in terms of the valence and
hapter 9. Do the same for
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Weak Interactions

carbon target indicate that

‘The observed lifetimes of the pion and nmuon are considerably longer than those
of particles which decay either through color (i.e., strong) or electromagnetic
interactions. It is found that

s but decreases toward 1 as
zement with the Drell-Yan

AR with r= 2.6 X 10 % sec,
uons introduces logarithmic: (12.1)
ms which give an O(a’a,)

ympute the cross section for

g e iy with 7= 2.2 X 107° sec,

‘whereas particles decay by color interactions in about 1072 sec and throngh
‘electromagnetic interactions in about 107!% sec (for example, #° — yy). The
lifetimes are inversely related to the coupling strength of these interactions, with
the longer lifetime of the = ° reflecting the fact that & << a,. The pion and muon
-decays are evidence for another type of interaction with an even weaker coupling
.than electromagnetism.

Though all hadrons and leptons experience this weak inferaction, and hence
‘can undergo weak decays, they are often hidden by the much more rapid color or
-electromagnetic decays. However, the # * and p are special. They cannot decay via
‘the latter two interactions. The = is the lightest hadron. Whereas the neutral = can
decay mto photons, the charged pions cannpt. As a result, the weak decay given
in (12.1) is the dominant one. The reason why (£2.1} is the dominant decay of the
‘1 is interesting. In principle, the p could decay electromagnetically via p — ey.
The fact that the decay mode g — ey is not seen and that the particular decay
‘modes (12.1) occur are evidence for additive conserved lepton numbers: the
electron number (L,) and the muon number (Z,). For example, the electron
number assignments are

L,=+1: e"andw,,
L ,=-1: e*and 7, (12.2)
L =0 “all other particles.

Similar assignments are made for L, and L,. Clearly, I, = 1 and L, = ( for both
the initial and final states of p~— e” 7.z, so this decay is consistent with the
conservation of these quantum numbers; but p~— ¢7v is not. In fact, known
reactions conserve these three lepton numbers separately (see Section 12.12 for a
further discussion).

251
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EXERCISE 121 Give the 77 and p* decay processes. List the possible
decay modes of the =~ lepton (the 7 is the third lepton in the sequence e, i, 1
with a mass m_= 1.8 GeV).

The two examples of weak decays given in (12.1) involve neutrinos. Neutringg
are unique in that they can only interact by weak interactions. They are colorlegg
and electrically neutral and, within experimental limits, also massless. Neutringg
are frequently found among the products of a weak decay, but not always. Fop
example, a K* meson has the following weak decay modes:

K — ,,ﬁvﬂ,eJrve _
semileptonic decays,
K — 770,u,+v#, 7r06+ve (12.3)
K= gtn strte , otaln® nonleptonic decays.
The customary terminology is given on the right.

The weak interaction is also responsible for the 8-decay of atomic nuclei, which
involves the transformation of a proton to a neutron (or vice versa). Examples
involving the emission of an e*r_ lepton pair are

10C 5 10B* + et g,

(12.4)
VO SUN* + e+ v,
Here, one of the protons in the nucleus transforms into a neutron via
p—netr,. : (12.5)

For free protons, this is energetically impossible (check the particle masses), but
the crossed reaction, the 3-decay process

n— pe 7, {12.6)

is allowed and is the reason for the neutron’s instability (mean life 920 sec)
Without the weak interaction, the neutron would be as stable as the proton, which
has a lifetime in excess of 10°° years.

12.1 Parity Violation and the V-4 Form of the Weak Current

Fermi’s explanation of f-decay (1932) was inspired by the structure of the
electromagnetic interaction. Recall that the mvariant amplitude for electromag-
netic electron—proton scattering (Fig. 12.1) is

0= (e, )| | (- em). (127)

see (6.8), where we have treated the proton as a structureless Dirac particle. 9T is
the product of the electron and proton electromagnetic currents, together with the
propagator of the exchanged photon, see Section 6.2. To facilitate the comparison
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Fig. 12.1 Electron—proton (electromagnetic) scattering.
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ight. .
1 the B-decay of atomic nuclei, whicl
a neutron (or vice versa). Examples

cem — fi

ejp sz, (0) = _EEprui’

where ;;L"(x) is given by (6.6). Thus; the invariant amplitude, (12.7), becomes

2

€ S ER FEI
¢ are M= == (), ()
Y+, 4
et 4 p (12, The B-decay process (12.5), or its crossed form
-

pe —nw,,

sforms into a neutron via
(12:5)

sible (check the particle masses), b_ut_

is shown in Fig. 12.2. By analogy with the current—current form of (12.7), Fermi
proposed that the invariant amplitude for 8-decay be given by

M = G,y u, ) (7,7,u,), (12.8)

r
e

where G is the weak coupling constant which remains to be determined by
experiment; G is called the Fermi constant. Note the charge-raising or charge-
lowering structore of the weak current. We speak of these as the “charged weak
currents.” (The existence of a weak current that is electrically neutral, like the
electromagnetic current, was not revealed until much later in 1973, see Section
12.9). Also note the absence of a propagator in (12.8). We return to this point in
Section 12.2.
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Fermi’s inspired guess of a vector-vector form of the weak amplitude I i5 ,
very specific choice from among the various Lorentz invariant amplitudes thyg
can in general be constructed using the bilinear covariants of (5.52). There g
a priori no reason to use only vectors. The amplitude (12.8) explained the
properties of some features of fB-decay, but not others. Over the following 25
years or so, attempts to unravel the true form of the weak interaction led o 3
whole series of ingenious S-decay experiments, reaching a climax with the
discovery of parity viclation in 1956. Amazingly, the only essential change
required in Fermi’s original proposal was the replacement of y* by v*(1 - y5),
Fermi had not foreseen parity violation and had no reason to include a y5y»
contribution; a mixture of y* and y’y* terms automatically violates parity
conservation, see (5.67). :

