yukawa interactions that
are present due to the second Higgs doublet must
involve p?. Since the dependence of the gauge boson
polarization functions on p¢ only enters at two loops in
the perturbative expansion, we shall not include them in
the present analysis. It would be an interesting exercise
to verify that the corresponding two-loop contributions
to the 7 parameter vanish exactly in the custodial-
symmetric limit specified in Eq. (4.66).

The analysis of the U-parameter is similar. Using
Egs. (5.23) and (5.24), we see that when my = my, the
general expression for U reduces to

1 3
U=s—j7 {ZHC]MPBH(’"%V?m?F,m%)

W tk=1

= ¢, Boa(miysm3, m3) — g3, By (miy; mi, m3)
= 43, By (miysmi, m3) — Boy (miysmy,.., m%{t)}
(5.34)

In the CP-conserving limit (with my, = my),

1

U=—2{’Bzz(m%y;mf,1,mi) — By (mysm,.,m?,.)

Tmy,
+sin*(B— a)[ By, (miy;mi,., m2,)

— Boy(miyimi, m30) ]+ cos® (B — ) Boy (s, 1)

= Bo, (miyysm3,, rnio)]}- (5.35)
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If sin(B — a) cos(B — a) # 0, then U = 0 if and only if
mlzqi = m o- In the special case of Zg = Z; = 0, it follows
that elther sm(,B —a) =0 or cos(B — a) = 0, in which

case U = 0 when

III. THE CP- ...

fBzz(m%v;m2 +y mA) - fBzz(mw, HE +)
+ Boy (miys my,., m2,)

if cos(B— a) =0,

- B2Z(mWsm on) =0,

H”
(5.36)

Bzz(m%v;mzr,mﬁ) Bzz(mw, My, m +)
+ By (miys my,., ms,) —

if sin(8 — a) = 0.

Bop(miys miy, m3g) = 0,
(5.37)

Of course, méi = mfw remains as a possible solution to

both of the above equations. But, for each equation above,
a second solution exists, namely m3,. = m?, for Eq. (5.37)
and my,. = mJ, for Eq. (5.37). Thus, we confirm that in the

case of Zg = Z; = 0, the custodial-symmetric mass rela-
tions identified in Eq. (4.50) are consistent with the vanish-
ing of the U parameter.

D. S, T and U in the decoupling limit

In the decoupling limit of the 2HDM [28], one neutral
Higgs boson, conventionally denoted by 4, is kept light,

1
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with mass m; < O(m,), and the other neutral Higgs bo-
sons h, and h; and the charged Higgs boson H* have
masses of order A > m,. In Appendix E, the Higgs
masses and invariant mixing angles are evaluated in the
decoupling limit. The resulting masses are given in
Egs. (E21)—(E24) and the invariant mixing angles are given
in Eq. (E28). The explicit forms for the ¢;,; given in Table I
are given by

2 2 vt
=|6]22| z|q32| =1-0 P’

o
a1 =31 = gl = @(F)- (5.38)

We now turn to the computation of the oblique parame-
ters in the decoupling limit. As a first step, we eliminate ¢
in favor of g, and g3, using the identity

(5.39)

3
Z 51%1 =1
i=1

It is also convenient to set the reference Higgs mass
mg = m. Then, one can write the general expression for
S as follows:

S = PR {322(’”%;’"%’ m3) — 322(’”%;’”%1 , +) + ¢3,[ B (m%; m%, m3) + Byy(m%; m}, m3) — m3By(my; m%, m3)]

V4

+ q31[322(m29m2) ) + BZQ(’”Zs m]) %) -

+ Byy(my; m%, m}) — m%By(mb; m%, m )]}

Employing the decoupling limit conditions of Eq. (5.38),

1
[Bzz(mp mzr )

mz

— By(mzimi., m?.) + @(A )] (5.41)

S =

Using Egs. (E29)—~(E31) and noting the expansion,
By (m2%; A? + av?, A® + bv?)

_ [ A2 — (a + b)v?
12 2A2
2 v
myz
+ + :
10A2 (O(A“)] (5.42)
it then follows that
2 + 2 _ 2 2 . 7 2
s 2T My L4V (543
24am; 241 m;

where terms of O(v?/A*) have been neglected.

Bo(mz’ mz’

)] - (‘121 + %1)[322(”12’”12, %)

(5.40)

One can evaluate 7 in a similar manner. Setting
mg = my in Eq. (5.16), and employing the decoupling
limit conditions of Eq. (5.38), we obtain

T—é[f(mb, ,m3) + F(m3,., m3)

167s3,m3,
4
— Fmd m2) + @(%)] (5.44)

Using Egs. (E29)—(E31) and noting the expansion,

F(A% + av?, A% + bv?) = I:(a Azb)z + @(Z—i)],

(5.45)
it then follows that
- (m3. — m3)(m7,. — m3) _(ZZ - 1zsP)?
48753, m¥,m3 48me’m3
(5.46)
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after using e = gsy = 2syymy/v. In the custodial limit,
H? is degenerate in mass with either /, or 43,%° in which
case T must vanish. Indeed, Eq. (5.46) satisfies this require-
ment. This result is not surprising since to leading order in
the decoupling limit, we may set cos(8 — @) = 0 in which
case Eq. (5.32) applies.

As a check of the above computations, one can use
Eqgs. (5.43) and (5.46) to calculate the contributions of
the Higgs sector of the minimal supersymmetric standard
model (MSSM) to S and T in the decoupling limit. The
quartic couplings of the MSSM Higgs potential, defined in
a supersymmetric basis [29], satisfy

1 1
A=A = 1(82 +¢7), Ay = 1(82 - g7,

(5.47)
1,
Ay = — =g

As =2 = A7 =0,
) 5 6 7

where the A; are defined in Eq. (4.2). In the supersymmetric
basis, the ratio of vacuum expectation values is tanB =
v,/v;. Since the MSSM Higgs sector is CP-conserving,
one can transform to the real Higgs basis, which yields

1
Zy =7, = 1(82 + g%)cos?2,

Zs = ;L(g2 + g"?)sin?2, (5.48)
7, =—7¢ = %(g2 + g?)sin28 cos2 3,
and
Zy = ;‘[(g2 +¢?)sin®2B + g* — g”]
(5.49)

1
Zy = 4[(g? + g7)sin"2B — 2¢7]
Note that Zs >0 which means that e5q = €57 = +1.
Using Egs. (2.22) and (3.17) yields the exact (tree-level)
mass relation,

(5.50)
Moreover, in the decoupling limit, Eq. (E30) yields mip =
mi(, + Zsv? + O(v?/ mi(,), which can be rewritten using
Eq. (5.48),

m2, = mi, + mysin*2B + O(v?/m?%).

(5.51)

Substituting Eqgs. (5.48) and (5.49) [or equivalently,
Egs. (5.50) and (5.51)] into Egs. (5.43) and (5.46) yields

*In general, H* is degenerate in mass with A° whose identity
(either h, or hj) is determined from Eqs. (E32) and (E33). If
Z¢ = Z7 = 0, H* may instead be degenerate in mass with H° in
the custodial limit as noted in Eq. (4.50). Of course, in the
decoupling limit H= can never be degenerate in mass with A’
since mp <K My=.
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m%sin®2 3 — 2m},

24 ﬂmio

Smssm =

(5.52)
m, — m%sin*23
Tvssm = — o~ ——5——

s

487rs%‘,mi0

which reproduce the results previously obtained in
Ref. [25].

Finally, we examine U in the decoupling limit. Setting
mg = my in Eq. (5.17) and employing the decoupling limit
conditions of Eq. (5.38), we obtain

1
S+U= — [’Bzz(m%;mzi, m3) + Boy(mz;m3,., m3)
w
v
— 2By (myimy,., m7..) + @<F)]‘ (5.53)
Using Egs. (E22), (E23), and (5.42), we obtain
m3 + m% — 2m?,- Z.v? S
S+U= 2 32 ZH’: 412} S = (5.54)
247 cyms 28mcymsy oy
Finally, we use Eq. (5.43) to isolate U:
U = Stan’0y,. (5.55)

In the custodial limit where g’ = 0, it follows that
tanfy, = 0, in which case U = 0. Remarkably, we find
that U = 0 in this limit independently of the values of
the neutral Higgs masses. Thus, custodial symmetry break-
ing effects arising from the scalar potential do not generate
a nonzero value for U at O(v?/A?) in the approach to the
decoupling limit. However, Egs. (5.35), (5.36), and (5.37)
imply that a nonzero value for U would be generated at
order O(v*/A*). This observation suggests that U < T
over a significant range of the 2HDM parameter space, a
fact that can be verified numerically.

VI. NUMERICAL ANALYSIS

The parameters S, T, and U obtained from an analysis of
precision electroweak data are found to be [19]

S =0.01 =0.10, T =0.03 £0.11,

U = 0.06 =0.10, 6.1)

relative to the standard model, with a reference Higgs mass
of my = 117 GeV. Similar results have been obtained by
the GFITTER collaboration [20]. Alternatively, if one
assumes that U = 0 (typically, one expects U < S in
many models of new physics beyond the standard model),
then the corresponding analysis of S and 7 yields [19]

S =0.03 =0.09, T =0.07 £ 0.08. (6.2)

These limits indicate that new physics contributions to the
oblique parameters are tightly constrained. In particular, if
one assumes that the new physics contributions to S, 7" and
U arise solely from the 2HDM sector, then Egs. (6.1) and
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(6.2) would constrain the parameters of the 2HDM scalar
potential. Such studies have appeared in the literature in a
less general framework. For example, in Ref. [30], p = aT
was used to constrain a modified version of the 2HDM in
which certain scalar couplings were set equal to zero, and
tanB was assumed to be a physical observable. In our
approach, only basis-independent quantities are employed.
A full numerical study of the constraints of precision
electroweak data on the general 2HDM contributions to
the oblique parameters will be presented elsewhere (for a
preliminary study, see Ref. [31]). In this section, we shall
outline our analysis methods and describe some of the key
results and features of our study.

