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‘ Two-component spinors |

First, recall that 4-vectors transform under Lorentz

transformations, A*,, as p’#* = A*_p", where
A = exp (—i§-§— z‘f’-lZ) |

where { = 9 tanh ™' 3 and 3 = |&]/c. Under the same

Lorentz transformations, a generic field transforms as:
O'(2") = Mr(A)®(2),

where Mp = exp (—zgf—zfﬁ) are N x N
representation matrices of the Lorentz group. If we

define J = %(f—l— iK) and J_ = §(f— iK), then

L, JL) =it gL, (T4, J5]=0.

Thus, the representations are characterized by (j1, j2),

where the j; are half-integers. (0,0) is a scalar and
(32

representations (%,0) and (0,1).

) is a four-vector. Of interest to us are the spinor



but also M* = io?[M~1]T(ic?)~?
since (i0?)&(i02) "t = —¢* = —&"

Transformation laws of 2-component fields

f:x — MOAB 557
g =M N>,
€% =[(MYHe,e°,

& = [M*:7¢,.
Consequently, one uses ic? = (_} () = e* = i3
and (i0?)™" = —ic® = eap = €45 to raise and

lower spinor indices: &% = e*° £3; £ = €40 EB, etc.
Dotted and undotted indices are related by hermitian

conjugation: &5 = (€.)7.



Finally, we introduce the o-matrices:

0= (125 5), 7" = (Iy; -&),

where [5 is the 2 x 2 identity matrix. The spinor index

structure derives from the relations:
MGEM = AP 57, M loH(MYH)T = A, 0",

For example, (MT)O"BEB'VM,Y‘S = A*,57%.  Note
that matrices and their inverses have the same index

structure. Some useful identities:

UZ@ :eage(wﬁ“’ﬁﬁ, E“do‘:eo‘ﬁedﬁagﬁ-.

The utility of o* is that Lorentz 4-vectors can be built

from spinor bilinears:

¥ (@)ot € (@) = (@) M o (M), 8 ()

= A, ()0 57 (x).



By now, you may have noticed that the spinor indices
can be suppressed as long as one adopts a summation
convention where we contract indices as follows:

&

(8%
o and &

For example,

En = £"na,
éﬁ = go'cﬁda
E'n = €45

fol'n =¢° aaﬁn

Note that for anticommuting spinors, e.g.,
N =n"8a = —&an” =+ . = &n.

It is also useful to note the behavior of spinor
products under hermitian conjugation:

)t =08, (En)T =€,

where in each case X stands for any sequence of
alternating o and o matrices, and X, is obtained from

Y. by reversing the order of all of the 0 and @ matrices.



From the sigma matrices, one can construct the

antisymmetrized products:

We may write the (3,0) and (0,%) transformation

matrices, respectively, as:

M = exp (—%9’“’0,“,) :

(M_l)Jr — exp (—%9’”5“,/) :

where 0#¥ is antisymmetric, with 87 = €“*g% and
60 = (*. Consider a pure boost of an on-shell spinor

from its rest frame to the frame where p* = (E,, p),
with E, = (|p]? +m?)!/2. Setting 0% = 0,

M:exp(_%goa): p_o-:Ep+m—U°p’
m \/Qm(Ep+m)

_ - /pc Ep,+m+&-p
M 1T:e —|-l .6" — p—az L .
( ) Xp( 18 ) ™ \/Qm(Ep+m)




Useful identities and Fierz relations

cape’’ = —6155 4+ 506),  eape = —516% + 5aag,
p=BB _ o5BsB

T 0a0 = 20,0, ,

O-Zao-uﬁﬁ = 260‘660}37 E,U/OZOZEEB — 2€OZB€OZB’
[0 + 05" = 2¢" 5",

[c"c” + 3 c"]” 5:29/“/56’

oo’ = g™ o’ — g"a” + ¢"Pc" + i e,

al'c’a’ = ¢""F" — ¢"'7" + g""'F" — 1", .

Computations of cross sections and decay rates generally require

traces of alternating products of o and & matrices:

Tr[o"c"] = Tr[c"c”] = 2¢"",
Tr[o"c"0"c"] = 2(g"" 9" — g""'g"™" + g""g"" + i)
Tr[c" 0”5 0" = 2 (""" — g""g"" + g""g"" — """ .

Traces involving an odd number of o and & matrices cannot arise,

since there is no way to connect the spinor indices consistently.



We shall deal with both commuting and anticommuting spinors,
which we shall denote generically by z;. Then, the following

identities hold

2129 = —(—1)Az2z1

217, = —(—=1)" 27

210 zy = (—1)‘4226“21
210" 29 = —(—1)A220'V5'u21
2510 2 = —(—1)* 25" 0"z

oy A o u_
2107070 20 = (—1)" 290"5 0"z,

where
(—1) A +1, commuting spinors,
—1)" =

—1, anticommuting spinors.

Finally, the Fierz identities are given by:

(z122)(2324) = —(2123)(2422) — (2124)(2223) ,

(2122)(23%4) = —(2123)(24%2) — (2124)(22%3) ,
(210"22) (250 ,24) = —2(2124)(2223) ,
(210" 22) (230 ,24) =  2(2123)(2422) ,

(zla“ZQ)(zgauZl) = 2(2123)(2452) .



‘ Properties of fermion fields |

The (1,0) spinor field &,(z) describes a neutral

fermion. The free-field Lagrangian is:

— ifo"0,6 — Lm(¢ + €5).