In 1956, Lee and Yang made a critical survey of all the weak interaction dats.
A particular concern at the time was the observed nonleptonic decay modes of the
kaon, K™— 27 and 3#, in-which the two final states have opposite parities.
(People, in fact, believed that two different particles were needed to explain the
two final states.) Lee and Yang argued persuasively that parity was not conserved
in weak interactions. Experiments to check their assertion followed immediately,
The first of these historic experiments serves as a good illustration of the effects of
parity violation. The experiment studied S-transitions of polarized cobalt nuclei:

OCo = ONi* + ™+ 7,

The nuclear spins in a sample of ® Co were aligned by an external magnetic field,
and an asymmetry in the direction of the emitted electrons was observed. The
asymmetry was found to change sign upon reversal of the magnetic field such that
electrons prefer to be emitted in a direction opposite to that of the nuclear spin.
The essence of the argument is sketched in Fig. 12.3. The observed correlation
between the nuclear spin and the electron momentum is explained if the
required J, = 1 is formed by a right-handed antineutring, 7., and a left-handed
electron, e, .

N

i T

% N !
N ﬂr
L] o
=5 ' J=4 J=
o . B + ey + Fig

Fig. 123 The **Co experiment: the electron is emitted
preferentially opposite the direction of the spin of the **Co
nucleus,
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The cumulative evidence of many experiments is that indeed only 75 (and », )
are involved in weak interactions. The absence of the “mirror image” states, 7,
and »,, is a clear violation of parity invariance {see Section 5.7). Also, charge
conjugation, C, invariance is violated, since C transforms a »; state into a 7, state.
However, the v*(1 — ¥°) form leaves the weak interaction invariant under the
combined CP operation. For instance,

1 of the weak amplitude 9 is
yrentz invariant amplitudes th
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T(r*—> p v ) #T(a = plyg) =0 P violation,

o= u" v )# (s > p 7 )=0  Cviolation,
but

I(r"—> p*v,)=0(7"— p #y)  CPinvariance.

In this example, » denotes a muon neutrino. We discuss CP invariance in Section
12.13. ~
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EXERCISE 12.2 Show that a (charge-lowering) weak current of the form

#y"3(1—v*)u, (12.9)

involves only left-handed electrons (or right-handed positrons). In the
relativistic limit (v = ¢), show that the electrons have negative helicity.
v

e*

The 3(1 — v*) in (12.9) automatically selects a left-handed neutrino (or a
right-handed antineutrino). This V-4 (vector—axial vector) structure of the weak
current can be directly exposed by scattering »,’s off electrons (see Section 12.7),
just as the y* structure of electromagneiism was verified by measurements of the
angular distribution of ¢ e~ scattering.

It is natural to hope that all weak interaction phenomena are described by a
V—A current—current interaciion with a universal coupling . For example,
B-decay of Fig. 12.2 and p-decay of Fig. 12.4 can be described by the amplitudes

MAp = ne'y,) = %[ﬁny”(l — ¥ )u,] [ﬁpeyp(l - y5)ue] (12.10)
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: 50
the spin of the TCo Fig. 12.4 The diagram for p~ decay: p” = ¢ #,7,.
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respectively. The 1/v2 is pure convention (to keep the original definition of e
which did not include y*). We then proceed in analogy with the Feynman rules
for QED. The calculations only involve particles, and the diagrams show only:
particle lines. Antlpartlcles do not appear. Thus, the outgeing #, (of momentury
k) in p-decay is shown in Fig. 12.4 as an ingoing », (of momentum - k). A;
before, the spinor u (—k) of (12 11) will be denoted v, (k) see (5.33). The same
remarks apply to the outgoing e™ of (12.10).

EXERCISE 123 Show that the charge-raising weak current
J =gy (1= %), (12.12)

couples an ingoing negative helicity electron to an outgoing negative helicity -
neutrino. Neglect the mass of the electron. Besides the configuration (e , »;),.
show that J* also couples the followmg (ingoing, outgoing) lepton pair
configurations: (g, e3), (0, ¥;e3), and (e; g, ).

Further, show that thé charge-lowering weak current, (12.9), is the hermi-
tian conjugate of (12.12):

JJ = ﬁeyﬂ%(l - 75)u

List the lepton pair configurations coupled by JLT.

Weak interaction amplitudes are of the form

%_i@pﬁ
‘/_

Charge conservation requires that 9N is the product of a charge-raising and '
charge-lowering current; see, for example, (12.10) and (12.11). The factor 4 arises
because the currents, (12.13), are defined with the normalized projection operator
1(1 — ¥°) rather than the old-fashioned (1 — v°).

12.2 Interpretation of the Coupling G

We can use the observed rates for nuclear 8-decay and for p-decay to obtain a
numerical value for G. It is also crucial to check the universality of the strength of
the weak coupling constant G of (12.10) and (12.11). We do not want to introduce
a new interaction for every weak process! However, because we do this, let us cast
G in a form that can be directly compared to the couplings of the color and
electromagnetic interactions.