The parameters of the 2HDM that are constrained by S,
T, and U can be taken to be Z,, Z3, Z3 + Z,, Zse 205,
Zee 3 and Y,, since these 6 quantities determine the
physical Higgs masses [cf. Eqs (2.17) and (2.22)] and the
invariant quantities ¢;, [specified in Table I]. We impose
one theoretical constraint by demanding that the |Z;| do not
exceed upper bounds corresponding to the requirement that
all bosonic scattering amplitudes satisfy tree-level unitarity
(the relevant upper bounds are derived in Appendix F). In
order to compare with the determination of S, 7, and U in
Ref. [19], we fix the reference Higgs mass at my =
117 GeV. The procedure used here to study the effect of
the 2HDM on the oblique parameters was to choose ran-
dom values of the six parameters in the space allowed by
the tree-level unitarity bounds. Then the Higgs masses and
qre are calculated numerically and inserted into Egs. (5.9),
(5.10), (5.11), (5.12), (5.13), (5.14), (5.15), (5.16), and
(5.17)to obtain S, T, and U for each point in the parameter
space.

In our first study, we imposed an additional requirement
that the mass of the lightest neutral Higgs boson, m, fall
within 10 GeV of the reference Higgs mass. It was found

-1.0

(a)

FIG. 1.
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that the 2HDM consistently produces values of U within
0.02 of zero. Thus, in order to derive constraints on the
2HDM parameters, one can reliably set U = 0 and com-
pare the computed S and 7 values of the 2HDM with the
results given in Eq. (6.2). Scanning the 2HDM parameter
space and comparing with the allowed 2o contour ellipse
in S-T plane produces the results shown in Fig. 1.

From the scatter plots shown in Fig. 1, it is evident that
the values of S produced are all consistent with the experi-
mental constraints of Eq. (6.2). In contrast, there are many
points that lie outside the allowed range for 7. These points
correspond to 2HDM parameters that significantly violate
the custodial symmetry of the scalar potential. In particu-
lar, one must have a significant splitting between the
masses of the H* and one of the heavy neutral Higgs
bosons (identified in the generic CP-conserving 2HDM
as A%). This region of parameter space is very far away
from the decoupling region in which the 2HDM contribu-
tions to 7T are quite small. When 7 is large, the large values
of the corresponding heavy Higgs masses are driven pri-
marily by large values of the Z;v? that compete with (and
in some regions dominate) the contribution of Y,. Even
though the maximal values of the Z; are constrained by
tree-level unitarity, there is still a robust region of the
2HDM parameter space in which |T| lies significantly
outside of the interval allowed by Eq. (6.2). It is also
interesting to note that both positive and negative signs
for T are allowed, with roughly equal probability over the
2HDM parameter space.

In the analysis above, we have fixed the value of the
lightest neutral Higgs mass, m;, to be close to 117 GeV.
One can now investigate the consequence of relaxing this
assumption. First, consider the decoupling limit of the
2HDM where m; < m,, ms. As m; increases (in a
mass regime in which £ is still significantly lighter

(b)

Scatter plots for T as a function of S, with m; = 117 = 10 GeV. The ellipses, representing the 1o and 20 contours allowed

by precision electroweak data, are based on Ref. [19], with the parameter U fixed to zero. Plot (a) shows the expanded view in the S-T

plane, and plot (b) shows a close-up view of the allowed region.
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than %, and h3), we should simply reproduce the known
constraints of precision electroweak observables on the
mass of m;. As a concrete example, consider the follow-
ing input parameters:
my=117GeV, Z;=0.227, Y,=(1TeV)?, (6.3)
with all other invariant Z parameters equal to 0.01. The
mass spectrum corresponding to these values is m; =
117 GeV, my, = m3 = my= = 1 TeV. As expected, in
this limit one finds that S =7 ~0. As Z; is increased
from 0.227 to 0.505, m; increases from 117 GeV to
175 GeV, at which point 7 and S exceed the boundary
of the 20 ellipse. In Fig. 2, the resulting S and T are
shown as m is varied from 117 GeV to 500 GeV.

If we depart significantly from the decoupling limit, then
the custodial-symmetry-breaking mass splitting between
the H* and one of the heavy neutral Higgs states can
contribute positively to 7 and offset the negative T values
shown in Fig. 2. In this way, values of the lightest Higgs
boson mass above 150 GeV may still be consistent with
precision electroweak data. This possibility is illustrated by
the following example. With m,, fixed at 117 GeV, let us
choose Y, = (50 GeV)? and Z; = 5.2. This produces
my+ = 400 GeV. With Z; = 4, Z, is adjusted such that
m; = 350 GeV, with all other Z parameters set equal to
0.01. One can then dial up Z5 (keeping m, fixed at 350 GeV
by simultaneously adjusting Z,) until S and 7 lie within the
20 contour ellipse. For the above choice of Z;, the allowed
range for the charged Higgs mass is 443 GeV < my= <
489 GeV, as shown in column (a) of Fig. 3. We can repeat
this exercise by fixing Z; at its tree-level unitarity limit. In
this case the allowed range is 470 GeV < mpy= <
505 GeV, as shown in column (b) of Fig. 3. With the
charged Higgs boson mass in its prescribed range, a
“light” neutral Higgs mass of 350 GeV is consistent with
precision electroweak data!

FIG. 2 (color online). The effect on § and T when m,; is
increased from 117 GeV to 500 GeV. Both § and T are zero at
m; = my = 117 GeV. When m, reaches 175 GeV, § and T
exceed the boundary of the 20 contour ellipse.
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T
0.3

FIG. 3 (color online). The effect on S and 7T when mpy= is
varied by increasing Z;, for m; =350 GeV and m, =
117 GeV. In column (a), Z; = 4; in column (b), Z, = 4.
When mpy= is in the range 443-489 GeV [470-505 GeV], the
points in column (a) [column (b)] fall within the 20~ contour
ellipse.

One can increase the value for m arbitrarily high and still
find values of my+ that are consistent with § and 7 in the
allowed range. However, one eventually violates the unitar-
ity of Z3 + Z, (if m, is too high) or Z; alone (if my-= is too
high.) As an example, by choosing Y, = (50 GeV)?, Z, =
47, Re(Zse ?93) = Im(Zse 293)v? = Re(Zge 9») =
Im(Zge %3) = 0.01, one can adjust Z; + Z, to get m; as
high as 873 GeV before violating unitarity, which gives a
mass spectrum of

m; =873GeV, m,=874GeV, m3=875GeV. (6.4)

With this value of m;, choosing Z; so that 716 GeV <
mpy= <750 GeV will put S and T in the upper right-hand
corner of the allowed 2o contour ellipse.*

We conclude that the regions of S and 7 allowed by
precision electroweak data place significant constraints on
the possible regions of the 2HDM parameter space. In the
decoupling limit of the 2HDM, the only surviving con-
straint is on the mass of the lightest Higgs boson, which
coincides with the corresponding standard model Higgs
mass upper bound deduced from precision electroweak
data. In regions of the 2HDM parameter space far from
the decoupling regime, a large chunk of the 2HDM pa-
rameter space is ruled out on the basis of the 7" parameter.
Nevertheless, there are regions of parameter space in the
nondecoupling regime, consistent with precision electro-
weak data, in which the lightest Higgs mass is significantly
larger than the standard model Higgs mass upper bound.”’
This possibility is realized when large negative corrections

3Note that for this choice of parameters, my= < m,. In fact,
there are higher values of mpy= which are within the allowed
ellipse, but they correspond to values of Z; that exceed its
unitarity bound.

*IThis possibility has been considered previously in ref. [32].
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to T from h; are compensated by large positive corrections
to T from the other Higgs bosons of the 2HDM.

VII. CONCLUSIONS

In this paper, we have employed basis-independent meth-
ods in examining the properties of the most general
(CP-violating) 2HDM. Our primary aim to provide a
basis-invariant characterization of a custodial-symmetric
2HDM scalar potential. Since custodial symmetry in the
scalar sector of the 2HDM implies CP-conservation, we
first examined in detail the basis-independent description of
the most general CP-conserving 2HDM. All possible ge-
neric and special cases were examined, which depend on the
values of the potentially complex quartic Higgs self-
couplings in the Higgs basis. One special case where Z5 =
Z, = 0is noteworthy, due to the fact that the CP quantum
numbers of two of the three neutral Higgs states cannot be
determined by the bosonic couplings of the model. This
behavior can be traced to the existence of two inequivalent
definitions of CP which give opposite signs for the
CP-quantum numbers of each of the two neutral states.
However, the ambiguity is resolved by the Higgs-fermion
Yukawa interactions that uniquely selects one of the two
definitions for CP and thus determines the CP quantum
numbers of the two neutral states (assuming that the
Yukawa interactions are CP-conserving). In fact, the
Yukawa interactions could be CP-violating, even if
the scalar potential and the Yukawa interactions respect
the custodial symmetry, in which case it does not make
sense to assign definite CP quantum numbers to the neutral
Higgs states.

After providing a catalog of possible cases that define
the CP-conserving 2HDM, we imposed custodial symme-
try and determined the basis-independent condition that
guarantees the presence of this symmetry. We have clari-
fied the results of a previous analysis given in Ref. [7],
where it was asserted that there were two distinct cases for
the custodial-symmetric scalar potential. We have dem-
onstrated in this paper that the two cases of Ref. [7] are in
fact equivalent and simply correspond to two different
basis choices for the scalar potential. We also showed
that generically the charged Higgs boson and the
CP-odd Higgs boson are mass-degenerate in the limit of
a custodial-symmetric scalar potential. However, in the
special case of Zg = Z; =0, it is possible that the
charged Higgs boson and one of the CP-even Higgs
bosons are mass-degenerate in the limit of a custodial-
symmetric scalar potential, depending on the structure of
the Higgs-fermion interactions.

