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Abstract

In these notes, we express the quantum Hamiltonian of a free Majorana fermion field
in 3+1 spacetime dimensions as a sum over Fourier modes. The full details of the calcu-
lation are provided. The computation is presented first using the four-component spinor
formalism. The computation is then repeated using the two-component spinor formalism.

1 The Hamiltonian derived using four-component spinors

In four-component spinor notation, the Lagrangian density for a free Majorana field is given by

where Uy, = U§, = C@L and C'is the charge conjugation matrix.! The Majorana field ¥y (z)
and its Dirac conjugate field W, (x) satisfy the free-field Dirac equation and its conjugate,

(IO — m)Upr(a) =0, Tys(2)(in" 0y +m) = 0. (2)

To obtain the Hamiltonian, we first compute

0Z

Iy = ——
M 900V )

= 510" (3)
Then, the Hamiltonian density is given by
A =Ty0oVy — L = 310y 00V — 310y 0, Wps + 2mW Uy
= 207 VU + imT Ty, . (4)
Finally, the Hamiltonian of the free Majorana field is given by

"= % / [Ty ()75 Vg () + m Ty (2) Uy ()] (5)

'For example, C' = i7%9? is the charge in the chiral representation of the gamma matrices (where 75 is
diagonal). However, all computations in these notes are independent of the representation chosen for the gamma
matrices and the spinor wave functions.



Next, we expand the Majorana field in Fourier modes which involve the creation and anni-
hilation operators,

d3_’ ~ = —ip-x = — ip-x
Z/ om) 3/2 2E 1/2 [u(p, ANa(p, e """ + v(p, )‘>aT(p7 Ae’? } ) (6)
where p = (Ep ; p) with B, = (|p]* + m2)1/2 and the sum over helicities runs over A = —3, L.

Under the assumption that Wy, (z) satisfies the free field equations [eq. (2)], the spinor wave
functions u(p, ) and v(p, \) satisfy the momentum space Dirac equations,

( —m)u(®,s) = (p+m)v(p,s) =0, (7)
u(P,s) (p—m) =0(P,s) (p+m) =0, (8)

Using the fact that a Majorana fermion field satisfies Wy, = C@L, eq. (6) implies that the u
and v spinor wave functions are related as follows:?

o
o(

The creation and annihilation operators af and a satisfy anticommutation relations:
{a(@,)),a' (B, N)} = 8°(F — B)owv (11)

with all other anticommutation relations vanishing. We have employed covariant normalization
of the one-particle states given by

s) = Cu(p,s)" . u(p, s) = Cu(p,s)" (9)

P, P,
p,s) = —u(p,s) C7, u(p, s) = —v(p,s) C. (10)

5, A) = (21)°2(2E,)'?a’ (p, 1)|0) . (12)
Using eq. (6),
d3 —g . .
Z/ 2r (2,1 [@(B, \al (B, \)e™* +3(P, Na(@, Ne ], (13)
and
pds_‘ — — —ip-x g T(= ip-x
—'LV\DM Z 271‘ 3/2 2E 1/2 [u(pa )‘)a(p> )\)6 - U(pa )\)CL (pa )‘)6 } : (14)

2Since a theory of a Dirac fermion is equivalent to a theory of two mass-degenerate Majorana fermions, egs. (9)
and (10) also are valid for the u and v spinor wave functions employed in the Fourier mode decomposition of a
Dirac fermion.



Inserting egs. (6), (13), and (14) into eq. (5), we obtain

/ [T ()5 U () + mT gy (2) U ()]

/d3 / d3 —/
Qﬂ- 3 1/2(2Ep/)1/2

><Z{ﬂ(ﬁ,A)(i-ﬁ’er)u(ﬁ’,X)aT(ﬁ,A)( N el Br Bt o—ip-p") 3
AN

— 7 —

TP, N) (757 + m) u(@’, N)a(@, \a(p’, N )e " FrtFp )t (iF+P")-2
~U(, \) (§-5" — m) v(@’, X)a' (B, Nal (57, N)e 7+ Ep)t ¢~/ PHP7) -2

BF N (55— m) o(@ N)a(@, Nal (7, X)e BBt i ’} (15)