Examination of the electromagnetic and the weak amplitudes of (12.7) and
(12.10) shows that in Fermi’s model the analogy between the two interactions has
not been fully developed. We see that G essentially replaces e2/g*. Thus, G,
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Vel Fig. 125 Muon decay.

cak current 7
contrast to the dimensionless coupling e, has dimensions GeV 2. It is tempting to
try and extend the analogy by postulating that the weak interactions are gener-
ated by the emission and absorption of charged vector bosons, which we cail
weak bosons, W *. The weak bosons are the analogues of the photon for the
electromagnetic force and the gluons for the color force. For example, u~ decay is
mediated by a W~ boson (see Fig. 12.5) and the amplitude is of the form [see
(12.7) | |

_ 1 g
qu '2( Y )up. MF?V—' q2 2 ueYoZ( Y )u .

»utgoing negative helicity
he configuration (e/, v, ),
g, outgoing) lepton pair

rent, (12.9), is the hermi-:

(12.14)

where g/v2 is a dimensionless weak coupling and ¢ is the momentum carried by
the weak boson (the factors 1/v2 and % are inserted so that we have the
conventional definition of g). In contrast to the photon, the weak boson must be
massive, otherwise it would have been directly produced in weak decays. Indeed,
it turns out that M, ~ 80 GeV (see Chapter 15).

In (12.14), we have been cavalier about the spin sum in the boson propagator,
see (6.87). However, at the moment, we are interested in situations where
g’ < M}, (e.g., B-decay and p-decay). Then, (12.14) reverts to (12.11) with

. of a charge-raising an
{12.11). The factor 4 a
malized projection operator.

G g?

V2 8MZ

and the weak currents interact essentially at a point. That is, in the limit (12.15),
the propagator between the currents disappears. Equation (12.15) prompts the !
idea that weak interactions are weak not because g < e, but because M, is large. \
If indeed g = e, then at energies O(M,,) and above, the weak interaction would |
become of comparable strength to the electromagnetic interaction.

We may think of g = ¢ as a unification of weak and electromagnetic interac-
tions in much the same way as the unification of the electric and magnetic forces
in Maxwell’s theory of electromagnetism, where

F=¢eE +e,vxB

(12.15)
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with e,, = e. At low velocities, the magnetic forces are very weak, whereas for
high-velocity particles, the electric and magnetic forces play a comparable role.
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The velocity of light ¢ is the scale which governs the relative strength. The
analogue for the electroweak force is M, on the energy scale. The unification of
the electromagnetic and weak forces is the subject of Chapters 13 and 15.

12.3 Nuclear B-Decay

Let us use the observed transition rate of the process
O S BN* et p,

to estimate G. By analogy with the QED calculations of Section 6.2, we write the
transition amplitude for this process (Fig. 12.2) in the form

4G
—i2Y [ pent or 4
T, I\/szi‘ (x)TOH(x) d*x (12.16)

_fj*_ff[%(xm%(l =), ()] [,y (1 = v ), (x)] a'x,

(12.17)

see (12.10). For this problem, it is easier not to perform the x integration at this
stage. Remember that usually we carry out the x integration and obtain (27)*
times the “energy-momentum conserving” delta function (see Section 6.2). We
then define

T, = —i(2n) 89 (p, — p, - p, — p,) .

Thus, (12.16) reduces to the form (12.13).

In writing down (12.16}, we' have assumed that the other nucleons in *O are
simply spectators to the decaying proton. However, a priori, we cannot ignore the
fact the nucleons participating in B-decay are bound inside nuclei. We also have
no reason to believe the idealized form of weak nucleon current, J, shown in
(12.17), since the nucleons themselves are composite objects and not structureless
Dirac particles. Despite these problems, it turns out to be quite easy to get an
accurate estimate of . There are several reasons for this. First, the low-energy
weak interaction is essentially a point interaction, and we can ignore the
longer-range strong interaction effects we just mentioned. Actually, there is a
beautiful and more precise justification for this vague argument. The weak current
(pr”zp”) and its conjugate (:;D""y“t!}p), together with the electromagnetic current
(pr“zpp), are believed to form an isospin triplet of conserved vector currents.
This is referred to as the comserved vector current hypothesis. The intimate
connection with the electromagnetic current “protects” the vector part of the
weak current from any strong interaction corrections, just as the electromagnetic
charge is protected. The axial vector part, z,b—ny"‘ysyp, will not contribute to the
process as we are considering a transition between two J = 0" nuclear states,
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yverns the relative strength. The::
i energy scale, The unification of
ect of Chapters 13 and 15.

which precludes a change of parity. Moreover, since the process occurs between
two J = 0 nuclet, we can safely assume that the nuclear wavefunction is essen-
tially unchanged by the transition.

Another simplifying feature is that the energy released in the decay (about
2 MeV) is small compared to the rest energy of the nuclel. We can therefore use
ponrelativistic spinors for the nucleons [see (6.11)], and then only #* with p = 0
contributes [see (6.13)]. Thus,

oCess

+, 1, ~ = a(p,)y°(1 - ¥)o(p)] [Wh ()4, (x)e otragix,

V2

ations of Section 6.2, we write th'é
in the form

(12.18)

where, as remarked after (12.11), the v spinor »{p,) describes an outgoing
positron of momentum p,. The e* and » are emitted with an energy of the order
of 1 MeV, and so their de Brogliec wavelengths are about 10~ ¢m, which is much
larger than the nuclear diameter. We can therefore set

(12.16)

(Y1 — ¥ )y (x)] dix,

'@ P X o ]

(12.17) and perform the spatial integration of (12.18). Noting the relation between 1}; and

the invariant amplitude 91 (see Section 6.2), we obtain

G ;_

%=E(u(}%)70(1 =¥ )o(p))(2my)(25 ), (12.19)
where 2m,, arises from the normalization of the nucleon spinors [see (6.13)] and
2/V2 is the hadronic isospin factor for the **O —*N* transition (see Exercise
12.4).
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EXERCISE 124 Verify the isospin factor v2 in (12.19). Note that *C,
“N*, 10 form an isospin triplet, which can be viewed as nn, np, pp,
together with an isospin zero 2C core (see Fig. 2.2). Keep in mind that for
indistinguishable proton decays, we must add amplitudes, not probabilities.