We have also provided a basis-independent computa-
tion of the 2HDM contributions to the oblique parameters
S, T,and U. Since T = U = 0 in the custodial-symmetry
limit, our computation provides an important check on the
implications of the various mass degeneracies noted
above. The oblique parameters of the CP-violating
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2HDM were analyzed numerically and found to be incon-
sistent with the experimental electroweak constraints over
a nontrivial region of the 2HDM parameter space. Of
course, there is still a significant region of the parameter
space in which the oblique parameters lie within the
allowed 20 error ellipse in the S-T plane. (U is quite
small over nearly the entire 2HDM parameter space, and
one can set it to zero to good approximation.) In the
decoupling limit, the only constraints on the 2HDM pa-
rameters are associated with the requirement that the
lightest neutral-Higgs boson, which is standard model-
like in its properties, must have a mass below about
150 GeV (equivalent to the constraints of the standard
model global fits). In the region of the 2HDM parameter
space far from the decoupling regime, it is possible that
the lightest neutral Higgs boson mass is significantly
heavier than 150 GeV. In this case, the large negative
value of T generated by the lightest neutral Higgs boson is
compensated by positive corrections to 7 from the other
physical Higgs bosons of the 2HDM.
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Note added.— After this work was completed, a paper
by B. Grzadkowski, M. Maniatis and J. Wudka [33] ap-
peared that employs the formalism of gauge-invariant sca-
lar field bilinears (cf. Footnote 1) in the analysis of
custodial symmetry in the 2HDM. They obtain conditions
for a custodial-symmetric 2HDM scalar potential that are
consistent with the results obtained in this paper.

APPENDIX A: CUBIC AND QUARTIC BOSONIC
COUPLINGS IN THE 2HDM

The Higgs boson interactions of the 2HDM can be ex-
pressed in terms of the basis-independent ¢;, defined in
Table I. The cubic and quartic vector-scalar couplings were
obtained in Ref. [2] and are reproduced below:

Lyyy = (ngW;Z W=+ zimzzyzﬂ)(hdhk
Cwy

+ emyAF(WSG™ + W, G")

— gmysyZF (WG~ + W, G"), (A1)
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1 _ g’
'EVVHH = [Zng;W'u + %Z#Z'm ]hkhk

1 20 2 2ge (1
+ I:—gZW; Wh + A, Ak + 8 (E - s%v) 7,70 + ﬁ(E ~ s%V)AMZM](mG— +HYH")

2 C%)V Cw

1 252 ,
+ {(E egAFW, — gzﬂzﬂwﬁr)(%G— + que” "H )hy + HC} (A2)
Cw

g - I T, e . e
£VHH = —ij€q€1Z’U“hjath - Eg{lW;[qle aluhk + 7§%X4 “923H a,uhk] + HC}

4CW
. lg 1 - _ < _
+ [rear + §<§ ) R ) (A3)
g’ g’ 060 4 1 0 + 0
— + - +r-9 — At
£VG—[ZWMWM +%ZMZM]GG +§g(Wﬂ'G GMG +WMG aMG)
. . 2 2
+ {ﬁAMW,jG—GO B W w660 + H.c.} + =5 a2t GOF by, (Ad)
2 2CW 2CW
[
where repeated indices j, k = 1, 2, 3 are summed over. In . 3
obtaining the above interactions from Ref. [2], we have Im (61;261k2) = Z €rkeder- (A6)
made two simplifications. In the W* W~ h;h; and ZZh h, =1
interactions, we have employed Likewise, a basis-independent form for the cubic and

(AS) quartic scalar self-interactions has been obtained in

Ref. [2] and are reproduced below. In listing the scalar
Inthe Zh jhk interactions (j, k = 1, 2, 3), we have made use self-interactions, it is convenient to include terms involving
of the identity the Goldstone field by denoting h, = G°.

4j19n + Re(ghqp) = 8y, for jk=1,2,3.

1 . . ) B
V= Evh‘jhkhf,[CIjIQ}d Re(q¢1)Z1 + qjpq3, Relge)(Zs + Zy) + Re(q}1qaqnZse 2if3)

+Re([29;1 + ¢511951902Z6e™"2) + Re(q,q12q02Z7¢~ )]
+ v GG [Re(gr1)Z; + Re(goe "3Ze)] + vhH" H™[Re(gy)Zs + Relgpe™ "2 Z;)]

+ %vhk{G*Hwiez;[quZ“ + ge 9375 + 2Re(gy ) Zge 105] + Hc} (A7)
V,= éhjhkhzhm[%lquq;ﬂ;lZl + 490950902 + 20119540002y + Zy) + 2Re(‘ﬁlqltﬂlezqmzzse_z”%)
+ 4Re(q195, 971 amZse ™) + 4Re(Q?M]szI{’zq;zZﬂ"'923)]
+ %hjthW‘[qﬂqZ]Zl + 4pdiaZs + 2Re(q1 qrnZee )]
+ %hjthH‘[ququZz + 19523 + 2Relq )1 qraZre02)]
i %hjhk{G_H+ei923[q/1qz2Z4 + @G anZse 2+ quanZee " + qpdinZie ]+ H.c-}
+ %ZIG+G_G+G_ + %ZzH+H‘H+H‘ +(Zy + Z)G G HYH™ + %ZSH+H+G_G_
i %Z§H—H—G+G+ +GYG (ZH"G™ + Z;H G*) + HYH (Z;H'G™ + Z;H GY), (A8)
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summing over j, k, €, m = 1, 2, 3, 4. Note that Re(gy;) =
g for k=1, 2, 3, whereas Re(g,4;) = 0.

One can easily verify thatif ¢;; = *£1 and ¢4, = 0 fora
fixed value of k=1, 2 or 3. then it follows that the
couplings of the neutral Higgs field, *h,, are precisely
those of the standard model Higgs boson.

APPENDIX B: NEUTRAL HIGGS MASSES AND
INVARIANT MIXING ANGLES

The neutral Higgs mass eigenstates are denoted by /4,
(k=1, 2, 3). The corresponding squared-masses are

Tr(le) = 2Y2 + (Zl + Z3 + Z4)U2,

PHYSICAL REVIEW D 83, 055017 (2011)

obtained by solving the characteristic equation of the neu-
tral Higgs squared-mass matrix, M? [see Eq. (2.17)],

det(.’]Vl - X]l3><3) = —x3 + Tr(.’]\/l)xz
- %[(Trj\/l)z _ TH(M?)]x + det(M) = 0, (BI)

where 155 is the 3 X 3 identity matrix and

1
TI'(MZ) == Z%U4 + 5114[(23 + Z4)2 + |Z5|2 + 4|Z6|2] + 2Y2[Y2 + (Z3 + Z4)U2:|,

1
det(M) = Z{zlvﬁ[(z3 © 202 — 1 ZsI] = 202X, + (Zs + ZO)0PlIZel + AY,Zy [V + (Zs + Z)v?] + 206 Re(z;zg)}.

In the general (CP-violating) case, the analytic expressions
for the squared-masses are quite cumbersome, when ex-
pressed solely in terms of the scalar potential parameters.
In Ref. [2], a more convenient expression for the neutral
Higgs squared-masses was derived in terms of the Z; and
invariant mixing angles,

m2 = |qiu|2A2 + v2[q2,Z, + Re(qp) Re(gpnZse 20%)

+ 2g11 Re(giaZse )], (B3)
where mj; = m%k (for k =1, 2, 3) and the basis-invariant
qy; are given in Table I.

In Ref. [2], we also obtained a set of equations that
determine the neutral Higgs mixing angles™:

S13 Re(zéeilaﬁ) = §C13 Im(25€72’923), (B4)
(2 = A2/v)si3c13 = (cf; — s13) Im(Zge™¥2),  (BS)
2 2 —i6 1 ~2i6
(c1y — s1p)| c13Re(Zge %) + 7513 Im(Zse ")
= spep[Re(Zse 2) — (Z, — A?/v?)cf;
— 2513613 Im(Zge 7)), (B6)
where
1 )
A=Y, + 5[23 + Z; — Re(Zse2103) 2. (B7)

32Denoting the quadratic terms in the scalar potential by
mi . H H™ + 10’y Cyh;hy, it follows that Cj = 0 for j #
k. This provides three conditions, which yield Egs. (B4)—(B6).

(B2)

Equations (B3)—(B6) can be used to derive the following
results:

Re (Zge 02)v? = ci3s15015(m3 — m?), (B8)

Im (Zge 12)v? = s13¢13(c3,m7 + s3,m3 — m3), (B9)
Re(Zse 202)0? = (52, — s33c3,)m?

+(ch, = shysty)m3 — cfym3, (B10)

Im (Zse 2193 )v? = 2513515¢15(m3 — m?). (B11)

The following identity will also prove useful:
Im(Z:Z2) = 2Re(Zse 2193) Re(Zge 1) Im(Zge ~1%>3)
~ Im(Zse 22 [Re(Zge %)
— [Im(Zge ™) P}. (B12)
Using the results of Eqs. (B8)—(B12) it then follows that
vOIm(ZEZ2) = s13¢1; sin26,,(m3 — m?)
(B13)

X (m3 — m})(m3 — m3).

APPENDIX C: BASIS-INDEPENDENT
TREATMENT OF THE CP-CONSERVING 2HDM

In the CP-conserving Higgs sector, two of the neutral
Higgs bosons, h° and H® (with m,0 < myn) are CP-even
and one neutral Higgs boson, A°, is CP-odd. Basis-
independent conditions for a CP-conserving bosonic sec-
tor have been given in Refs. [1,10,11,34]. In Ref. [1], these
conditions were recast into the form given by Eq. (3.1).
Since the Higgs masses and mixing angles do not depend
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on Z,, we focus on the implications of the condition
Im[Z:Z2] = 0 for the structure of the neutral Higgs
squared-mass matrix and the invariant mixing angles.

1. The CP-conserving limit: Z; # 0

If Zg # 0, then Egs. (B8) and (B9) imply that ¢35 # 0.
Suppose that the three neutral Higgs masses are nondegen-
erate. Under the latter assumption, if the CP-conserving
condition Im(Z$Z?2) = 0 holds, then Eq. (B13) implies that
s13512¢12 = 0. We examine the two resulting cases in
turn.™

Case I: s;3 = 0. Then, Egs. (B4), (B5), (B5), and (B7)-
(B9) imply that:

Im (Zse~%02) = Im(Zge~022) = 0. (C1)

Case II: si,c15 = 0. Then, Egs. (B8) and (B13) imply
that:

Im (Z5€_2i023) = Re(Zée_mB) = 0. (C2)

In Sec. IIT A, Case II is further broken down into two
subcases (a) and (b) corresponding to s, = 0 and ¢y, =
0, respectively. The three Cases I, Ila and IIb simply
correspond to three possible mass orderings of the neutral
Higgs bosons—the CP-even h” and H® (where mj0 < mypo
by definition) and the CP-odd A°.