On-shell, ¢ satisfies the free-field Dirac equation,
iE“dﬁaufﬁ = m&. The solution is:

435 ) o
Z/ 2m)3/2(2E,)1/2 Za(P, s)a(P, s)e” P

+ya(P, s)a’ (B, s)e™ ]

and &, = (&,)T. The two-component fermion wave
functions, x and y are commuting spinors that satisfy
the momentum-space Dirac equation:

L3 = my Y (p O-)aﬁgﬁ — MTq ,

&

(p-0),52" = —Mmya (p-0)*yg = —mz
5



The spin or helicity is labeled by s = j:%. For spin,

we quantize in the rest frame along a fixed axis § =

A

(sinfcos¢, sinfsin¢, cosf). Eigenstates of %&’- S

are denoted by Y, i.e., 2G-8 x, = sX.,. Explicitly,

2
0 i s 0
X COS§ X —e sm§
X1/2(3) = . 0| X—1/2(3) = 0
e“bsin§ COS§

Introduce the spin 4-vector for massive fermions. For
fixed-axis spin states, S* = (0; §) in the rest frame,

boosting to the frame where p = (E,; P),

m m(E + m)

Helicity states are defined to be eigenstates of %6"-13,
i.e., 2G-P X = Ax» (A = =£21). The explicit forms for
X are the same as above, with 6 and ¢ the polar and
azimuthal angles of p. The spin 4-vector is defined by
taking § = p. Thus, S* = L (|p]; EP). In the high
energy limit, S* = p#*/m + O(m/FE).



Explicit construction of the z and y wave functions

The Dirac equation implies that in the rest frame
r1 =7 and 5 = §°. Thatis, 2,(p=0) = 7*(p = 0)

. . . 1
are linear combinations of the x, (s = £3).

Choose z,(p = 0,5) = 74P = 0,5) = /mxs.
Boosting to an arbitrary frame yields:

To(D,S) = /D0 Xs Ya(D,S) = 25/D-0 X_s

TP, 8) = —25\/DTX_s,  TUD:S) = /DT Xs-

~»

For helicity spinors, replace s with A. For massless
fermions, we must use helicity spinors. Putting £ = |p]

and m = 0,

For a given A, only one helicity component of x and y

Survives.



Projection operators

xa(ﬁa S)jﬁ(ﬁa S) — %(pu — QSmSu)Ugﬁ' )

7" (B, s)y" (P, s) = L(p" + 2smS")7,"
za(B,5)y’ (B, 5) = 3 (mda” — 2s[S-0p-5].") |
7% (P, $)Ts(P,s) = 5 (médﬁ- -+ QS[S-Ep-O']dB) :
For massless spinors, the helicity projection operators are:
20 (B, Na5(B, \) = (& — Np-os.
7B MY (B, N) = 5+ Xp-7,
2o (B, N)y” (B, ) =0,
7" (B, N)T4(5,A) = 0.
Summing over s (or A) yields:

Z xa(ﬁa S)fﬁ(ﬁa S) — p'aaﬁ' )
S

> 5P, )y’ (B, s) =p7”,

> " za(P, 8)y” (B, s) = md.”
S

> 9N (B, 9)T5(B, s) = mé” .



‘ Fermion mass diagonalization |

The Lagrangian of a collection of free anti-commuting spin-1/2

“interaction-eigenstate” fields ém(ac) labeled by flavor index :
L = igiguauéi — %Mwézéj — %szglgj ;

where M,; = (M")* is a complex symmetric matrix. We shall
rewrite this in terms of mass-eigenstate fields £(z) = Q¢ (z),

where €2 is unitary and chosen such that
Q"M Q = m = diag(mi, ma, . ..).

The Takagi factorization of linear algebra states that for an
arbitrary complex symmetric matrix M, one can always find such
a (complex) unitary matrix 2. To compute the values of the

diagonal elements of m, one may simply note that
Q'MMTQ* = m”.

M M is hermitian, and thus it can be diagonalized by a unitary
matrix. Thus, the m; of the Takagi factorization are the non-

negative square-roots of the eigenvalues of MMT

In terms of the mass eigenstates,

L = i€T"9,6 — tmi(&i& + EE).



The Dirac fermion

A charged fermion has twice the number of degrees of freedom
as the neutral fermion. If x and n are oppositely charged and
degenerate in mass, then the corresponding free-field Lagrangian
IS:

Z = ixX0" Oux + ifo" Oun — m(xn + X7) -
Together, x and 77 constitute a single Dirac fermion. The
corresponding mass matrix is ( 0 ). One could diagonalize this
a la Takagi, although the corresponding mass eigenstates would

not be eigenstates of charge.

The solutions to the corresponding Dirac field equations are:

- & o
Xa(z) = 23:/ (27)3/2(2E,) 1/ [wa(pa s)a(p, s)e

—ip-x

+ya (B, )b (F, 5)e™ ]
3 =

d — — —1ip-x
7704(33) — Z/ (27T)3/2(§Ep)1/2 [xa(pa S)b(p, 8)6

+ya(B, s)a' (B, 5)e” 7| |




More generally, for a collection of interaction-eigenstate charged

fermion pairs Xai(x), 7. (x), the free-field Lagrangian is:
£ = iR 'T 0% + 107" 00 — MR — MR,

where M"; is an arbitrary complex matrix, and M, = (M";)*.
We diagonalize the mass matrix by introducing mass-eigenstates
x(z) = L 'x(x) and n(z) = R 'H(x) where L and R are

unitary matrices that are chosen such that:
T :
L MR = m = diag(my, ma,...),

with the m; real and non-negative. This is the singular-value
decomposition of linear algebra, which states that for any complex

matrix M, the unitary matrices L and R above exist. Due to
L"(MMYL* = RI(M'M)R = m?*,

the m; are the non-negative square roots of the eigenvalues of

M M (or equivalently, MTM). In terms of the mass eigenstates,

-

L = ix'"0uxi + 110" 0un’ — mi(xin' + X i) -

The mass matrix now consists of 2 X 2 blocks (73% ”3@) along

the diagonal.