The rate dT" for the “p” —“n”e"» transition is related to }97|% by (4.36). We
obtain : .

2 _ 0 5 2 d’p,
dr =G> ¥ |a(p)v°(1 — v*)v(p,)| -
C sping (2'17) 2Ee

d? '
X —P  2ns(E,— E, - E,)

(27)2E,

, (12.20)

where E; is the energy released to the lepton pair. The normalization factor
(2m,)? cancels with the equivalent 2E,2E, factor in (4.36), as indeed it must.
The summation over spins can be performed using the techniques we introduced
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in Chapter 6. Neglecting the mass of the electron, we have
2
S (1 - v)e] = L@ (1 = v¥)e)(a(t = v7)r"u)
spins :
Te py°(1 — ¥*)p(1 + ¥*)7")
2Tr{ 5,7°p. (1 +7°)7")
8(E.E, + p. D) _
8E_E, (1 + v,cos8), (12.21)

where # is the opening angle between the two leptons and where the electron._

velocity v, = 1 in our approximation. Here, we have used the trace theorems of:

Section 6.4; see also (12.25) and_(12.26). Substituting (12.21) into (12.20), the.
transition rate becomes

2 2

dl = 267

(2

(1 + cos 8)[(27d cos 8p; dp,)(4wE2dE,)| 8(E; — E, — E,),
. (12.22)
where d3p, d*p, has been replaced by the expression in the square brackets.

Many experiments focus attention on the energy spectrum of the emitted
positron. From (12.22), we obtain :

dl 4G*

2 2
p2(E, — E.)" [dcos6(1 + cosf)
dpe (277)3 0 f .

2
By - B
a3t
Thus, if from the observed positron spectrum we plot p,2(dT/dp.)"/* as a
function of E,, we should obtain a linear plot with end point E,. This is called the
Kurie plot. It can be used to check whether the neutrino mass is indeed zero. A
nonvanishing neutrino mass destroys the linear behavior, particularly for E, neat
E;. (In practice, of course, we must examine the approximations we have made,:
cotrect E, for the energy gained from the nuclear Coulomb field, and allow for:
the experimental energy resolution.) '
Our immediate interest here is of a different nature. We wish to determine G
from the observed value E, and the measured lifetime 7 of the nuclear state t0
B-decay. We therefore carry out the dp, integration of (12.23) over the interval
0, E,. Making the relativistic approximation p, = E,, we find

B 07

=

1 GE]
.

Now, for “O —»'""N*e*y, the nuclear energy difference E, is 1.81 MeV, and
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¥ 0},
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the measured half-life is rlog2 = 71 sec. Using this information, we find
G =10 °/m%. (12.24)

Recall that G has dimension (mass)™ 2. We have chosen to quote the value with
respect to the nucleon mass,

EXERCISE 12.5 Calculate G from the data for the S-transition °C —
B**y. The measured half-life is 7log2 = 20 sec, and E,=2 MeV.
(*°C and "B* are both isospin 1, J* = 0" states.)

EXERCISE 12,6 Accepting the vector boson exchange picture of weak
interactions with coupling, g = e, estimate the mass M, of the weak boson.
(In the standard model of weak interactions, introduced in Chapter 13,
g sinfl,, = e, with sin® 8, = %)

12.4 Further Trace Theorems

We collect together some results that are useful for the computation of weak
interaction processes and that follow directly from the trace theorems of Sec-
tion 6.4:

Tr(v*py’p,) = 4 ptos + pipk — (b1 - p2)g* ], (12.25)
Tr[yH(1 — ¥3) v’ (1 — ¥°) by | = 2Tx(v*p,v"p,) + 8ie*"Ep,  pog,  (12.26)
Tr(Y“ﬁlYVﬁz)Tr(Ynﬂsszm)

= 32[{( 21 - s N 02 pa) + (1 - pa) (P2 - 3], (12.27)
Tr(Y”ﬁﬁlY”Ysﬂjz) Tr(}’pﬁs}'ﬂsﬁd,)
=32[(pr - 23)( P2 £s) — (21 - )25 23)], (12.28)

Ty (1 = ¥*) By (1 = ¥%) 4] Te[ 4, (1 — v¥) pav, (1~ ¥°) ]

= 256(p1 - p3 ) P2 - Pa)- (12.29)
EXERCISE 12.7 Verify these results.
125 Muon Decay .
Muon decay,
() = e (p) +7(K) + (k) (12.30)

is the model reaction for weak decays. The particle four-momenta are defined in
(12.30), and the Feynman diagram is shown in Fig. 12.5. According to the
Feynman rules, it must be drawn using only particle lines; and so the outgoing 7,
is shown as an incoming »,. The invariant amplitude for mmon decay is

oM - %[a(k)w(l ~ v )u(p)][2(p) (1 - v )o(k)], (1231)
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see (12.11), where the spinors are labeled by the particle momenta. Recall that the
outgoing 7, is described by v(k’). The muon decay rate can now be obtained
using (4.36),

dT = %r@lﬁdg (12.32)

where the invariant phase space 1s .
@y Ik dk
(27)2E" (27)2w (27)20
1 dyp Ak
 (2n)° 2E7 20

dQ = (7)Y 8@(p —p' — k = k)

0(E-E" — o)8((p—p — k7)), (1233

with p® = E, k%= w, and so oh, and where in reaching the last line we have
performed the d’k integration using

%%fd“k 6(w)8(k?). (12.34)

EXERCISE 12.8 Derive (12.34) by performing the dw integration on the right-
hand side (see Exercise 6.7).