It is convenient to define the invariant angle ¢ = 64 —
0,3, where 6 = argZ. That is,

Re(Zge '"2) = |Zg| cos ¢,

Im(Zge 193) = | Z¢| sing. (C3)

Then, Cases I and II correspond to sin¢g = 0 and cos¢p =
0, respectively. That is, if CP is conserved then sin2¢ = 0.
Note that the converse is not necessarily valid. In particu-
lar,

1
1Zg|?
— Im(Z:Z2%) cos2¢].

Im(Zse %0s) = [Re(Z:Z?%)sin2¢

(C4)

Thus, if sin2¢p = 0 and Im(Zse %) # 0, then the Higgs
sector violates CP.

The quantum numbers of the neutral-Higgs bosons can
be determined from the form of the Higgs self-couplings.
For example, noting that a charged Goldstone boson pair is
necessarily CP-even, the couplings of G*G~ to the
neutral-Higgs bosons can be used to identify the
CP-even scalars. In Appendix A, the following couplings
are given:

*¥Note that setting Eq. (B12) to zero determines Re(Zse 20x)
in terms of Im(Zse %0s), Re(Zge %) and Im(Zge 92).
However, this is not sufficient to impose the conditions given
in Cases I and II. This is because the diagonalization of the
neutral Higgs squared-mass matrix yields an extra (basis-
dependent) condition that fixes the value of 6,5.
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GG hy:cppesZy — sppRe(Zge ) + cpp513Im(Zge ™),
(C5)

GG hy:sipei3Zy +cpRe(Zge ™ 02) + 51553 Im(Zge ™ 0),
(Co)

G+Gih3: S13Z] — C13 Im(Zﬁef"eﬂ), (C7)

where the mixing angles are defined such that m), =
my, = my,. Since one of the three neutral states is
CP-odd, its coupling to G*G~ must vanish. Taking Z,
and Zg as independent and nonvanishing,>*

if h;is CP odd, c1» = Re(Zge 93) = cos¢p = 0,

(C8)

if h,is CP odd, s1» = Re(Zge 193) = cos¢p = 0,

(€9)

if hyis CP odd, 513 = Im(Zge 93) = singp = 0,

(C10)

which reproduces Cases I and II [Egs. (C1) and (C2)] for
nondegenerate neutral Higgs masses.

The masses of the three neutral Higgs bosons can be
evaluated explicitly using Egs. (B1) and (B2). In evaluating
det(M), we employ the condition Im(Z:Z2) = 0, which
implies that [Re(ZiZ2)]* = |Z5|*|Zs|*, and leads to two
possible cases:

Re (Z:Z3) = &s6|Zs1| Z6|*, €56 = = 1. (C11)

In both cases, Eq. (B1) factors into a product of a linear and
a quadratic polynomial. Solving for the roots, the resulting
neutral Higgs squared-masses are given by Eqgs. (3.16) and
(3.17), where the CP-odd state is identified according to
the results of Eq. (B3) and (C8)—(C10).

2. Degenerate masses in the
CP-conserving limit with Z¢ # 0

So far, we have working under the assumption that the
three Higgs masses are unequal. However, it is also pos-
sible that two of the Higgs bosons are mass-degenerate.>
In this case, it follows from Eq. (B13) that Im(Z:Z2) = 0,
independently of the mixing angles (some of which may
not be well-defined in the mass-degenerate limit). If
Zs =0 and Zg # 0, then Egs. (3.16) and (3.17) imply
that the three neutral Higgs masses are distinct. Hence, in

34Similar conclusions can be obtained by considering the ZZh;,
the Zh;h;, and the ZG°h; couplings.

*3Under the assumption Zg # 0, it is not possible to have three
mass-degenerate neutral Higgs bosons.
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what follows we assume that Zs # 0, in which case A® and

one of the CP-even scalars are degenerate in mass if*°
1 Zl?

Zl = Yz/U2+—(Z3+Z4_856|ZS|)+i and
2 &s61Zs|

Im(Z:72) = 0. (C12)

Inserting this result for Z; back into Egs. (3.16) and (3.17)
then yields

1
mio = mﬁo = Yz + 5(23 + Z4 - |ZS|)U2, (C13)
1 | Z |20
m?io - Y2 + E(Z:; + Z4 + |Z5|)‘U2 + |6ZS| y
for E56 = +1, (C14)
and
1 7 2,,2
mio :Y2+§(Z3+Z4_|Z5|)U2_| |6| r y (C15)
5
1
mzo = mio = Y2 + 5(23 + Z4 + |25|)U2,
for e5g = —1. (C16)

In the mass-degenerate case, the mixing angle 6,3 and
the corresponding invariant angle ¢ are no longer well-
defined, as one can redefine the mixing angles by rotating
within the degenerate subspace. Hence, the choice of
sin2¢ is arbitrary. However, because CP is conserved in
the neutral Higgs sector, the structure of the Higgs inter-
actions guarantees that there exists one linear combination
of the mass-degenerate neutral Higgs states that is
CP-even and an orthogonal linear combination that is
CP-odd. The latter defines the relevant mixing angle, 6,
in Case I and 6,5 in Case II, respectively. In particular, the
identification of eigenstates of definite CP quantum num-
bers imposes the constraint s;3 = s1,¢j5 = sin2¢ = 0,
and the conditions of Cases I and II continue to hold. A
summary of the basis-independent conditions for
CP-invariance, under the assumption that Zg # 0, along
with the identification of the CP quantum numbers of the
three neutral Higgs states can be found in Table II.

In Sec. IVA2, we determined the basis-independent
conditions for a custodial-symmetric scalar potential. In
the case of Zs # 0, the relevant condition is Z, = €s4|Zs|
[cf. Eq. (4.45)]. Using Egs. (4.48), (C13), and (C16), we
conclude that when Eq. (C12) holds, the custodial-

30ne can also verify the condition for degenerate roots directly
from Eq. (B1). The cubic equation z* + a,z*> + a,z + a, has (at
least) two degenerate roots if and only if [35]

1 1,73 1 1 2
|:§al - 60%] + [g(alaz - 3Cl0) - ﬁa%] = 0
With a little help from Mathematica, one can show that by
imposing the above equation, Eq. (C12) is satisfied.
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symmetric scalar potential yields two neutral Higgs bo-
sons, one CP-even and one CP-odd, that are both degen-
erate in mass with the charged Higgs boson.

3. The CP-conserving limit: Z5 = 0

The case where Zs = 0 (with Z5 # 0) merits special
attention. In this case, Egs. (B4)—-(B6) simplify to

c13 Im(Zse2193) =, (C17)
(Zyv* = A%)si3¢13 =0, (C18)

%SB(C%Z — 53)) Im(Zse21%)
= sppcpp[Re(Zse 205) — (Z, — A?/v?)cty] (C19)

First, we consider cases in which the three neutral Higgs
masses are nondegenerate. Then in the CP-conserving
limit, Eq. (B13) implies that s;351,¢c;, = 0. If ¢13513 # 0,
then Egs. (C17) and (C18) yield Im(Zse 23) = 0 and
Z,v?> = A%, In this case Re(Zse 2%3) = +|Zs| and A% =
Y, +3v*(Zy + Z; 7 |Zs|), where both sign choices are
possible. For either sign choice, Egs. (3.24), (3.25), and
(3.26) imply that two of the neutral Higgs bosons are
degenerate in mass, which contradicts our initial
assumption. Thus, if the Higgs bosons are nondegenerate,
then Eq. (C18) implies that either s;3 =0 or ¢;3 = 0. If
s13 = 0 then Egs. (C17) and (C18) yield either s1,c1, = 0
or Re(Zse ?%s) = Z, — A2/v?. However, in the latter
case one again finds that two of the neutral Higgs bosons
are degenerate in mass, which again contradicts our initial
assumption. Thus, in the case of nondegenerate neutral
Higgs masses, there are three cases to consider:

Case I’ 513 = 51, = Im(Zse~%%3) = 0. This is a com-
bination of the previous Cases I and Ila.

Case II’ 513 = cj, = Im(Zse 2%3) = 0. This is a com-
bination of the previous Cases I and IIb.

When Zs = 0 and CP is conserved, a new third possi-
bility arises in which c;3 = 0. In this case, Eq. (C19) yields
%313(0%2 — s1,) Im(Zse™2195) = 5),¢1, Re(Zse " 2%2),
where 513 = *£1. Following the convention specified in

Table I, we choose s;3 = —1. In this convention, 6, +
0,3 is indeterminate, and the quantity
023 = 653 — 61y, (C20)

plays the role of 6,;. We designate this new case

Case II’: ¢;3 = Im(Zse %95) = 0.

To determine the CP-quantum numbers of the i, we
first examine the G*G™h; couplings when Zg =0
[cf. Egs (C5)—(CT)]:

G+G_h1: C12C13ZI, (C21)
G+G_h2l S12C13ZI, (C22)
G+G_h3l S13ZI, (C23)
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One of these three couplings is nonvanishing in Cases I’,
I’ and IIT’, which implies that the corresponding neutral
Higgs state (h; for k = 1, 2 or 3) is CP-even. Moreover, in
this case, ¢g;; = *1 and g4, = 0, which implies that the
couplings of the neutral Higgs field =/, are precisely those
of the standard model Higgs boson. Henceforth, we iden-
tify the standard model-like CP-even neutral Higgs field
by hY. We then use Eq. (B3) to obtain mi(l, =Zv?
[cf. Eq. (3.24)]. If we order the states h; such that m;, <
my, < my,, then the three Cases I’, II' and III’ above
correspond to the three possible mass orderings of h?.