‘ Feynman rules for 2-component fermions |

The rules for assigning two-component external state spinors are

then as follows.

e For an initial-state left-handed (3, 0) fermion: x.
e For an initial-state right-handed (0, 3) fermion: 7.
e For a final-state left-handed (£, 0) fermion: Z.

e For a final-state right-handed (0, 3) fermion: y.

Note that, in general, the two-component external state
fermion wave functions are distinguished by their Lorentz
group transformation properties, rather than by their particle
or antiparticle status as in four-component Feynman rules.

These rules are summarized in the mnemonic diagram below:

L (3,0) fermion

8l

xr

Initial State Final State

Y
R (0,1) fermion



(0] Téa(2)E3(y) 10) pp =
(0] TE(2)€" (1) |0) pr =
(0] TEX (2)€4(y) 10) pp =

(0] Téa(x)E” (y) |0)pp =

Propagators

> alP8)5(8.9)

p* — m2 + 1€

p? — mz + e Z (B, 9)y" (B )
p2 — m2 + 1€ Z y (p’s)xﬁ(pa S)
p? — m2 + i€ Z zo(B, 5)y" (B, 5)

where FT indicates the Fourier transform from position to

momentum space. These results have an obvious diagrammatic

representation:

© s

o

’ip-O'aﬁ'

m

o

" 5@

p

2

— m?

p

p
—

(b) I6; «Q
ap

p-o

d) =2

6] Q

m
5.°

Arrows on fermion lines always run away from dotted indices at a

vertex and toward undotted indices at a vertex.



The arrow-preserving propagators can be described by one
diagram:
5 a p2 —m2 — p2— m2

Here the choice of the o or the & version of the rule is uniquely
determined by the height of the indices on the vertex to which

the propagator is connected.

For the case of charged fermions, we write down the rules for

propagators involving the charged pair x and n:

p p
X 5 g aX n 5 g a n
ip-aaﬁ- —z'p-EBO‘ z’p-aaﬁ- —z'p-EBO‘
or or
p2 — m?2 p2 — m?2 p2 —m2 — p2— m?2
Q Jé; o 6]
m - m
5° 5o



Fermion—scalar interactions

The most general set of interactions with the scalars of the theory

qASI are then given by:
~Iik 7 7 7 ~ AT NG Nk
e e A T e

where Yix = (Y1*)* and ¢' = (p;)*. The flavor index I
runs over a collection of real scalar fields ¢; and pairs of complex
scalar fields ®; and &/ = (P,)* [where a complex field and its
conjugate are counted separately]. The Yukawa couplings y Lik

are symmetric under interchange of 3 and k.

The mass-eigenstate basis 1) is related to the interaction-

eigenstate basis ’(,B by a unitary rotation:

<,
]
A

Q 0 0
=Uy=|0 L O
O 0 R

S
I X M

where €2, L, and R are constructed as described previously.
Likewise for the scalars: cﬁ = V¢. Thus, in terms of mass-

eigenstate fields:
Ijk I 757k
Ly = —3Y " Prpibe — Y Yl

where Y17k = v, Iy, iy, Fy bme,



Fermion—gauge boson interactions

In the gauge-interaction basis for the left-handed two-component

fermions the corresponding interaction Lagrangian is given by
o%nt — _gaAZ@BZEu(Ta)iJ@Bj )

where the index a labels the (real or complex) vector bosons A”
and is summed over. If the gauge symmetry is unbroken, then
the index a runs over the adjoint representation of the gauge
group, and the (T'*);’ are hermitian representation matrices* of
the gauge group acting on the left-handed fermions. There is a
separate coupling g, for each simple group or U(1) factor of the

gauge group G.

In the case of spontaneously broken gauge theories, one must
diagonalize the vector boson squared mass matrix. The above
form still applies where AZ are gauge boson fields of definite
mass, although in this case for a fixed value of a, g,T" is some
linear combination of the original g, T“ of the unbroken theory.
Henceforth, we assume that that the AZ are the gauge boson

mass-eigenstate fields.

*For a U(1) gauge group, the T are replaced by real numbers
corresponding to the U(1) charges of the left-handed (%, 0) fermions.



In terms of mass-eigenstate fermion fields,
o%nt — —AZQ& E,u(Ga)ijwja
where G* = g, UTU (no sum over a).

The above is general. However, it is useful to consider separately
the case of gauge interactions of charged Dirac fermions. Consider
pairs of left-handed (%, 0) interaction-eigenstate fermions x; and
/' that transform as conjugate representations of the gauge
group (hence the difference in the flavor index heights). The
Lagrangian for the gauge interactions of Dirac fermions can be

written in the form:
o%nt — _gaAZ;(ZE,u(Ta)ijf(j + gaAgﬁiE,u(Ta)jzﬁj ’

where the AZ are gauge boson mass-eigenstate fields. Here we
have used the fact that if (T%);/ are the representation matrices
for the x;, then the 7); transform in the complex conjugate
representation with generator matrices —(T*)* = —(T*)’. In

terms of mass-eigenstate fermion fields,
L = —AX " Tu(GL) x5 + AL Tu(GR)'

where G4 = g,L'"T*L and G4, = g,R'T*R (no sum over a).