Using (12.31) and (12.29), we find the spin-averaged probability is

—_— 1
9P = = 1 = 64G* (k- p) (k- p),

spins

where p = p’ + k + k7 on account of the d*k integration performed in (12.33):
Since m, > 200m,, we can safely neglect the mass of the electron.

EXERCISE 12.9 Verify (12.35). Neglect the mass of the electron, but not
that of the muon.

EXERCISE 12.10  Show that
2k p )k - p)=(p— k) (K p)

in the muon rest frame, where p = (m,0,0,0).

Gathering these results together, the decay rate in the muon rest frame is
‘ 2 3. 3./
dl = G° dp dk ”
2ma® 2E7 2o

w'(m* — 2mu’)

X 8(m? — 2mE’ — 2ma’ + 2EW(1 — cos8)), (12.37)
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cle momenta. Recall that the and, as for S-decay, we can replace d°p’d’k’ by

/ Tate can now be obtaingd

AnE? dE Trw™ dw'dcos 6.
We now use the fact that

1
2Ew
to perform the integration over the opening angle # between the emitted e” and 7,
and obtain

8(-+-+2FEwcosf) = 8(- - — cos )

) - k,)z), dI’ = ZG—;dE’dw’mw’(m - 2w’). (12.38)

: _ The 8-function integration introduces the following restrictions on the energies
ching the last line we have E’, «, stemming from the fact that —1 < cos 8 < 1:

' lm—E' <& <im, (12.39)

). 0<E < lm. (12.40)

These limits are easily understood in terms of the various limits in which the
three-body decay p — ¢7,», becomes effectively a two-body decay. For example,
when the electron energy E’ vanishes, (12.39) yields w’ = m /2, which is expected
because then the two neutrinos share equally the muon’s rest energy.

"To obtain the energy spectrum of the emitted electron, we perform the w’
integration of (12.38):

de integration on the right-

probability is

)& - p), (12.35)

2
dl' _ mG fzm do’ &’(m — 2w")
. . : dFE’ 27 Jin_p
ration performed in (12,33)

f the electron.

t

2 4 ’

-G mZE'2(3—i). (12.41)
1273 m

This prediction is in excellent agreement with the observed electron spectrum.
Finally, we calculate the muon decay rate

ss of the electron, but not

" 2,5
_ /2dE’£ G m

1
I's—-= = . 12.42
T fo dE’ 1924 ( )

m? — 2mw Yme’

(12.36

Inserting the measured muon lifetime 7 = 2.2 X 107°% sec, we can calculate the ‘ i
Fermi coupling G. We find ;

G~ 107°/m%. (12.43)

Comparison of the values of G obtained in (12.24) and (12.43) supports the
assertion that the weak coupling constant is the same for leptons and nucleons,
and hence universal. It means that nuclear 8-decay and the decay of the muon
have the same physical origin. Indeed, when all corrections are taken into

the muon rest frame is

mw’)

E'w'(1—cos@)), (12.37)
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account, Gy and G, are found to be equal to within a few percent:

G, (1.16632 + 0.00002) X 10> GeV 2,

Gy = (1136 £ 0.003) X 107° GeV >, (12_44) E

The reason for the smali difference is important and is discussed in Section 12, 11
[see (12.107)].

EXERCISE 12.11 DPxaw a diagram showing the particle helicities in the
g~ rest frame in the case where the emitted electron has its maximum
permissible energy. In this limst, explain why the electron angular distribu-
tion has the form 1 — P cos a, where P is the polarization of the muon and

a is the angle between the polarlzatlon direction and the direction of the -
emitied electron:

where N, are the numbers of spin-up, spin-down muons.

EXERCISE 12.12 “Predict” the rate for the decay v~ — e 7.r,, where the

T- lepton has mass 1.8 GeV. The observed branching ratio of this decay
mode {s approximately 20%. Calculate the lifetime of the 'r-lepton Can you
explain this branching ratio?

12.6 Pion Decay i

Can we now also understand the lifetime of the « *-mesons? To be specific, we.:
take the decay .

7 (q) > (p) +5,(k), o (124)
which is shown in Fig. 12.6. The amplitude is of the form

= DT - (e (12.46)

where (...) represents the weak quark current of Fig. 12.6. It is tempting to write_'_
it as i, y*(1 ~ y°)u,, but this is incorrect since the U, d quarks in Fig. 12.6 are not.
free quark states but are quarks bound into a # -meson. We know, however, that

M. is Lorentz invariant, so that ( .)¥ must be a vector or axial-vector, as
indicated. '

The 7~ is spinless, so that ¢ is the only four-vector available to construct:

(.~
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ew percent:
JevV?,
2, (12.44)

discussed in Section 1211

4f,
Fig. 12.6 Feynman diagram for the decay
7 (3d) — p~ 5, with four-momentum g = p
+ k.

sarticle helicities in the
tron has its maximum
zctron angular distribu-
zation of the muon and
nd the direction of the