We can now integrate over & using

1 D
g | 2T =TG-, 10

and then use the delta function to integrate over p’. This procedure yields

/dsx[i@M(x)ﬁ/'-%\PM(x) + mWp(2) W (2)]

- [52 * Z{u(ﬁ, N (7B + m) (B, N)a' (5, N)a(B, N)
5B, \) (-5 — m) (=5, N)al(F, Ja(—p, N e~ 55
+ﬂ(ﬁ> )‘) (’75_‘_ m) 'U(_ﬁ> )‘,)aT(ﬁ )‘) ( pa N ) 2t

S NGB — m) o(F, N)a(F Na (7, A')}. an)

Next, we make use of the momentum space Dirac equations [egs. (7) and (8)], which can be
rewritten as

P—m)v(P N) =1"Ev(B.\N).  (18)
PN (Y5 —m) = E;o(F. A" (19)

A

(¥-P+m) u(@. N) =1"Egu(p,\), (

w(P, ) (Y-P +m) = Egu(p. A’ (

S

It then follows that



5E ) (55 = m) u(=FN) = 0@ N) (F-5 = m)]ulF ) + FEN (55— m)u(~F, X))
= 15PN [E57° — 1 Eglu(—p,\) =0 (20)
W) (37 + m) o= ) = [0 N) (75 -+ m) o (=5 N) + 5 ) (75 + m) (=5 X))
= 5u(P, \) [Egy” — 1’ Eg|v(—P, X) = 0 (21)
Inserting the results of eqs. (18)~(21) back into eq. (17) yields

—. / iy u(ﬁ,Awou(m')aT(ﬁ,A)a(m')—v(ﬁ,A)v%(ﬁ,X>a<w>a*<ﬁ,X>}. (22)

To evaluate the remaining spinor products, we make use of the Bouchiat-Michel formulae
given in egs. (E.194) and (E.195) of Ref. 1 and convert the corresponding expressions into traces,

a(p, \) Tu(@, N) = 5 Tr [D(0aw + 757,50 +m)] (23)
U(F,A) T (P, N) = 3 Tr [D(0xa +757,75) (0 —m)] (24)

where I' is any product of gamma matrices and
Sy = ST (25)

with an implied sum over the repeated index a € {1,2,3}. In eq. (25), the 7* are the Pauli
matrices and the spin vectors S satisfy p-S® = 0 [for further details, see Section E.4 of Ref. 1].
We now can evaluate the following expressions:

a(P, )Y u(@, N) = 5 Tr [Y2 (G + 757,800 (b +m)] = 2Bz, (26)
B(P, )y (B, N) = 5 Tr [7° (0w + 957,200 (B — m)] = 2E50x» . (27)

Note that these results have been obtained without specifying any particular representations for
the gamma functions and spinor wave functions. Inserting the above results into eq. (22) yields

"= % / B [T ar(2)F-F Vg () + B gy (2) U ()]

53 [ P Esla B Na(BN) - alF el (5] (2%)
A

after using the d,y factors to perform the sum over \'. Finally, we redefine the Hamiltonian to
be the normal ordering of the above expression to eliminate the infinite zero point energy. In
light of eq. (11),

ra(p, \)a' (B, A): = —al (B, N)a(P, N) . (29)
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Hence, we end up with

H=Y" [ @5 Eal (. Na(F.).

A
as expected.

Added note:

(30)

Suppose we had not made use of the trick employed in eqgs. (20) and (21) to prove that the
corresponding spinor products vanished. Instead, we might have used the results of eq. (18)

alone to obtain
U(,N) (Y-8 — m) u(—p, N) = —Ez0(P, )y u(—p. ),
(PN (F-5+ m) o(~F, X) = — Bza(B, Ny "o(~F. X)
Of course, we could have also have used the results of eq. (1
BB, (55— m) u(=F, N) = Eyo(B, Ny (=5, X).
W5, N) (55 + m) v(~F.N) = Eu(@ A o(~5,X)
Combining these two results then implies that
U(P. ) (Y+P — m) u(—p. N) =0,

a(P,\) (3P +m) v(—p,\) = 0.