Feynman rules for fermion interactions

J,
F - —iYIjchaﬁ or — iYIjk(S/ja
k, B
J, &
k, B
Fermion—scalar interactions
1, X
—i(G*);’ Eiﬁ or  i(G") o4
a, b
J, B
—i(G1)7 707 or  ig(GY)i opupa
CL, ,LL B
Xj
& M
i(Gh) o0 or  —ig(Gh); oupa
“Hop j
n

Fermion—gauge boson interactions



‘ Rules for invariant amplitudes |

e When computing an amplitude for a given process, all possible
diagrams should be drawn that conform with the rules for

external wave functions, propagators, and interactions.

e Starting from any external wave function spinor, or from
any vertex on a fermion loop, factors corresponding to each
propagator and vertex should be written down from left to
right, following the line until it ends at another external state

wave function or at the original point on the fermion loop.

e If one starts a fermion line at an x or y external state spinor,
it should have a raised undotted index in accord with our
summation conventions. Or, if one starts with an T or ¥,
it should have a lowered dotted spinor index. If one ends
with an x or y external state spinor, it will have a lowered
undotted index, while if one ends with an & or 4 spinor, it
will have a raised dotted index. The preceding determines

whether a o or & rule should be used.

e A relative minus sign is imposed between terms contributing
to a given amplitude whenever the ordering of external state

spinors (written left-to-right) differs by an odd permutation.

e Each closed fermion loop gets a factor of —1.



With only a little practice, one can write down amplitudes
immediately with all spinor indices suppressed. Amplitudes
generated according to these rules will contain objects of the

form:

M — lezg
where z; and 2z, are each commuting external spinor wave
functions x, Z, y, or y, and X is a sequence of alternating o and

o matrices. The complex conjugate of this quantity is given by
M* — 2227,21

where X2, is obtained from X by reversing the order of all the o
and @ matrices, and using the same summation convention for

suppressed spinor indices. We reiterate that:

(6%
o and &

governs the summation of undotted and dotted indices.

Note that different graphs contributing to the same process
will often have different external state wave function spinors,
with different arrow directions, for the same external fermion.
Furthermore, there are no arbitrary choices to be made for arrow
directions. Instead, one must add together all Feynman graphs

that obey the rules.



‘ Self-energy functions and pole masses |

Consider a theory with N left-handed (3, 0) fermion degrees of
freedom (and the associated right-handed (0, 3) fermions). After
diagonalization of the fermion mass matrix, the mass-eigenstates
consist of neutral Majorana fermions &, (k = 1,... N — 2n)
and Dirac fermion pairs xyand n, (¢ = 1, ..., n). With respect
to this basis, the symmetric NV X IN tree-level fermion mass
matrix, m", is made up of diagonal elements my and 2 X 2
blocks (ﬂ‘je Tgﬁ) along the diagonal, where the mj and m, are
real and non-negative. It is useful to define T;; = mY in order
to maintain the convention that two repeated flavor indices are
summed when one index is raised and the other is lowered. Note

that ;.M = mkakj = m?ég is a diagonal matrix.

The full, loop-corrected Feynman propagators are defined by
(O] Tai(2)d(y) |0)pr = ip-0,5C (p7),
(0] T4 ()45 () [0)pr = ip-5°7 (CT) 5 (p°)
(0] T4 (24, (y) |0)pr = %3 DV (p°) ,

(O] Trpai(2)0] () [0)pp = 6a” Dy (p?) .



-« -« .
12 ] 1 J 1 ] 1 J
ip.gaﬁ. C,/ ip,gaﬁ (CT)ij z‘édﬁ. DY 5045 5z‘j

Starting at tree-level the full propagator functions are given by:

Cij:5ij/(p2—m?)—|—...
DY =m"/(p" —m]) + ...

Dy =m;/(p° —m)) + ...,

with no sum on 2 in each case. They are functions of the external
momentum invariant p* and of the masses and couplings of the
theory. In general, D" is a complex symmetric matrix, and 51-3'
can be obtained from it by taking the complex conjugate of all
Lagrangian parameters appearing in its calculation, but not taking
the complex conjugates of Euclideanized loop integral functions,
whose imaginary (absorptive) parts correspond to fermion decay

widths to multi-particle intermediate states.

We organize the computation of the full propagators in terms
of one-particle irreducible (1Pl) self-energy functions, which
are given by the sum of all Feynman diagrams (excluding the

tree-level) that contribute to the 1Pl two-point Green functions.



o O g o <> 6 o ( > B o < > e
7 7 1 7 7 7 1 ]
’L.p'Edﬁ(AT)ij ’I:p°0'aB'Aij _iéaﬁBij —’L(Saﬁgw

A first diagrammatic identity (with momentum p flowing from

right to left):

oY B _ o« A3
_4_—4—'_ ¢
7 J ) J

a Y 6 a ) B
T 3 kOE T kOE 7
a ) Jé; a ) 6
T 3 k©£ I Bl

Similar diagrammatic identities can be constructed for the three

other full loop-corrected propagators. The resulting four equations

can be neatly summarized by the following matrix diagrammatic

identity:
<= < . 1 O
N DU Ty S O 0 1



The corresponding algebraic representation can be written as
F =T + TSF, where F' is the matrix of full loop-corrected
propagators, 1" is the matrix of tree-level propagators and S is
the matrix of self-energy functions. Multiplying on the left by
T~ ! and on the right by F~! yields T°' = F~' + S. Thus,
F =[T"' = S]™% In pictures:

—1

Explicitly, 7" and T~ are given by:

— - 1 ’ip'O'aB' 55 ’me 5a6

e ] p2—m2\ ., iisa. .o —=aB i |
i zméﬁ- i1p-C 53‘

! . 5B §I T 54
— —~—— —1p-0O i ’Lm” 3

Thus, one obtains a 4N X 4N matrix equation for the full

propagator functions:
ip-cC iD —ip-c (1+ A") i(m + B)
iD  ip-gCt ilm+ B) —ip-oc(1+ A)

where 1 is the N X N identity matrix.