We therefore have .
(--)" = q*f(q*) = ¢*f,. (12.47)

where f is a funciion of ¢2 since it is the only Lorentz scalar that can be formed
from g, but g* = m?Z and f(m2) = f, is a constant. Inserting (12.47) into (12.46),
the w~ —> p~ ¥ decay amplitude is

M = %(p” + k)£, |7 (p)v, (1 = v*)u(k)|

= %fwm,ﬁ(p)(l = v’ )elk). (12.48)

Here, we have used kuv(k) = 0 and @ p)( p — mp') = (), the Dirac equations for
the neutrino and muon, respectively. In its rest frame, the w-decay rate is

uons,

T — ¢ #,r,, where the

ing ratio of this decay
f the r-lepton. Can you

| o5 dp A%

dT = ;
2m, (2a2)2E (27) 2w

(27)*8(g—p—k), (12.49)

where the sum over the spins of the outgoing lepton pair can be performed by
familiar traceology [see (6.22) and (6.23)]:

= L pam2 1e{(p = m )1~ %) R ++9)

= AG2F22 0
2.6. It is tempting to w 4G°f; mp(P k). (12.50)
quarks in Fig. 12.6 are no In the 7 rest frame (k = —p),
. We know, h , tha
1. We know, however g p-k=Ew—k-p=FEo+k?=w(E + o). (12.51)

_vector of axial-vector, Gathering these results together, we have

:tor available to construc

G*fm; fd3p 4’k

= 8(m,— E—w)é%k+p)w(E+ ).
a5 ) ) o(E + o)
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The d*p integration is taken care of by the 8 function and, since there is n
angular dependence, we are left with only the integration over dw:

GlfwlmZ .

= " [dw w2(1 + %) 8(m, — E — ), (12.52)
(27)2m, :

where E = (m_ + «”)'/%. The result of the integration is wg, where

2 _

Zm

2
m mp

(12.53)

- )

@y
This can be seen by rewriting the §-function in (12.52) as
3 ' @
s =ote /| ] ~ste= /15

Therefore, finally we obtain

W=

— = f2 2 _
Swfﬂ mwmg

1
r=- o

Taking the universal value of G = 1077 my* obtained from - or p-decay and
assuming that f_ = m_ (a guess which at least gnarantees the correct dimension),
we indeed obtain the = lifetime announced at the beginning of the chapter,
Although the theory can clearly accommodate the long lifetime of the charged =,
the decay does. not provide a quantitative test, as f, = m,, is a pure guess.

A quantitative test, however, is possible. If we repeat the calculation for the
decay mode #~ — e~ #,, we obtain (12.54) with m,, replaced by m,. Therefore,

2
r — [ 2
Hr=ern) (-m—) Ma TMe| _ 2% 1074 (12.55)

my

INEE v#) :
where the numerical value comes from inserting the particle masses. The charged
7 prefers (by a factor of 10%) to decay into a muon, which has a similar mass,
rather than into the much lighter electron. This is quite contrary to what one:
would expect from phbase-space considerations, so some dynamical mechanism |
must be at work.

The pion is spinless, and so, by the conservation of angular momentum, the
outgoing lepton pair (¢”7,) must have J = 0. As the #, has positive helicity, thé
e~ is also forced into a positive helicity state, see Fig. 12.7. But recall that this is

Fig. 127 The decay m — e~ 7, showing the
right-handed helicity of the outgoing leptons.
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- development of particle physics, parity violation and its ¥—A structure can now
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the “wrong” helicity state for the electron. In the limit m, = 0, the weak current
only couples negative helicity electrons, and hence the positive helicity coupling is
highly suppressed. Thus, in the # -decay, the e™ {or p™) is forced by angular
momentum conservation into its “wrong” helicity state. This is much more likely
to happen for the i~ than for the relatively light e, in fact, 10* times more likely.
Experiment confirms this result, which is a direct consequence of the 1 — y* or
left-handed structure of the weak current, {12.12). It is however interesting to note
that prior to the discovery of parity violation, an argument for (12.55) based on
helicity conservation was proposed by Ruderman and Finkelstein (1949) (Phys.
Rev. 76, 1458). ‘ .

EXERCISE 12.13 Predict the ratio of the K™ e77, and K™= p77,
decay rates. Given that the lifetime of the K~ is 7 = 1.2 X 1078 sec and the
K -+ pr branching ratio is 64%, estimate the decay constant f,. Comment
on your assumptions and on your result.

12.7 Charged Current Neutrino-Electron Scattering

Although the experiments exposing the violation of parity in weak interactions
(polarized *"Co decay, K decay, m-decay, etc.) are some of the highlights in the

be demonstrated experimentally much more directly. In fact, these days neutri-
nos, particularly muon neutrinos, can be prepared in intense beams which are
scattered off hadronic, or even leptonic, targets to probe the structure of the weak
interaction. A common method is to allow a high-energy monoenergetic beam of
pions (or kaons) to decay (e.g., 77— u” »,) in a long decay tunnel and then to
absorb the muons by passing the, approximately collinear, decay products through
a thick shield which absorbs the charged particles, letting only the neutrinos
through, This technological achievement opens up the possibility of exhibiting the
v¥(1 — ¥°) structure of the weak coupling by measuring the angular distribution
of v e or 7 e scattering. This is the analogue of the confirmation of the v* structure
of the electromagnetic vertex by studying ee or ep scattering, which we discussed
in Chapter 6.