By examining the nonvanishing Zh;h; couplings, one
immediately concludes that the relative CP quantum num-
ber of the other two neutral Higgs bosons is negative.
However, there is no unique assignment for the individual
CP quantum numbers if Z; = p¢ = 0. For simplicity, we
assume that Z, # 0.” The following identity, analogous to
Eq. (B13), will also prove useful:

Im(Z:Z3) = 2Re(Zse 210=)Re(Z,e 1) Im(Z, e~ 1%>)
— Im(Zse %%3){[Re(Z;e =)

— [Im(Z7e~"5)P}. (C24)

Under the assumption of a CP-conserving Higgs sector,
we impose the condition Im(Z$Z3) = 0, which implies that
[Re(Z:iZ3)* = |Z5*1Z;1*, and leads to two possible
cases:

Re (Z:Z3) = e571Z51Z5 1%, €57 = *1. (C25)

In Cases I' and II', Im(Zse %%2)=0, whereas
Im(Zse 23) = 0 in Case III'. Then, Eq. (C24) yields
Case I 1I': Re(Z7e 95) Im(Z7e 05) = 0.  (C26)

Case I1I': Re(Z7¢~05) Im(Z,e 1) = 0. (C27)

We can use the H"H ™ h; couplings to determine the
CP-quantum numbers of the other two neutral Higgs
bosons. In Cases I’ and I,

HYH™ hy:cppci3Z3 — s;pRe(Zye™03) + ¢ p513Im(Z7e710),

(C28)

H+H7h2:S|2C|3Z3 + ClzRe(Z7eii023) +S|2513Im(Z7€7i023),

(C29)

H+H_h3: S13Z3 —C13 Im(Z7e_i‘923). (C30)
In Case IIT’, these couplings simplify to

H H hy: — Im(Z;e 10), (C31)

*If Z; = 0 but p2 # 0, then our analysis still goes through
with Z, replaced by p2* (Q = U, D or E).
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H™H hy: Re(Z,e %), (C32)

H+H_h3: - Z3. (C33)
Since one of the three neutral states is CP-odd, its
coupling to H"H™~ must vanish. Taking Z; and Z; as
independent and nonvanishing, we can identify the
CP-odd Higgs boson. Hence, using Eqgs. (C28)—(C33),
(1) if h; is CP-odd, then either

S13 = C1p = Rﬁ(Z7eii023) =0 [Case II/b]
or
¢ =Im(Z;e 3) =0  [Caselll'a], (C34)
(i) if hy is CP-odd, then either
Si13 = S1p = RC(Z7€_i023) =0 [Case I/b]
or
c13 = Re(Z;e 92) =0  [Casell'b],  (C35)
(iii) if hy is CP-odd, then either
Si3=812= Im(Z7ef"923) =0 [Casella]
or
s;3=cp=Im(Z,e"?3)=0 [Casell'a], (C36)

These correspond to six possible mass orderings of hy, h,
and A3 in Cases I, I’ and III".

We previously identified the CP-even state h?, whose
couplings coincide with those of the standard model Higgs
boson. Using Eq. (B3), the squared-masses of the remain-
ing two neutral Higgs bosons (a CP-even state h) and a
CP-odd state A°) are given by Egs. (3.25) and (3.26), after
making use of Eq. (3.22) for Cases I’ and II’ (and replacing
63 with 6,3 for Case III"). We identify the states 49 and /9
with h° and H® or vice versa, depending on the mass
ordering. If Z; = 0, then &57 is not well-defined (since in
the real basis, the sign of Z5 can be flipped by transforming
H, — iH,). In this case, the individual CP-quantum num-
bers of 49 and A° are not fixed by the interactions of the
Higgs boson/gauge boson sector. The corresponding
masses are given in Eq. (3.28), which can be derived by
directly solving the characteristic equation of the neutral
Higgs squared-mass matrix [cf. Eq. (B1)].

A summary of the basis-independent conditions for
CP-invariance, under the assumption that Zg = 0 and the
Higgs masses are nondegenerate, along with the identifi-
cation of the CP quantum numbers of the three neutral
Higgs states can be found in Table VI.
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4. Degenerate masses in the
CP-conserving limit with Z; = 0

It is possible to have two mass-degenerate neutral Higgs
bosons in the 2HDM with Z4 = 0, for special choices of
Z,. If Z, satisfies

Z, =Y,/v* + %(23 +Zy — e51Z5))0v%, (C37)
then Egs. (3.24) and (3.26) yield My = Mo [this is the
analogue of Eq. (C12)]. Likewise, if Z; satisfies
Z, =Y,/ /v + %(z3 + Zy + e571Z5)v?, (C38)

then Egs. (3.24) and (3.25) yield My = My (this has no
analogue with any of the Zg # 0 cases). In the presence of
mass degeneracies, one must reconsider the definition of
the mixing angles 6, and 5. As in the discussion below
Eq. (C16), if two neutral scalar states of opposite CP
quantum number are mass-degenerate, then the structure
of the Higgs interactions guarantees that there exists one
linear combination of the mass-degenerate neutral Higgs
states that is CP-even and an orthogonal linear combina-
tion that is CP-odd. If the two neutral mass-degenerate
scalar states are CP-even, then there exists one linear
combination whose properties coincide precisely with
those of the standard model Higgs boson. We designate
this scalar field by 4{ and the orthogonal linear combina-
tion by 9. In light of these remarks, the results of Table VI
continue to hold even in the mass-degenerate case.

However, there are three new cases that arise if two of
the neutral Higgs fields are mass-degenerate, which are not
accounted for by Cases I, I’ and III’. These exceptional
cases correspond to the omitted cases described below
Eq. (C19). In particular, mass degeneracies arise for a
special choice of Z; in the following cases:

Case IV’: 513 = Im(Zse ?%3) = 0 and sj,cj, # 0. In
this case, Eq. (C19) yields

Zl = A2/U2 + Re(Z5672i023)
1 .
= Yz/l}2 + 5[23 + Z4 + RC(ZSE_ZIG”)], (C39)
where we have used the definition of A% given in Eq. (B7).
The quantity Re(Zse 29») is fixed by Eq. (3.22).

Case V’: ¢y = Im(Zse %953) =0 and s3¢,3 # 0. In
this case, Eq. (C18) yields

1 ‘
Z, =A%V =Y,/v*+ E[Z3 +Z, —Re(Zse %05)]. (C40)

Case VI Sip = Im(25€_2i023) = (0 and §13C13 # 0. In
this case, Eq. (C18) yields

1 .
Z] :AZ/U2 = Y2/U2 +§[Z3 + Z4 - Re(ZseileB)]. (C41)
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Once again, we find that m 1 = M0 if Eq. (C37) is satisfied
and myp = my, if Eq. (C38) is satisfied.

To identify the CP quantum numbers of the neutral
Higgs mass-eigenstates, we first examine the G*G™ hy
couplings given in Egs. (C21)—(C23) in order to identify
the mass-degenerate state A9, which is defined below
Eq. (C38) to be the linear combination of mass-degenerate
neutral Higgs fields whose interactions coincide with that
of the standard model Higgs boson. The CP quantum
numbers of the orthogonal linear combination of mass-
degenerate neutral Higgs fields and the third nondegener-
ate state can be obtained by examining the HYH h;
couplings given in Egs. (C28)—(C30).

For example, in Case IV’, 53 = 0 which yields

H+H7h1:clzz3—SlzRe(Z7e7"023), mﬁ] =Z1v2, (C42)
H+H_ hz: 51223 + ClzRe(Z7e_i023), m%z = Zl U2, (C43)

H"H™ hy: —Im(Z;e 03), mi} =[Z, —Re(Zse %05)]v2
(C44)

Since h; and h, are degenerate, we can redefine new linear
combinations to obtain:

HH (cpahy + s12hy): c12Zs, (C45)
H+H_(C12h2 - Slzhl): RG(Z7€_i023), (C46)
H+H7]’l3: - Im(Z7eii023). (C47)

Likewise, the corresponding G* G~ h;, interactions are

G"G (cpphy + sinhy): Z4, (C48)
GG (cinhy — s12): 0, (C49)
G*G hs: 0. (C50)

Thus, one can immediately identify h(l) = ciphy + sphy,
since this linear combination possesses the Higgs cou-
plings of the standard model Higgs boson. The second
CP-even Higgs state is identified by its nonzero coupling
to H* H™ and depends on whether Z,e % is purely real or
purely imaginary. For example, if Im(Z;e~%>) = 0, then
c12hy — s12hq is CP-even and A3 is CP-odd, and vice versa
if Re(Z;e 1%3) = 0.

Cases V’ and VI’ can be similarly treated. In particular,

Case V': mj, = [Z; + Re(Zse™*")]v?,

(C51)
my =my = Zv?
Case VI m%z =[Z, + Re(Zse 2%2)|v2,

(C52)

2 2 — 2
my —mhg—Zlv.
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If we impose the mass-ordering m;, = m,,, = my, in order
not to duplicate regions of the 2HDM parameter space,
then we can omit Case VI'. We summarize the exceptional
mass-degenerate cases in Tables XIII, XIV, XV, and XVI.

In the analysis presented above, we assumed that Z5 # 0.
If Zs = Z¢ = 0, then Egs. (3.25) and (3.26) imply that h3
and A are mass-degenerate, independently of any special
choice for Z;. All three neutral scalars are degenerate in
mass in the special case of Z; = Y,/v? +1(Z; + Zy).
Moreover, the invariant form of the Higgs squared-mass
matrix given in Eq. (2.17) is diagonal. Thus, in this case it
is simplest to take 6, = 6,3 = 0,3 = 0 (instead of impos-
ing a mass-ordering of the A, fields). Equation (C21)
implies that A, is the CP-even neutral Higgs field whose
couplings coincide with that of the standard model Higgs
boson. Equations (C29) and (C30) imply that /5 is CP-odd
and h, is CP-even if Im(Z;e %) = 0 and vice versa if
Re(Z;e %3) = 0. In this case, 6,5 simply keeps track of
the overall phase of Z,. Finally, in the special case of
Zs=/Zs=2727=0 (cf. Sec. IlID), the individual CP
quantum numbers of /i, and A3 cannot be determined
from the bosonic sector alone.