The pole mass

To determine the pole mass, go to rest frame of the fermion. The
spinor-index dependence is now trivial. Setting p* = (1/s; 0),
we search for values of s where the inverse of the full propagator
has a zero eigenvalue.  This is equivalent to setting the
determinant of the inverse of the full propagator to zero. Using
the well-known formula for the determinant of a block-partitioned
matrix:

P Q —1
det = det P det (S — RP "Q),

R S

one finds that the (in general complex) poles of the full
propagator, Spole,j = Mf — 1I'; M, are the solutions to the

non-linear equation:
det [s1—(1+A) ' (m+B)(1+A") '(m+B)] =0,

with s = p?. This can be solved iteratively by first expanding

the self-energy function matrices A, B and B in Taylor series in

p? about either m? or M].Q. The complex pole mass quantities

Spole,j are renormalization-group and gauge invariant physical

observables.



‘ Conventions for fermion names and fields |

There is a one-to-one correspondence between the
Majorana fermion particle names and the left-handed
(3,0) fields, but for Dirac fermions there are always
two distinct two-component fields that correspond to
each particle name. We shall always label fermion lines
with the two-component fields, rather than the particle

names, with the following conventions:

e Initial-state external fermion lines (which always
have physical four-momenta going into the
vertex) in Feynman diagrams are labeled by the
corresponding unbarred (left-handed) field if the
arrow is into the vertex, and by the barred (right-

handed) field if the arrow is away from the vertex.

Initial-state e

-0
Initial-state e™: 6. () 3 ()
Initial-state N;: Xi < > X_g C

6



e Final-state external fermion lines in complete
Feynman diagrams (which always have physical
four-momenta going out of the vertex) are labeled
by the corresponding barred (right-handed) field if
the arrow is into the vertex, and by the unbarred
(left-handed) field if the arrow is away from the

vertex.

Final-state e

9
[

Final-state e™:

0
7 7

o
.

Final-state NZ

e |nternal fermion lines in Feynman diagrams are also
always labeled by the unbarred, left-handed field(s).
Internal lines containing a propagator with opposing

arrows can carry two labels.



e In the Feynman rules for interaction vertices, the
external lines are always labeled by the unbarred
left-handed field, regardless of its arrow direction.
Two-component fermion lines with arrows going
away from the vertex correspond to dotted indices,
and two-component fermion lines with arrows going
toward the vertex always correspond to undotted
indices. This applies also to complete Feynman
diagrams (e.g., self-energies) where the initial state

and the final state roles are ambiguous.

& (&
. 63 o .
1eo, or 10 36
7B
(&
C
& (&
=G0 : .
; 10, or 1€0 436
B c
(&

The two-component Feynman rules for the QED vertex



Fermion name Two-component fields

¢~ (lepton) e, e

¢ (anti-lepton) AN
v (neutrino) v, v°

v (antineutrino) v, v

q (quark) qa,q°

q (anti-quark) q°, q

f (quark or lepton) f, fe
f (anti-quark or anti-lepton) fe, f
N; (neutralino) X, X_?
éj (chargino) X; s X_z_
57;_ (anti-chargino) X;: X_:F
g (gluino) 9,9

Fermion and anti-fermion names and two-component fields in the Standard

Model and the MSSM (for massive neutrinos, add v and v/©).



‘ Examples from the MSSM |

We focus on some processes involving the Majorana
neutralino states. The mass matrix for these states in
the B-W°—H,~H,, basis is given by:

[ My 0 —3gva Lg'vu)
vo_| 0 M,  5gva  —3gUy
LS IS DA | N !
59 Vd  59Vd 0 v
\ %glvu —%Q’UU —H 0 )

where v2 + v5 = (246 GeV)? and tan 8 = v, /vg. The
Takagi factorization yields:

[N_l]TMon_l — diag(mﬁl, Mg, MR, mm) :

where NN is unitary. The Feynman rules for neutralino

interactions with electrons and selectrons are given by:



% [gN5 + ' Nji] 60"

_ig/\/§ i1 00

—iV/2(me/va) N 60"

0  «
Xi
- ~iv/2(meva) Niy 80
€ER e 5

Feynman rules for the interactions of neutralinos with electron/selectron pairs
in the MSSM. For each rule, there is a corresponding one with all arrows
reversed, undotted indices changed to dotted indices with the opposite height,

and the coupling (without the explicit ¢) replaced by its complex conjugate.

Note that ¢’ = g tan Oyy.



e e — ”ev;ev;z

Here there are two Feynman graphs (neglecting the

electron mass):

e(pr A1) e; (k1) fi]i,h) ______ e; (k1)

L A X'(L) . X'(L) .

e“(pgA2) | ep(ke) 7 N0 ep (k2)
e (p2,A2)

The matrix element for the first graph, for each neutralino N;

exchanged in the t channel, is:

IM; = 9 (NZ2 + N tan GW)] [—ig\/§Ni1 tan GW]
V2
o i(k1 —p1)-o 7
1 2 2 2
(kl - pl) - mNi
The external wave functions are denoted by z; = (P;, \i),

1 = 1,2 and analogously for y;, Z;, y;. The matrix element for
the second (wu-channel) graph is related to the t-channel graph

by the interchange of the two incoming electrons, e; <« es:



. - . . g *k *k o ]
iM, = (—1) z—\/§ (N,L.2 + N, tan QW)] [ zg\/ﬁNzl tan QW]
i(k1 — p2)-0 _
XTI > Y1 -

— o2
(k1 — p2) my.