The relevant diagrams are shown in Fig. 12.8, where the particle four-
momenta are defined. The invariant amplitude for e~ - re™ is computed from
diagram (a):

M= (@)L~ 7Yl ) ()1~ 7)ulk). (12:56)

The calculation now proceeds along the lines of that for e™p™ scattering in
Section 6.3, except for the replacement of y* by y*(1 — y*). Squaring (12.56),
summing over the final-state spins, and averaging over the two spin states of the
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e Ye
(a) Neutrino-electron scattering {b} Antineutrinc-electron scattering

Fig, 12.8 Charged current contributions to elastic v~ and 7,e~ scatfering.

initial e~ gives
1 G 5Vt ¥ 5y e 5 5 :
5 LU = Tr(y*(1 -y )ﬁv (1)) Tr(y, (1~ ¥y, (1 — ¥¥) p

spins

= 64G*(k - p)(k' - p’)
= 16G25? (12.57)

where we have used (12.29). Also we are working in the relativistic limit m, = 0
and have made use of ' ‘

s=(k+p)=2k-p=2k""p". (12.58)"

The angular distribution in the center of mass follows from (4.35) (with p, = p, in
the limit m, = 0):

d_i(yee_) ‘= Ll% 2 _ _C_;_Z_S
aq 647ls 442

Integration over this isotropic angular distribution gives

¥

o(vec“) =

EXERCISE 1214 On purely dimensional grounds, show that the cross
section (for a point interaction) must behave as o(ve™) ~ G%s at high
energies. Comment on the significance of this result.

EXERCISE 12,15 Show that
o{re”) = (E,in GeV) X 10~ * cm?,

where E, is the laboratory energy of the neutrino.
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s
@
|

Fig. 12.9 Definition of & for v,e~ scattering.

AL
s

(b} Antineutrino-electron scattering ) . R . .
The Feynman diagram for 7~ -~ ¢~ 7, is shown in Fig. 12.8b. We see that it

can be obtained by crossing the neutrinos in re™— e~ v, of diagram (a); see |
Sections 4.6 and 4.7. We therefore simply replace s by 1 in (12.57):

elastic ve™ and Fe” scaltering.

% 2 IOk = 1662

spins

= 4G%*(1 - cos 8)°, (12.61) L

where § is the angle between the incoming 7, and the outgoing e~ (see Fig. 12.9),
and

k) Tr(v, (1= v ) By (1~ v*)p)

(12:57)

ng in the relativistic limit m, = 0

)
t= — “2_(1 - COS._G),

see (4.45). From (12.61), we obtain
=2k’ - p’. (12.58) '

do(7e”)  G%
dil 1642

(1 —cos@)”, {12.62)

ollows from (4.35) (with p, = p, in'"

and integrating over angles vields
i

2= G (12.59) G2
42 - Rt 0’(!7(,6—) = ?‘;TM . (12.63)
lon gives Comparing with (12.60) gives
(12.60) o(7e”) =1to(re). (12.64)

Results (12.59), {12.62), and (12.64) expose the y*(1 — y°) structure of the weak
current in a way that can be experimentally checked. We can convince ourselves
of this important statement by comparing the results with those obtained for the
y* vertex in the electromagnetic process ep — ey or by performing the following
€XErCIse,

grounds, show that the cross
ave as o(ve ) ~ G2 at high
s result.

EXERCISE 12.16 1f the weak charged current had had a structure
v*(a -+ by’) show that for neutrino-electron scattering
10~ em?, '
do - Gs[A*+A" cos“Q}
2

{rino. dg 3247
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Neutrino-etectron scattering

Antineutrino-electron scattering

Ve —%—“)‘ <—%— e Before De —%—> egb— .
Ve IE'> %—aef After 5"86-@— ———%—>e"
(g)i = Uglp=0 Uply =+ Ugdp=—1

Allowed

Forbidden

Fig. 12.10 Backward scattering in the center-of-mass frame. The long arrows
represent the particle momenta and the short arrows represent their helicities in the
limit in which the masses are negligible. The z axis is along the incident neutrino
direction, ’

for both »,e and 7e elastic scattering. If this were the case, then, in contrast
to {12.64), we would have

a(ve) =o(ve).

The most striking difference between the two angular distributions, (12.59) and
(12.62), is that 7e scattering vanishes for cos # = 1, whereas »e scattering does
not. With our definition of @, see Fig. 12.9, this corresponds to backward
scattering of the beam particle. We could have anticipated these results from the
helicity arguments we used to interpret previous calculations. The by now familiar -
pictures are shown in Fig. 12.10. Backward 7,e scattering is forbidden by angular -

momentum conservation. In fact, the process 7e — #e proceeds entirely in a

J = 1 state with net helicity +1; that is, only one of the three helicity states is
allowed. This is the origin of the factor 1 in (12.64). With our definition of &, the .
allowed amplitude is proportional to d},,(8) = (1 — cos #), see (6.39), in agree-

ment with resuit (12.61).

Fig. 12.11 Neutral current contributions to neutrino—eleciron
elastic scattering.
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Elastic e~ and #,e” scattering can also proceed via a weak neutral current
interaction (see Fig. 12.11) which interferes with the charged current interaction
{Fig. 12.8a). This is discussed in Section 13.5. However, high-energy neutrino
beams are predominantly », {or #,), and so the most accessible (charged current)
purely leptonic scattering process is

v,te > ptu, {(12.65)

(i.e., inverse muon decay). Here, there is no neutral current contribution, and so
the cross section is given just by (12.59).