9) alone to obtain

However, we can actually prove the stronger result,
U(P, A "u(=P, X) = (P, A v(=p.N) =0,
as follows. Using eqs. (E.203) and (E.204) of Ref. 1,
(. \) T o(=p, ) = —iX Tr [Ty57 (G + 757, 780) (0 + m)]
BB, A) T u(—p, N) = iN Tr [Ty7° (a4 757,5%00) (6 — m)] -
We now evaluate the following expressions:
OB, MY u(=p, N') = X Tr [17757° (Oxn + 757,%000) (B — m)]
= —iN Tr [v, L0, — m)| = —4iNp,.7, =0,
(P, AV o(—P, N) = —iX Tr [177:7°(6an + 757,700 ) (P + m)]
=i Tr [v, 0, (p+m)] = 4iXNp,7%, =0,

after using p,.7%\ = (p-S*)75y, = 0, which confirms the result of eq. (37).

bt

(40)



2 The Hamiltonian derived using two-component spinors

We can repeat the computation of Section 1 using two-component spinor formalism. Note that
the four-component Majorana fermion field can be written in following form,

€a(2)
Uy(z) = <£m(x>> . (41)

This form ensures that U, = CWL in the chiral representation of the gamma matrices (cf. foot-
note 1). Moreover, the four-component spinor wave functions u and v can be expressed in terms
of corresponding two-component spinor wave functions x and y as shown in Ref. 1,

u(B, ) = (Ia( f)> , T(B,5) = (4 (B.5), o (F5)) (42)

)
(7 5) = (%3) LR = @), ). (1)

However the calculations of this section will not make any reference to egs. (41)—(43).
We begin with the Lagrangian density for a two-component fermion field &, (x),

&L =il 79,6 — gm(E+€¢N), (44)
where 7 = (Ipg; —6) and £15#0,¢ = £15#4°9,£,. We also define

€6 = €96, = e*PEge, glet = gletd = e 6 Pete (45)

where the nonzero components of the epsilon symbols are ¢'? = —€*! = €5 = —¢j5 = 1. The

two-component fermion fields &(x) and £7(x) satisfy the field equations,

i 0, 5(x) = mET () . (46)
Then, o
H—a(aog)—zgao, (47)

and the Hamiltonian density is given by
H =10¢ — & = i€ — i€ 59,6 + ym(e€ + €' ¢l
= ilG- Ve + ym(gs +€'¢). (48)
The Hamiltonian is given by

1 = [ @ {i€ (@) Ve(a) + mle()sto) + € @) '@} (49)
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Next, we expand the two-component fermion field in Fourier modes which involve the creation
and annihilation operators,

z) = Z/ (27T)3/;l(2pEp)1/2 [xa(ﬁv Na(@, Ne™ " + yo (B, \)a' (P, A)eip.x} 5 (50)

- Z/ (Qﬂ)g/g(gE )72 [fiu(ﬁa Na'(§, \)e™ " + yL (B, Na(P, )\)e_ip'x} ; (51)
X P

where p" = (E, ; p) with (|13‘|2 +m ) 1/2 , and the sum over helicities runs over A = —%, %

Under the assumption that the fields £ and ST satisfy the field equations [eq. (46)], the z and y
spinors satisfy the momentum space Dirac equations:

(p-7) P ag=my™ (p-0)asy™ = ma, (52)
(po’)aﬁljﬁ = —MYa (pa)aﬁyﬁ = _mde ) (53)
2%(p-0)s = —myl, . yh(p-7) = —ma® (54)
(p 7)% =my? | Y (p0)ys = mx; ) (55)
Taking the derivative of eq. (50) yields
iVEa( Z D s [ ralB (B e 975 4y, (5 N (5 N)e 7]
[0 27T 3/2 2E 1/2 (0% ) ) ya Y ) *
(56)
Inserting egs. (50) and (56) into eq. (49), we obtain
3. fict v () £1( 3 P dp’
[ @i @5 Feto) + o) + € @ €} = [ [ S PTE
X Z{ [3m(y(B. Nz (B, X) + 2" (B Ny (B X)) — 2 (5, V)& 5" 2(p", N)]
AN
xaT(",)\) (P >\) (B =Bt —i(p—p")-&
+gm(z(@, Nz, N) + +y" BNy (87, X)) =y (B, NGB 2(B7. N)]
Xa(_', >\) (—»/ )\) i(Ep +E../) ei(ﬁ+ﬁ’)-:ﬁ
+gm(y(@ Ny N) + 2" (B N2 (57, X)) + 2" (B N5 y (57, X)a' (5. N)]
sal (§, N )& Bo Bt o=ip )&
+am (@B Ny(@", X) + ' (B, ) (57, X)) + 4" (B, NG5y (", V)]
xa(f, Na'(p7, X)e P Fat) !0 (57)



