What is the group of conjugate symplectic matrices?
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Abstract

The group of complex symplectic matrices, Sp(n,C) is defined as the set of 2n x 2n
complex matrices, {M € GL(2n,C)|MTJM = J}, where J = (_(%n ), and I, is the
n X n identity matrix. If the transpose is replaced by hermitian conjugate, then one obtains
the group of conjugate symplectic matrices, {M € GL(2n,C)|MTJM = J}. In these
notes, we demonstrate that the group of conjugate symplectic matrices is isomorphic to
U(n,n) = {M € GL(2n,C) | M1, n, M = I, ,}, where I, = ("¢ _{ ).

The group of complex symplectic matrices, Sp(n,C) is defined as the set of 2n x 2n complex
matrices,!

Sp(n,C) = {M € GL(2n,C) | MTJM = J}, (1)

where the matrix J is defined in block form by,

=(51 %) )

with 0 denoting the n X n zero matrix and I,, the n x n identity matrix. Sp(n,C) is a complex
simple Lie group. Moreover, the determinant of any complex symplectic matrix is 1.2

If the transpose is replaced by hermitian conjugate in eq. (1), then one obtains the group of
conjugate symplectic matrices,

G={M e GL(2n,C) | M'JM = J}, (3)

following the terminology or Refs. [1,2]. Indeed, the group of conjugate symplectic matrices is
a Lie group that is neither semi-simple nor complex. First, note that taking the determinant of
the condition MTJM = J implies that det M is a complex phase of unit magnitude. This group
of phases constitutes a normal U(1) subgroup of G, which implies that G is not semi-simple.
Second, G not a complex Lie group since it is defined by a condition, MTJM = J, that is not
holomorphic. Nevertheless, it should be possible to identify this group as being isomorphic to
one of the real forms of GL(2n,C). In these notes, I shall identify the real Lie group in question.

!The reader should be aware that in the literature, the group defined by eq. (1) is often denoted by Sp(2n,C).

2Taking the determinant of the defining relation MTJM = J yields det M = 41. However, since all elements
of Sp(n,C) are connected to the identity, it follows that det M = 1. Another proof of this fact, which employs the
properties of the pfaffian, is provided in Ref. [3].



We begin by diagonalizing the matrix J defined in eq. (2),

1(L, —iL\ (0 L\(L L\ (L 0 n
o\r, i1,/ \-1, o) \ir, —i,) " "\o -1,)"

It is convenient to introduce the notation for the (p + ¢q) x (p + ¢) diagonal matrix,

I =diag(l,1,...,1,-1,-1,...,—1). (5)

Vo
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I, = (Ig _(in) . (6)

Employing the unitary 2n x 2n matrix,

1 (L, I,
u ﬁ(ﬂn —iIn)’ @)

UJU =il,, . (8)
We now introduce the matrix N defined by

In particular, note that

allows us to rewrite eq. (4) as

N=UMU, 9)

where M is a conjugate symplectic matrix defined in eq. (3). Using eq. (8) and the fact that U
is unitary, it follows that the condition MTJM = J yields,

N'L,,N =1I,,. (10)
We now recognize the Lie group [4],
U(p,q) = {V € GL(n,C) | V'L,V = 1,,}, where p+q=n. (11)

Note that the Lie groups U(p,n —p) are real forms® of the complex Lie group GL(n, C). In light
of eq. (10), it follows that N € U(n,n).

Thus, eq. (9) establishes a bijective map from the group of conjugate symplectic matrices to
the Lie group U(n, n) that takes M —— N, which implies that the following is an isomorphism,

U(n,n) = {M € GL(2n,C) | MTJM = J}. (12)

3That is, the complexification of U(p,n — p), for any value of p = 0,1,2,...,n, yields the complex Lie group
GL(n,C).
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