Note that since we have written the fermion wave function
spinors in the opposite order in My compared to M, there is
a factor (—1) for Fermi-Dirac statistics. Alternatively, starting

at the electron with momentum p; and using the & rule for the

propagator,
M, = zi (N;; 4+ Ni*1 tan QW)] [—ig\/ENil tan QW]
V2
_ —i(k1 — p2)0
X Y1 2 o .

— 2 _
(k1 — p2)* — m7

1

Using y,0x2 = x207Yy; (which holds for commuting spinors), we

see that the two expressions for M, coincide.



Thus, the total amplitude is given by:
M = Mt + Mu = x1a-0Y2 + glb'EwQ )

where

5 4
9 sw * - W) ————
a" = =—— (K} — pY) E Nii(Nj + N tan 6 )t— 2 7

Cw i—1 ’In]\7

2 4
g sw « N 1
' = —Z——(k) — pb) > Nu(Nj + N tan Oy ) ———,
cw i=1 w=my,
where sy = sinfyw, cyw = cosby, t = (p1 — k1)2 and

u = (p1 — k2)?. Squaring the amplitude yields

|M|2 — (a:la-a?jg) (yga,*'O'Cl_Zl) —|— (ylbﬁxg) (i‘gb*-Eyl)

—+ (CClanO'gg) (Cfgb*°6y1) -+ (gleCUQ) ('yQCL*'O'ifl) .

Averaging over the initial state electron spins, the a, b* and a™, b
cross terms are proportional to m. and can thus be neglected in

our approximation. We get:

¥ Z IM|? = tTrla-0 p2G a0 p1-T)
A1,A2

+2Tr[b-T p2ro b*-T p1-o] .



These terms can be simplified using the identities:

Tr[(k1 — p1)-o p2-o (k1 — p1)-0 p1-0]

= Tr[(k1 — p2)-T p2-0 (k1 — p2)-T p1-0]
9 9

= tu — M, Me

resulting in:

1 2 1 4 2 2 2
1 E |IM|” = ;g9 tan” Ow (tu — mz mg,
A1,A2

4
X Z leNi*l(N;2 + N;l tan QW)(NZQ + N;; tan Qw)

1,7=1

1 n 1
(t=mZ ) —m3) " (u—mZ )(u—m )

Thus, for s = (p1 + p2)2, the differential cross-section is:

2 2
do T’ (tu - m’éLm’éR>

dt 48%VC%V 52

4
X ¥ NjuNj (N7, + N tan 6w)(Ni + Ny tan Oy)

i,J=1

1 1

(= nZ ) —m2 ) (=) (u— )




e e — ”ev;{ev]}

Again, in the limit of vanishing electron mass, there are two
Feynman graphs, which are related by the exchange of identical
electrons in the initial state or equivalently by exchange of the

identical selectrons in the final state.

M) ep (k1) eC(p1sA1) ep (k1)
A
0 \\ 0
_ X B Xi -
e(p2.22) T ep (k2) 4 R g (k2)
e€ (po,Ao

The amplitude for the first graph is:

’Lm]’\“,i

2
M, = (—ig\/§Ni1 tan 9W) 5~ | Y1y2

(k1 —p1)? —m>

(2

for each exchanged neutralino. The amplitude for the second

graph is:

zmﬁi

2
’LMu — (—’Lg\/iNzl tan ew) 5 5 glgg .
(kl - p2) — mﬁ

(3

Since we have chosen to write the external state wave function
spinors in the same order in M; and M, there is no factor of

(—1) for Fermi-Dirac statistics.



The total amplitude squared is:

4
_ 2 * N 2
|/\/l|2 —_— 4g4 tan® Ow (Y192) (y2y1) Z (Ni1) (le) mﬁimﬁj
i,j=1

1 n 1 1 n 1
X
t — m2< u — m2 t — m2< u — m2
N; N; N; N;

The sum over the electron spins is obtained from

Z (9192)(y2y1) = Tr[p2-Gp1-0] = 2p2-p1 = 5.
A1sA2

Hence, the spin-averaged differential cross-section is:

do wa? & 5 o NN
o T A > (Na)*(N)——
“woij=1
1 n 1 1 n 1
X
t—m2  u—mZ t — m2 U — m2
N, N, N, N,

Note that when integrating over the 47 solid angle to obtain the
total cross-section, one must multiply by a factor of 1/2 due to

the identical sleptons in the final state.



e e — 5;52

Again, in the limit of vanishing electron mass, there
are two Feynman graphs, which are related by the
exchange of identical electrons in the initial state or
equivalently by exchange of the identical selectrons in
the final state. The contributing graphs are exactly

like the previous example, but with all arrows reversed.

e(pip\1) . _€p (k1) e(p,A1) ep (k)
T o \\ 0
X X
e(pero) 1 ep (k) o, ep (ko)
g €(p2,>\2)

The computation of the invariant amplitude and cross-
section is very similar to the previous example, so the

details will be omitted here.



‘ Four-component spinor notation |

The correspondence between the 2-component and 4-component
spinor language is most easily exhibited in the basis in which ~5 is
diagonal (this is called the chiral representation). In 2x2 blocks,

the gamma matrices are given by:

wo_ 0 UZ@ _ 0123 —&.” 0
v s o] BEYTY 0 5,

In addition, we introduce: "

5 ot P 0
[v“,7]=< —Wa)'
0 a g

A four component Dirac spinor field, W (x), is made up of two

Iy —
Ly =

NP

mass-degenerate two-component spinor fields, x.(x) and 1, (x)

as follows:
Xal\L
n°(x)
The chiral projections operators are: P = %(1 — 75) and

PR — %(1 -+ ’Y5).

TIn most textbooks, S is called ¥, Here we use the former symbol

so that there is no confusion with the two-component definition of o*”.