Integrating over & using eq. (16) and making use of the delta function to integrate over p” yields

/d?’z {igt ()& V() + ImlE(x)é(z) + & () ()]} :/;Zfﬁz

p AN

+gm(z(B, Na(=B,X) + y' (B, Ny (=B, X)) +y'(B. NG -Ba(—p, )] a(B, Na(—p, N)e "7

(
[ (y(BNy(—FN) + 21 (B Vel (~5, X)) — o} (5. )& -Fy(—F. N)]al (B, Nal (—F. N)e? s
(

+am (e ENFN) + o/ N F) 5 FNGFUFN | E NG 69
We now use the momentum space Dirac equations [egs. (52)—(55)], which can be rewritten as
(&-5)* g = my' — Ep(aa)" (& Basy” = Bpl0%y")o = mae . (59)
(65) " = B0 ) + mya (&-5)"Pys = ~Ep(a’y)* —ma* . (60)
(6P op = Bpl(2a®)s +my) yi(&-P) = —Ep(y'a°)’ —ma® ,  (61)
z5(6-P)" = —EBp(«'7")’ +my” Y (6-P)os = Eplyo)y —mal, . (62)

We can make use of egs. (59)—(62) to simplify the expressions in eq. (58) as follows:

3m(y(B Nz, N) + 2" (B Ny (57, ) — 2" (B NG -pa(pN)

= o) — o1 () ) + 15 o (57 ) — a5 )

= Egx' (P, \)az(p, X') (63)
gm (2B, Ny(B,X) +y' (BN (5. V) +y' (6, N & By(5, X))

= %{m[ﬂf(ﬁ, N) +y' (7, 0)Fply(B.N) +y' (B, A) [ma! (B N) + &5y (P N))] }

= —Ezy' (P, \)e%y (P, N) (64)
s (z(@ N (=B ) + ¥ (B, Ny (=, X)) +y' (B NG -pa(—p. )]

= %{m[m(ﬁ, N + ' (BN G pla(—F, X) + ¥ (B N) [yt (=5, V) + & -Fa(—p, \)] } =0,

(65)



Hence, eq. (58) reduces to

. / 3 [ (B, N7z (B, N)al (B, Na(B, N) — y' (B, Ne"y(B, N)a(@, Nal (5. V)] . (67)

To evaluate the remaining spinor products, we make use of the Bouchiat-Michel formulae
given in eqs. (E.133) and (E.138) of Ref. 1 and convert the corresponding expressions into traces,
2l (P, VT 25(P, X)) = LTr [D(p-odan — ma, )] (68)

Y (B, ND¥Py(5, ) = ITr [T (p-obyn +mou)] (69)

where I is any product of sigma matrices and .#}}, is defined in eq. (25). Using I' = 3 in the
above formulae, it follows that

(P, Nz (P, N) = Tr[6° (p-odaw — mo, )]

yT(ﬁ, Ny (p, \) = Tr [EO (p-aé,\x + mauyf/\,)} )
Employing Tr(c#c") = 2¢" and p,.%1\ = (p-S*) 13y, = 0, it follows that

xT (ﬁ> )‘)on(ﬁa )‘/) = yT (ﬁ> )‘)Eoy(ﬁ )\/) = 2Eﬁ5>\)\’ . (70)
Inserting this result back into eq. (67), we finally obtain

H = /d?’x{iﬁ(x)ﬁﬁi(@ +gmlé(@)€(x) + €M (2) € (2)]}

= 237 [ Bofol 5 Na(5 ) — a5V o

after using the &,y factors to perform the sum over ).
Finally, we redefine the Hamiltonian to be the normal ordering of the above expression to
eliminate the infinite zero point energy. Using eq. (29), we end up with

H=Y [ ¢ Esdl B N)aBN) . (72)

thereby reproducing the result obtained in eq. (30) using the four-component spinor formalism.
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