In Sec. IVA2, we determined the basis-independent
conditions for a custodial-symmetric scalar potential. In
the case of Zg = 0 and Zs, Z; # 0, the relevant condition is
Z, = €s57|Zs| [cf. Eq. (4.45)], which yields mj = mpy=
[cf. Eq. (4.48)]. If we apply this limit to Table XIII, we
discover that there are two possibilities: either A® is degen-
erate in mass with H= (Cases IV’a, V’b and VI'b), or there
are two neutral fields, one CP-even and one CP-odd, that
are degenerate in mass with H* (Cases IV’b, V’a, and
Vla). If Zs # 0, Zg = Z; =0 and the Higgs-fermion
interactions are CP-conserving, then as shown in
Sec. IVA3, there are two possible conditions,
Z, = *esplZs|, that yield a custodial-symmetric scalar
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TABLE XIV. The U(2)-invariant quantities g, for Cases IV’a
and IV’b.

k gkl k2
1 C12 —S12
2 S12 C12
3 0 i

TABLE XV. The U(2)-invariant quantities g;, for Cases V’a
and V’b.

k 9kl di2

1 C13 - iS13
2 0 1

3 513 icy3
TABLE XVI. The U(2)-invariant quantities g, for Cases VI’a
and VI'b.

k 9k 9i2
1 0 1
2 —C13 iS13
3 S13 iC13

potential. Table XIII can again be used if one replaces
€57 replaced by 5. As shown in Eq. (4.50), the relation
Z, = €sglZs| yields myo = my-~, and one recovers the
results given above for the possible Higgs mass degener-
acies. In contrast, the relation Z; = —esp|Zs| yields
myo = mpyg=. In this case, there are again two possibilities:
either H® is degenerate in mass with H= (Cases IV’b, V’a
and VI’a), or there are two neutral CP-even fields, h(l) and

TABLE XIII. Basis-independent conditions for a CP-conserving 2HDM scalar potential and vacuum when Zg = 0 and Zs, Z; # 0,
assuming at least two degenerate neutral Higgs boson masses. The cases below are exceptional, as they do not arise as limits of
Cases I’, II” and I1I’ [cf. Table VI]. If we impose the mass-ordering m;, = my;, = m,,,, then Cases VI'a and b can be eliminated. The
neutral-Higgs mixing angles 6, in Case IV’ and 63 in Cases V’ and VI’ are defined such that the couplings of 4! (defined as the linear
combination of mass-degenerate neutral-Higgs fields specified below) coincides precisely with those of the standard model Higgs
boson. The phase factor 2 that governs the CP transformation law [cf. Eq. (3.7)] is equal to +1 in Cases IV’a, V’a, and VI’a, and —1
in Cases IV’b, V’b, and VI'b. Additional conditions in which Z; is replaced by p2* (Q = U, D and E), respectively, must also hold due
to the phase correlations implicit in Egs. (3.19) and (3.20). The squared-mass of the two mass-degenerate neutral Higgs states is equal
to Z,v?, while the third nondegenerate neutral state has a squared-mass equal to (Z; * €s7|Zs|)v?, where the plus sign is taken in
Cases IV’b, V’a, and VI’a, and the minus sign is taken in Cases IV’a, V’b, and VI'b.

Cases conditions [in all cases below, Im(Zse 2%:) = 0] A hY 9
IV’a si3 =Im(Zye™03) = 0, Z, = Y, /v* +1(Z3 + Zy + €571Z5]) hs ciohy + s12hy Cohy — s1ohy
IV’b s;3 = Re(Zye™05) =0, Z; = Y, /v? +3(Z3 + Z; — €571Zs)) ciahy, — s1ahy ciphy + spphy hs
V’a crp =Im(Ze703) = 0, Z) = Y, /v* + 1(Z3 + Z; — €57|Zs]) cizhy + 5130 cizhy = 51303 hy
Vb cip =Re(Zye 02) =0, Z) = Y,/v* +5(Z3 + Z4 + €571Z5)) hy cizhy = si3h; cizhy + 5130
VI'a S = Im(Z7€_i023) = 0, Zl = Yz/l)2 + %(Z:; + Z4 - 557'25') Cl3h3 - Sl3h1 Cl3h1 + Sl3h3 hz
VI'b s = Re(Zze™5) = 0, Z) = Y, /v> +5(Z3 + Zy + €571Zs]) hy cizhy + 51353 ci3hy — si3hy
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hg, that are degenerate in mass with H* (Cases IV’a, V’b,

E CP- ...

and VI’b). If one now imposes one additional condition,

Z, = Zs = 0, then all three neutr
generate with the charged Higgs

mutation of possible neutral Higgs mass degeneracies with

the charged Higgs boson is a p

custodial symmetry, if one allows for sufficiently restric-
tive conditions on the scalar potential.

TABLE XVIL

al Higgs bosons are de-
boson. Hence, any per-

. between
ossible consequence of

resulting

functions contain three-
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APPENDIX D: CALCULATION OF THE 2HDM
CONTRIBUTIONS TO S, T, AND U

The one-loop corrections to the gauge boson two-point
and four-point interactions
gauge bosons and the Higgs bosons, the form of
which can be read off from Egs. (Al) and (A2). The
Feynman rules in the 't Hooft-Feynman gauge
are exhibited in Table XVII. The 2HDM contributions to S

Feynman rules used in the calculation of the oblique parameters. The four-momentum p; points into the vertex, and

the four-momentum p, points out of the vertex.
wi hi "
7
* Lig®gh g
N
N
wi hi A
W_':_‘ H+ AZ
7
* Lig?gh”
N
N
W_ﬁ HT VAL
Wﬁ AL
T
-0~ 19qik™Mmw g
Wﬁ AL
wH H™
+ x7 . ., VAP
’\/\/\/<\ —519qk2(p1 + p2) ’\/\/\/<\
N hk
wt G~
ow . 2"
’\/\/\/<\ —3519qr1(p1 + p2)* f\/\/\/<\
N h,k
W_/: P P G ZP' X
AVAVAVS —519(p1 +p2)" AVAVAVS
LN LN
“¢
HY, Gt
,-Y# » e A )
’\/\/\/<\ igsw (p1 + p2)" ’\/\/\/<\
N H+, G+
W_ﬁ Az
— _¢_ ngW gl“’
Wﬁ Az
N
"

hi
7 ig? v v
# 229" 9"
w
n
N
hi
HT,G*

7 ig? v
e 252 (C%/V - S%/V)gu
w

n
N
HY,GT

hi Zig pv

_h3,G°
ﬁthl(lh + p2)¥
Sha, hy
_h1,G°
zcgw g21(p1 + p2)*
“hs, ho
_h2, G
ﬁ%l(}h + p2)¥
“ha, hs
JHT
5e(cly — siv) (p1 + p2)*
¢ g v
- - = ew mz g
Lo
— 5 (p1 + pa)*

055017-33




HOWARD E. HABER AND DEVA O’NEIL

are displayed in Tables XVIII and XIX. The 2HDM con-
tributions to 7 are displayed in Tables XX and XXI. The
2HDM contributions to U are displayed in Table XXII. The
reference standard model contributions, which are sub-

TABLE XVIII.

PHYSICAL REVIEW D 83, 055017 (2011)

tracted out from the 2HDM contributions, are shown in
Table XXIII.

The loop integrals are defined and evaluated following
Ref. [36].

Diagrams representing the 2HDM contributions to S, part 1.

Contributions to 122 (m%)

h; (i=1,2,3)
/ \ _ g"Mz 2 2, 2 2
/Z\/\/\/\/\/\/Z\/ - _16W26%/tilBO(mZ7mZ7mi)
A
hi (i=1,2,3)
s g2 2 2. 2 9
I NA, T e, taBa(mzimz,mi)
N
\G* 7
h1
- g2 2 2. 2 9
I NA, T T, @ Ba(mzim,m)
\ . /
hs
ho
s g2 2 2. 2 9
I NA, T e, mBa(mzims,m)
\ . /
hs
ha
s g2 2 2. 2 9
I NA, T e, @ Bamzimi, ms)
\ /
N
H+
s g2 2 2. 2 2
I NA, T e, caw Bra(mzimi, mis)
\ + 7
\g 7

TABLE XIX. Diagrams representing the 2HDM contributions to S, part 2.

Contributions to TI3% (m3) and T (m3)

H+
8 / AN _4.9%> 2 2, 2 2
\/\/\{ N\/ *4167r25W322(mZ7mHi7mHi)
\ + 7/
\E/
H+
/ \ — 2 2.2 2
VAVA Y\;\/ = oty Sweaw B (mz mip e mipe)
\ + 7
\E/
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TABLE XX. Diagrams representing the 2HDM contributions to 7', part 1.

Contributions to A%, (0)