Explicitly,

U, (z) = PLU(z) = Xal@) )
0
0
\IJR(CB) = PR\I/(CB) = iy
n*(x)

The field ¥ and the charge conjugate field ¢ are given by
U(z)=V'A = (n"(2),Xa) ,

Na(T)

U(z)=CT (z) = | °
X“(z)

Y

where the Dirac conjugation matrix A and the charge conjugation

matrix C' satisfy
AYPAT = 'y“T, c'yMC = —WMT.

In the chiral representation, A and C' are explicitly given by

0 &% € 0
A= 5 C = —~B i1 [ " ).

Note the numerical equalities, A = ~", B = ~4'4° and
C = i~v"~4? although these identifications do not respect the

structure of the undotted and dotted indices specified above.



Translation table relating bilinear covariants in

two-component and four-component notation

§1(x) §2()
\Ifl ) = , \112 xTr) = .
@ < () ) @ < M2(x) )

U, PLUy = més WSPLYS = &1y

U PRy = &1 WS PrUS = 716
USPL W, = €169 Uy PLUS = mins

U PRYs = &1 UEPRU, = 172

U yH P, = E5HE5 @ﬁ“PL‘I’S = Motn2
Uiy PRUS = &07&; Uy PrUy = n10#'T,

U S Prly = 2 0M7 & EiE’“VPL\PE = 2&0MYns
U S Prly = 2800, | W{EHYPRrUS = 20101 &,

where by definition, X" = Z[v",~"]. Note that we may also

write: U ~A* Py = —moati, ete. It then follows that:



U0y = niés + &7

Uiys Wy = —méa + E172

U1y = £5"E — T0"'m
Uiy ys Wy = —£15"E, — 7207 m
U, oM, = 2(nio" €y + 3 ")

U S s Uy = —2(n10" €y — €5 7) .

For Majorana fermions defined by W, = W, = C’EL, the
following additional conditions are satisfied:

UanWare = Yan W,
Uanys P = Uaravs W,
Uy ' Uare = =Wy Ui,

Uiy v ¥ a2 = Warey ' v5Wan
U W0 = — WS W,

W Sy Ware = — WSy Wy

In particular, if W1 = Wy = W)y, then

EM’)/M\IJM = EMZAW\IJM = EMZMV’)%\IJM =0.



‘ 4-component spinor wave functions |

The two-component spinor wave functions are related to the

traditional four-component spinors according to:

us) = (PN | a@s) = 4@, 9), 2aB.5)).
y* (D, s)
— ya(ﬁ’ S) — [ = oy = — —>
o@ o) = [0, 8B s) = (@B, s), 5a(B.9))
(P, s)

where v(F, s) = Cu(p, s)’, and s = +1. One can check that

u and v satisfy the Dirac equation

(P — m)u(P,s) = (p+ m)v(p,s) =0.

where p = ~,p". For massive fermions, we also have:

(25758 — 1) u(P,s) = (25756 — 1) v(P,s) = 0.

For massless fermions, the helicity spinors are eigenstates of 5

’YSU’(I_): >‘) — 2>\’U,(ﬁ, >‘) ) 751)(25’7 )‘) — _2)‘1)(25’7 )‘) .

The latter result can be derived from the former by putting
St = p"/m+O(m/FE) and applying the Dirac equation before
taking the m — O limit.



The spin projection operators for massive fermions read:

u(P, s)u(p, s) = 5(1 +257:8) (p +m),
v(P, s)v(P, s) = 3(1 4 25758) (b —m) .

For massless fermions, using the same m — 0O limiting procedure

as above,

u(P, \)a(P, A) = 5(1 4+ 2Xv;) p,

o(B, VOB, ) = 5(1 — 2)7;) B

Finally, the spin-sum identities are given by:

zsju@, S$)a(P,s) =p+m,

; v(B, s)0(F,s) =p —m,

ZSI w(B, s)v' (B, s) = (p+m)C" ,
23: a’ (B, 5)0(P, ) = C ' (p — m),
283 o' (B, s)u(P, s) = C ' (p+m),

Zv(ﬁa S)uT(ﬁa S) — (75 o m)CT :



‘ Rules for 4-component Majorana fermions |

Consider a set of neutral and charged fermions interacting with
a neutral scalar or vector boson. The interaction Lagrangian in

terms of two-component fermions is:
Ling = —3(N&6&5 + X588 — (v xm; + ri X' ) ¢
—Gi’ £'5"¢ A, — [((GL)X'T"x; + (Gr)i' 10" n;] Ay,

where A is a complex symmetric matrix, k is an arbitrary
complex matrix and G, GG, and G are hermitian matrices. By
assumption, x and 7 have the opposite U(1) charges, while all

other fields are neutral.

Yari
----- —i(AY Pr, + \;j PR)
@ %
v,
__g_b__ —’i(lﬁ:jiPL —+ Iﬁ',z'jPR)
v
Yari

—’L.’}/M[GijPL — GjiPR]

—ivu[(GL)? PL — (GR);' Pr]




The arrows on the Dirac fermion lines depict the flow of the
conserved charge. A Majorana fermion is self-conjugate, so its
arrow simply reflects the structure of Ling; i.e., Wiy [P ] is
represented by an arrow pointing out of [into] the vertex. The
arrow directions determine the placement of the w and v spinors

In an invariant amplitude.