hy (i=1,2,3)
mw+ // \\ + 2,2
N AAA Ay = = S B0, )
W+
hi (i=1,2,3)
+ ,7 +
\VI//\/\{/ \Y\/M</ - 12%(1121 BQQ (07 m‘Q/Va m?)
\ + 7/
~N g e
Ht
+ - + 2
\W//\/\{/ \Y\/M</ = 18 lq12|* B22(0; m3, 4, m7?)
\ N }E _ /
HT
+ 7 + 2
DA A = Tl Baa(0smy . m3)
AN AVAV,
\ N }E _ /
H+
+ 7 +
\I/I//v\{/ \Y\/VI</ = 167r2 |Q32‘ BQQ(O mHiymS)
\ /
~N }_E e
hi (i=1,2,3)
TN N
!/ \ = 2 1()7r2 Ao(m )
1
Wt s e
NANANNN
Ht
TN N 5 )
1/ \ __%ussiTAO(mHi)
Wt s / : wt
NANANNN
d*k 1 4By, (0;m?, m3) = F(m?, m3) + Ag(m?) + Ag(m3), (D5)
Qmt (2 —m?) 16 A, o)
where
/ d*k 1 Bo(q?m?, m2),
12— 2 2 3Bo(g?mi,m 1 m2m3 m?
Qm)* (k> —m?)[(k+ q) mz] 16 F(m2m2) = =(m? + m?) — —272 (1) (pe)
(D2) Pl ¥ omt—md \m3
d*k kM kY The contributions to § from the diagrams in
2 77')4 (K2 — mz)[( k+ q)? — mz] Table XVIII, XIX, and XXIII are evaluated by employing
Eq. (5.4) and (5.7), with the following result®®
8" Byy(q*; mi, m3). (D3)
16 2 LTI
. ) *The 2H superscript indicates the 2HDM contributions and the
The following two relations are noteworthy: SM superscript indicates the contributions from the standard
An(m2) — An(m?2 model with a reference Higgs mass m, that is subtracted off
Bo(0; m}, m3) = of lg 02( ) , (D4)  from the 2HDM result. This subtraction procedure is necessary
my — m; in order to get a finite result.
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TABLE XXI. Diagrams representing the 2HDM contributions to 7', part 2.
Contributions to AZ2(0)
hi (i=1,2,3)
7 N 2
AAAAAAN, — 5% Bo (0, m?)
Z
hi (i=1,2,3)
RN 2
Z \ Z = #%1322(0 m%,m;)
VAVA AVAV;
\ GO /
~N > 7
h1
7 -+ ~
Z vz = W(]mBm(O mi,m3)
VAVA AVAV;
\ h3 /
~N > 7
hs
PN 2
Z v\ Z = WQ%B%(O; m3,m3)
VAVA AVAV; W
\ h3 /
~N > 7
hs
PN 2
z \ Z = WQSlBQQ(O mi, m3)
VAVA AVAV;
\ hl /
~N > 7
hi (i=1,2,3)
~ T~ 2
1 2
,/ \\ :_Ew;]T%VAO(mi)
\ 1
zZ ~_ _’ Z
NNANANNAN
H+
~ T~ 2
‘/ \\ = —%—16:20%‘/ C%WAU(miIi)
1
7 N/ oz
ANANANNN
Ht
- 2 2 ( 2 2 )
A / N 7 = —9 5w Ban(0:m m
16n2c2 Cew D22\ T+, g+
VAVA n T, )
\ H+ / = EWCQWAO(mHi)
N 7 w
167TCW Cow
= { FY(m2) — F$M(m2) — FZH(mZ) +FSM m2) — ; [F%I m2) _ng;l(m%)]}
SwCw

w

1
5 {z kl[Bzz(mp mZ,
mz

+ g3, By (mz; mi, m3) — Boy(mzsmyy., my.) — Bzz(mé;mé,mé)+m%30(m%;m%,m?ﬁ)},

where the F;;(m}) are defined in Eq. (5.4).

my) — myBo(my; m7, m
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TABLE XXII. Diagrams representing the 2HDM contributions to S + U.

Contributions to 1127, (m3,)

hi (i=1,2,3)
+ /7 A + 2,2
W+
hi (i=1,2,3)
+ - + 2
\V;\/\( \}’\/V\VJ = 185 ¢4 Bz (miy; miy, m)
NGt
~ > e
hi (Z: 1,2,3)
+ 7 + 2
I NA, = remlael Baa(miys mips, m?)
\ H+ /
~ > e

H+
vy / Y 49> 2 2 .. 2 2
Y N T s B i )
\ + v
\E/
H+
7 - ¥ 2sweaw 2 2 2
/ \ — g swce2 .
N\ A 2 ot B i)
\ + v
\E/

The parameter 7 can be calculated in a similar manner, where Eqs. (D4)-(D6) are especially useful. Adding the
contributions to 7" from all the diagrams shown in Tables XX, XXI, and XXIII yields

aT

_ 0 AL a0 sy

myy my myy my
2 3
8
= W{Z |g121* B (0; m2,., m3) — g}, By (0; m3, m3) — q3,Byy(0:m3, m3) — g3, B (0; m}, m3)
w U=
3
+ > q}[B2n(0;m}y, m}) — By (0; m%, m3) — m,Bo(0; myy, m3) + m%By(0; m%, m3)]
=1
1
_ 5Ao(mzt) = By (0; miy, my) + B (0;m3, m3y) + miy, Bo(0; miy, my) — m3By(0; m, mfb)} (D8)

where the A;;(0) are defined in Eq. (5.4). Using a = g*s3,/(4) to isolate T and simplifying the result by employing
Eq. (D5), we end up with

1 3
T = s {3 gl T 2) = 3 T ) = 3 Fot ) = 3, F )
167myy, sy, LS

3
+ > au[Fmy, mp) — Fmi, mp) — 4miy Bo(0; miy, m7) + 4mBo(0; m, mp)]]
k=1

+ F(m2, m%b) - F(m3, m%ﬁ) + 4m3, By (0; m?, m%ﬁ) — 4mZ%B(0; m2, mfb)} (DY)
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TABLE XXIII.
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standard model contributions to the oblique parameters.

Contributions to TI$¥, (m%) and TI3% (m2)

wt A7 3 2
AVaVaVAVAVAVAY :_gu:nz Bo(miy;mipy, m?)
W+
¢,
7 ~N
wt NI/ 2 2 2 2
VANV VIR e
\ G+ /
\*/
¢ _
- N 2m? 2. 2 2
Z Z = -4 Bo(mz; mz,m1)

"NAANN NN 1o ey
Z

- ~ 2

— g 2,2 2
\ Z = 167.,26%‘/-822(m27mZ7m1)

Contributions to A$X,(0) and A3Y(0)

o
+ \ + 2,52
ANAANAN, = Tt B0
W+
p
+ 7 - w+
A A, = T B0, md)
\ + 7/
\g 7
o
z V7 = L7 B(0:mE, m?)

AANNAN, - T
Z

¢
a e B0 m.md)
\ A = BQQOm m
1671’22 Z> 1
AVAV,
\ GO /
\_>_/

Lastly, adding all of the contributions to S + U in Tables XXII and XXIII gives the following:

167 c
S+U=-3 [Fww(mw) Fyy(om) = S Fyy ) |
w

1
_ { Z q2,my Bo(miy; m3, m3) + m¥, By(mby; my, m%b) — Boy(miy; m3y, mfb)]

me k=1

+ Z[qk1B22(mw» mw,

k=1
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The formulae for the oblique parameters in a general
extended-Higgs sector model with an arbitrary number of
scalar singlets and doublets has been presented in ref. [37].
In contrast to our above results, the treatment of Ref. [37]
employs a basis-dependent scalar-mixing matrix. In par-
ticular, our expressions for the oblique parameters depend
only on the masses of the physical Higgs fields and the
basis-invariant functions gy,.

APPENDIX E: HIGGS MASSES AND MIXING
ANGLES IN THE DECOUPLING LIMIT

In the decoupling limit of the 2HDM [28], one neutral
Higgs boson is kept light, with mass < O(m), and the
other Higgs boson masses are taken large compared to m.
In this case, one can formally integrate out the heavy Higgs
states, and the effective low-energy theory consists of a
one-Higgs-doublet model. In the decoupling limit, the
properties of the light neutral Higgs boson must approach
those of the standard model Higgs boson. It is simplest to
characterize the decoupling limit in the Higgs basis as
follows:

D)1z = o), (ED)

(ii) Y, > v2. (E2)

We shall define A to be the mass scale that characterizes
the heavy Higgs states, i.e. Y, ~ O(A). In light of
Eq. (2.22), these two requirements imply that my= > v.

It is convenient to work in the basis of neutral-Higgs
mass-eigenstate /1, h, and hs, in which the corresponding
squared-masses are given by Eq. (B3). Assuming Eqs. (E1)
and (E2), the squared-masses are given by

mi = (51, + cips13)Y2 + O(v?), (E3)
m5 = (cf, + s1,573)Y2 + O(v?), (E4)
mi = ¥, + 0) (ES)

after employing the ¢, given in Table I. In the decou-
pling limit, precisely two of the three neutral Higgs
masses are of O(Y,) whereas the third neutral Higgs
boson mass is of order @(v?). Moreover, to preserve
consistency of Egs. (B5) and (B6), we required that terms
of O(Y,/v?) cancel in these two equations, which yield
the conditions

Yasi3c3 = O(v?), Yochsppen < O(w?).  (E6)

The above requirements lead to three possible cases:
Casel’: [sio] ~ [si3] = O@W?/Y3) = my, my > my,
CaseIIl: |C12| ~ |S13| = @(Uz/Yz) = my, my > my,

Case IIT': |C‘13| = O(Uz/Yz) = my, my > msy.
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The nomenclature for these three cases follows that of
Appendix C, although we do not assume that Zg = 0 in the
present discussion. In all three cases, we can now obtain
expressions for the corresponding neutral-Higgs squared-
masses.

In Case ',
m = Z,0?, (E)
1 .
m3 =Y, + 5[23 + Zy + Re(Zse2%5) 2, (E8)
1 .
m3 =Y, + 5[23 + Zy — Re(Zse™2%5) v, (E9)
In Case 1T,
1 .
mi =Yy +5[Zs + Zy + Re(Zse )%, (E10)
m2 = 7,02, (E1)
1 .
mi =Y, + 5[23 + Z, — Re(Zse™#%5)]v?. (E12)
In Case 11T,
1 =
mi =Y, + 5[23 +Zy —Re(Zse ?™)?,  (E13)
1 i0
mi =Y, + 5[ZZ, + Z, + Re(Zse 29)]v?,  (El14)
m% ~ Z1U2, (E15)

where 6,5 is defined in Eq. (C20) [cf. the comments that
precede this equation]. In all cases above, we omit terms of
O(W*/Y,).

Despite appearances, the above mass formulae are
consistent. In Cases I’ and II’, Eq. (B4) implies that
Im(Zse %03) < O(v?/Y,). It follows that Re(Zse %02) =
e|Zs| + O(v?/Y,), where

e = sgn[Re(Zse 21%)]. (E16)

Hence, in Cases I’ and II’, the squared-masses of the two
heavy states are given by
1 v?
Yo+ =(Zy+ Z, +|Zs]) + (9(—) (E17)
In Case III', Eq. (B6) implies that Im(Zse %) <
O(v?/Y,). In this case, in then follows that Re(Zse ~20») =
£|Zs| + O(v*/Y,), where & = sgn[Re(Zse %95)]. Once
again, the squared-masses of the two heavy states again
reduce to Eq. (E17).
In the analysis above, no assumption was made for the
value of Zg. If Zg = 0 then Egs. (C17)—(C19) imply that
Im(Zse%%3) = 0 in Cases I’ and II’ and Im(Z5e%?) = 0
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in Case III’. In this case, one can diagonalize the neutral
Higgs squared-mass matrix exactly [cf. Equation (2.17)].
In particular, in the case of Zg = 0, the squared-mass
formulae given in Eqs. (E7)—(E15) [and in Eq. (E17)] are
exact, with no O(v?/Y,) corrections.