Next, consider the interaction of fermions with charged bosons,
where the charges of ®, W and x are assumed to be equal. The

corresponding interaction Lagrangian is given by:

Ling = —3®" [ xi&j + (k2)i7 €] — 3®[k5 &5 + (51)i; X €]
— WG/ X'T"E; + (Ga)i &' )]
WI(Gh);' €5 xi + (Ga);'7'5"¢&]
where k1 and ko are complex symmetric matrices and G1 and Go

are hermitian matrices. Converting to four-component spinors,

and noting that C!T = —C and ¥ is an anti-commuting field,
= c T ~—1 =T — T ~—1 —
\IfiF\IJj = -V C FC\IJJ. = U, CT"C "V; = npv,I'Y,;,

where the sign np = +1 for I' = 1, ~v5,v"y5 and np = —1
for I' = ~*, XH XH~5. Hence, the Feynman rules for the
interactions of neutral and charged fermions with charged bosons

can take two possible forms:



—’I:(K,%jPL —|— KflijPR)

—’I:(K,MjPL —|— I{/QijPR)

—iy"(G1i) Py, — Ga;' PR)

iv"(G1i) Pr — G2 Pr)

—’L"}/M(Gm'ipL — G2ijPR)

iv"(G1i) Pr — G2 Pr)

One is free to choose either a W or W° line to represent a Dirac
fermion at any place in a given Feynman graph. The direction
of the arrow on the W or W° line indicates the corresponding

direction of charge flow.* Moreover, the structure of L;,; implies

ISince the charge of W€ is opposite to that of W, the corresponding arrow

direction of the two lines point in opposite directions.



that the arrow directions on fermion lines flow continuously
through the diagram. This requirement then determines the
direction of the arrows on Majorana fermion lines. In the
computation of a given process, one may employ either & or W*
when representing the propagation of a (virtual) Dirac fermion.

Because free Dirac fields satisfy:

(O|T (Vo ()T 5(y))[0) = (O|T (¥ (2)¥5(y))|0)

the Feynman rules for the propagator of a W and W line are

identical.

Construction of invariant amplitudes involving Majorana fermions

When computing an invariant amplitude, one first writes down
the relevant Feynman diagrams with no arrows on any Majorana
fermion line. The number of distinct graphs contributing to the
process is then determined. Finally, one makes some choice for
how to distribute the arrows on the Majorana fermion lines and
how to label Dirac fermion lines (either W or W) in a manner
consistent with the Feynman rules for the interaction vertices.
The end result for the invariant amplitude (apart from an overall
unobservable phase) does not depend on the choices made for

the direction of the fermion arrows.



Using the above procedure, the Feynman rules for the external
fermion wave functions are the same for Dirac and Majorana

fermions:

e u(p,s): incoming ¥ [or U] with momentum g parallel to
the arrow direction,

e u(p,s): outgoing ¥ [or U] with momentum P parallel to
the arrow direction,

e v (P, s): outgoing ¥ [or W] with momentum ' anti-parallel
to the arrow direction,

e U(P,s): incoming ¥ [or W] with momentum P anti-parallel

to the arrow direction.

Example: W (p1)W¥(p2) — P(k1)P(k2) via W p-exchange

The contributing Feynman graphs are:

U > i s > y

Pe < el P < N




Following the arrows in reverse, the resulting invariant amplitude:

i(ph — K1+ m)

t — m?2

IM = (—i)QE(ﬁ2, s2) (k1 Pr + H;PR) [

+’i(/i/1 — P2+ m)

u — m?

] (k1PL + ko Pr)u(Py, s1) ,

where t = (p1 — k1)°, uw = (p2 — k1)* and m is the Majorana
fermion mass. The sign of each diagram is determined simply
by the relative permutation of spinor factors appearing in the

amplitude (the overall sign of the amplitude is unphysical).

Exercise: Check that M is antisymmetric under interchange of
the two initial electrons. HINT: Taking the transpose and using

v = u® = Ca’ (the u and v spinors are commuting objects),

one easily verifies that:

1_)(25’27 SQ)Fu(ﬁla 81) — _”71”7(15'17 Sl)Fu(ﬁ27 82) )

where as before np = +1 for I' = 1, v5, v"v5 and np = —1
for I' = ~#, 3XHY, SH s,

Example: W(p1)V“(p2) — Yar(ps)War(ps) via charged P-

exchange

Neglecting a possible s-channel annihilation graph, the
contributing Feynman graphs can be represented either by

diagram set (i):



N — U N —
+ +
R Ty o W
or by diagram set (ii):
U — Uy N —
+ +
N1} - Uy, N -

The amplitude is evaluated by following the arrows in reverse.

Using:

U(ﬁ2a 52)F’U(ﬁ4a 34) — —nrﬂ(ﬁzp 34)I‘u(ﬁ2, 32) )

one can check that the invariant amplitudes resulting from
diagram sets (i) and (ii) differ by an overall minus sign, as
expected due to the fact that the corresponding order of the
spinor wave functions differs by an odd permutation [e.g., for
the t-channel graphs, compare 3142 and 3124 for (i) and (ii)
respectively]. For the same reason, there is a relative minus sign
between the t-channel and u-channel graphs for either diagram

set [e.g., compare 3142 and 4132 in diagram set(i)].

W s



If s-channel annihilation contributes, its calculation s

straightforward.
v Woar

W W

Relative to the t-channel graph of diagram set (ii), this diagram
comes with an extra minus sign [since 2134 is odd with respect
to 3124].

In the computation of the unpolarized cross-section, non-standard
spin projection operators can arise in the evaluation of the

interference terms. One may encounter spin sums such as:®

S u(@, 0" (B, 5) = (p+ m)C”
Z aT(ﬁa S)?_)(ﬁa S) — C_l(lb o m) )

which requires additional manipulation of the charge conjugation
matrix C'. However, these non-standard spin projection operators
can be avoided by judicious use of spinor wave function product

relations of the kind displayed on the previous two pages.

Ssee Appendix D of G.L. Kane and H.E. Haber, Phys. Rep. 117 (1985) 75.