In the case of a CP-conserving scalar potential and
Zs #+ 0, we note that Case I of Table II is consistent with
Case I’ above, and the decoupling limit is specified by
Is1o] ~ O(v?/Y,). Case IIb of Table II is consistent with
Case I’ above, and the decoupling limit is specified by
s3] ~ O(v?/Y,). Finally, Case Ila of Table II is consis-
tent with either Cases I’ or III’. The corresponding de-
coupling limit is [s;3] ~ O(v?*/Y,) in Case I' and
lci5] ~ O(v?/Y5) in Case III'.

It is convenient to adopt a convention where m; < m,,
ms. In this convention, only Case I’ is relevant in the
decoupling limit. Henceforth, we shall assume that 4, is
the lightest neutral Higgs boson in the decoupling limit. No
mass-ordering of i, and k3, which depends on the sign &,
will be assumed.

For completeness (and as a check of the above results),
we provide an alternate derivation of the neutral Higgs
squared-masses and mixing in the decoupling limit. We
may compute the eigenvalues of Eq. (2.17) directly by
setting Zg = 0 and treating Z4 as a small perturbation. In
first approximation,

m% ~ 7,v?, (E18)

1
m%‘:;, = m?{t + 5(24 + |ZSI)‘U2, (E19)
where we have used Eq. (2.22). To determine which
squared masses in Eq. (E19) correspond to h, and hs,
one can also treat the off-diagonal 23 and 32 elements of
Eq. (2.17) perturbatively, in which case one finds

2 a2 {|Zs|v2, for Re(Zse‘2i923) =0,
m3 — mj3 =

) E20
for Re(Zse %05) < 0. (E20)

—1Zs|v?,

That is, all the heavy scalar squared-masses can be written
in terms of a single large squared-mass parameter A” as
follows:

m2 = A2, (E21)

m3 = A? + &|Zs|v?, (E22)

2 —1\2—12—|Z|2 E23
my. = 5[ 4 — elZs| ], (E23)

where ¢ is defined in Eq. (E16).

Corrections proportional to Zg enter at second-order in
perturbation theory and contribute terms that are paramet-
rically smaller than the results displayed in Eqgs. (E18) and
(E19). In particular,
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|Z6|2v4
-5
The invariant neutral Higgs mixing angles in the decou-

pling limit can be determined directly from eqgs. (C21) and
(C25) of Ref. [2], which we reproduce below:

m% ~ 7,v? (E24)

2 (Z] U2 - m%)(Zlvz - m%) + |Z6|2U4
13

g g A

2 2 _ (Zlv2 B m%)(’”% B Zlvz) - |Z6|2v4

13512 =
i (o~ i) =

(E26)

These expressions are exact. Assuming that Zs # 0, it then
immediately follows from Egs. (E21)—(E24) that®”:

4
v

2 L2 _

$73 ™~ STh (9<A4)’

since the numerators of Eqs. (E25) and (E26) are of order
v%/A?, whereas the denominators are of order A>v?. Some
care is required to treat the case of Zs = 0 [since in this
case m3 — m3 < O(v*/A?)]. Nevertheless, our original
analysis above confirms that Eq. (E27) still holds. Hence,

in the decoupling limit,*°

(E27)

o2
Iso] ~ [s13] = @< ) cp~ep=l, (E28)

A?

in a convention where h; is defined to be the lightest
neutral Higgs boson.

In the CP-conserving limit, the neutral Higgs masses in
the decoupling limit can be obtained directly from
Egs. (3.16) and (3.17) by assuming that

mfl(, ~7,v? (E29)
m?_lo = m124 + 856|ZSIU2, (E30)

2 2 1 2
w5 (= eslZshvh (E3D)

as one approaches the decoupling limit, in agreement with
Egs. (E18) and (E21)—~(E23). In particular, referring to
Table II, we identify h; = h° and

PIf Zg = 0 then m} = Z,v? is exact, in which case s, =
513, = 0 with no additional corrections. . .
By convention, we take — % T=10p,053< % 7, in which case
Ci12, C13 = 0.
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hy, = H°, hy =A% and Re(Zse %05) = g5 Zs],
(Casel) (E32)
hy, = A°, hy = H°, and Re(Zse 2%3) = —gsc|Zs),
(Case IIa) (E33)
from which it follows that

£ = n’ess. (E34)

In the case of Zs = 0, Eq. (E29) is an exact result. In
addition, Egs. (E30)—(E34) apply with &s4 replaced by &57
and/or esy as appropriate, with the new versions of
Egs. (E32) and (E33) applying in Cases I'a and I'b of
Table VI, respectively.

Finally, we note that in the limit of custodial symmetry,
the 2HDM potential and vacuum are CP-conserving and
Eq. (4.38) is satisfied. That is,

Zy = m*elZsl, (E35)

in the case of a generic scalar potential. Consider first the
case of Zg # 0. Then, using Egs. (E29)—(E31),

1

mi, —mi. = §|Zs|(7728 — €56)V%, (E36)
1

My, — my. = > 1Zs|(n°e + €s6)v°. (E37)

Using Eq. (E34), it follows that m7,. = m3,, as expected.
For Z¢ = 0 and Z; # 0, simply replace &5 with £5; and
the same conclusions follow. In the special case of Zg =
Z7 =0 (and assuming CP-conserving Higgs-fermion
Yukawa interactions), it is also possible to have a
custodial-symmetric ~ scalar  potential with Z, =
—n%e|Zs| [cf. Eq. (4.43) and Sec. IVA3]. Replacing
&5 above with s, it then follows that m3,. = m?,. Of
course, both these Higgs mass degeneracies are enforced
by the custodial symmetry independently of the decou-
pling limit.
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APPENDIX F: DERIVATION OF TREE-LEVEL
UNITARITY LIMITS

The assumption of tree-level unitarity in scattering pro-
cesses implies an upper bound on the magnitudes of the Z;
parameters. This places an upper limit on the masses of the
heavy Higgs states in parameter regimes in which the
decoupling limit does not apply. The implications of uni-
tarity for the 2HDM has been studied in the context of the
scattering of gauge bosons and the physical scalars in
Refs. [38,39]. By placing an upper limit on the amplitude
for a process ¢,¢p — @c¢p, one can quantify the con-
straints from tree-level unitarity as follows:

lgapcnl < 8. (F1)

For tree-level scattering processes, only the quartic
bosonic couplings are relevant, namely W W~ W W,
WW-H H™, (H" e!02)(H" efs)W~-W~ + H.c.,
7°7°7%n,,, G°h,,G~(H"e'%3) + H.c., Z°Z°H*H™, and
Z07°W~ (H™ e?).

The equivalence theorem [40] allows one equate a high
energy scattering amplitude involving gauge bosons to the
analogous amplitude involving Goldstone bosons, up to an
unimportant overall sign, by making the replacements
W* — G* and Z° — G°. Thus, one can translate limits
on the gauge boson/Higgs couplings into limits on the
Goldstone/Higgs couplings. The resulting constraints on
Zi, Z3, Zy + Z4, Re(Zse %93), and Re(Zge 93) can be
read off directly from Egs. (A8), as shown in Table XXIV.

The CP-violating parameters Im(Zse *%3) and
Im(Zge %) appear in a more complicated form in the
quartic  scalar  potential. From the interaction
1Im(g,,nZse *)G°G°G®h,, and Table 1, one can write
Feynman rules for m = 1, 2:

8606060n, = H—s12Im[Zge "] — c1p513Re[ Zge "2 ]},

8v06on, = e Im[Zge 03] — sp5513Re[Zge 2]}, (F2)

after including an overall symmetry factor 3! correspond-
ing to three identical particles at the vertex. Unitarity
requires |ggogogo, | < 87r. It is convenient to combine
the two limits in quadrature to isolate Im(Z4e ™ /%). That
iS, |gG0GOG(’h, |2 + IgG“G“G“hzlz < 647T2, which y1€ldS

TABLE XXIV. Calculation of tree-level unitarity limits on the CP-conserving quartic couplings. Combinatorial factors are included

to take into account identical particles.

Relevant term in the scalar potential Amplitude Resulting unitarity bound
1Z2,G*GG*G =Gz x4 1Z)| < 4m
3Z;G°G°HH~ =27y x2 |Z5] < 87

(Z3 + 24)GYG H H™ =2y + Z4) |Zy + Z4| <87

1Zse M5 (H" ¢¥2)(H" ¢'3)G~ G~ + H.c.
Zee GGG (H™ e'%3) + Hoc.

o= Re(Zse2i0) X 4
ﬁ Re(26€_i923) X 4

|Re(Zse 2s)| <27
|Re(Zge 05)| <21
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64772

[Im(Z6e_i923):|2 + S%3 [Re(Z6e_i‘923 )]2 < T . (F3)

Since 53;[Re(Zge~3)]? is real and non-negative, it must
be true that [Im(Zge %3)| < 87/3.

Similarly, one can use the term 1iG°h,{G~ H" e X
(95274 — quaZse 21%3] + H.c.} with m = 1, 2 to derive

- _ _ —2i0
8GG(H* et3)h, = —C12513Z4 s12 Im(Zse™ %)

— c1p513 Re(Zse 2%2),

— —2i6
gGUGf(H+e"023)h2 = _512S13Z4 + Cip Im(Z5e ! 23)

— 512813 Re(Zse %), (F4)
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Adding the contributions of the two couplings above in
quadrature and applying the unitarity bound yields after
some simplification:

%[ Zy + Re(Zse 202) P + [Im(Zse 205) P <6472 (F5)

In particular, one must satisfy |[Im(Zse~%s)| < 87r.
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