12.8 Neutrino—Quark Scattering

A study of the scattering of ».’s (or #,’s) from quarks is experimentally feasible by
impinging high-energy neutrino beams on proton or nuclear targets. This is
analogous to the study of the electromagnetic lepton—quark interaction by
scattering high-energy electron or muon beams off hadronic targets, which we
described in Chapters 8 and 9.

To predict the neutrino—quark cross sections, we clearly need to know the form
of the quark weak currents. Quarks interact electromagnetically just like leptons,
- apart from their fractional charge. Our inclination therefore is to construct the
quark weak current just as we did for leptons. For instance, we model the
charge-raising quark current

Ir= a1 -y, T e . (12:66)

1e of the three helicity states is:
4). With our definition of 4, the -
1 — cos #), see (6.39), in agree-

I = a5 (1 = v*hu,

contributions to-heutrino—electron

on the electron weak current (12.12)

—

W
——— e — —

(12.67)
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The hermitian conjugates of (12.66) and (12.67) give the charge-lowering weak
currents

T R W

The V-4 structure means that the weak current couples only left-handed u and q
quarks (or right-handed @ and d quarks), see Exercise 12.3. At high energies, this
means only negative helicity u and d quarks are coupled, or positive helicity U and
d quarks. , '

Using the above currents, we can evaluate diagrams such as Fig. 12.12. That is,
we can calculate the amplitude for

d > ue”#,
which is responsible for a constituent description of neutron S-decay. The
“spectator” u and d quarks, shown in Fig. 12.12, can be treated just like the
spectator nucleons in the nuclear 8-transitions of Section 12.3. The same d - u
transition is responsible for the #~— 7% », decay mode, the spectator quark
now being a ; alternatively, we may have a 1 — d transition with a spectator d
guark.

EXERCISE 12.17 Using the above approach, show that

2
(7 — n%7,) = 33 -
T

(Am)°, (12.68)
where Am = m(z™) ~ m(w?) = 4.6 MeV. Evaluate the decay rate and
compare with I'(7w~— p75,).

Fig. 12.12 The quark diagram responsible for neutron 8-
eI ! decay, n — pe~#,. The two spectator quarks which do not take
part in the weak interaction are shown by dashed lines.
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give the charge-lowering Weé_k'i’ We are now ready to tackle neutrino—quark scattering. As the quarks and

lepton weak currents have identical forms, we can carry over the results for ve
scattering that we obtained in Section 12.7. From (12.59) and (12.62), we obtain
in the center-of-mass frame

dcr(v#d — ,u"u) _ G?s

o pc (12.69)
o

do(ﬁ#u > ptd) B
aQ 1672

(12.70)

uples only left-handed v and g -
cise 12.3. At high energies, this
ipled, or positive helicity T and =

where # iz defined as in Fig. 12.13. From the figure, it is immediately apparent
that the backward 7u — ptd scattering (8 = ) is forbidden L by hehclty consider-
ations. The cross sectlons for scattering from antiquarks, 7 d — p'u and ru -
1~ d, are given by (12.69) and (12.70), respectively. We see that for instance, »,
does not interact with either u or d quarks.

To compare these results with experiment, we have to embed the constituent
cross sections, {(12.69) and (12.70), in the overall »N inclusive cross section. The

procedure is familiar from Chapter 9. We obtain

ums such as Fig. 12.12. That 1s :

ion of neutron fB-decay. The:
}, can be treated just like the:
Section 12.3. The same d -0’
ay mode, the spectator quark
d transition with a spectator d

», (k) plk’)

do(yN - pX)
dx dy *Z

?

show that {12.71)
Am)’, (12.68)

aluate the decay rate and

First, note that the angular distributions of the constituent process have been
expressed in terms of the dimensionless variable y. It is related to cos & by

ram respﬁble for neutron B- ;
»ectator quarks which do not take -

re shown by dashed lines.
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N
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d

Fig. 1213 The helicity configuration for
high-energy #u — u*d scattering.

see (9.25). The four-momenta are given in (12.71). The constituent cross sections
(12.69) and (12.70), are therefore

d_o(vpd_ - pTu) _ G2x51
dy T
di(ﬁ#u — I,L+d) - szs(l _ y)Z.
dy 7

The appropriate »q — puq’ center-of-mass energy is xs, where now s refers to
»N — uX (see Exercise 9.3). Using these results, together with the nucleon
structure functions f;(x) introduced in Chapter 9, we can calculate the deep.
inelastic 7N — pX cross section.

To confront these parton model _predictions with experiment, it is simplest to
take an isoscalar target, in which the nuclei contain equal numbers of protons and
neutrons. The neutrinos interact only with d or u quarks. They therefore measure

d?(x) +d™(x) = d(x) + u(x) = O(x) :
a?(x) +a'(x)=a(x)+d{x)= 0 (x), (12.75)
see (9.29), where we have denoted the distribution functions, f,(x), of up- and
down-quarks in a proton by u(x) and d(x). Inserting (12.73) and the Cross

section for’ LT ~d into (12.72), we find the »,N — u” X cross section per
nucleon to be

do do (3N —pX) _ st
dxdy

On the other hand, antineutrinos interact with d and u constituents; and going
through the same steps, we obtain

CE(e() +0 -y’ (). (1276)

do (3N — p*X) _ G? xs[

O(x)+(1-y o).  (2m
dx dy :
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EXERCISE 1218 Show that deep inelastic clectron electromagnetic
scattering on an isoscalar target gives

dj(;y(EN et %Exs[l +(1 - )] %[Q(X) +0(x)] (12.78)

per nucleon, see Exercise 9.5. Note that, in contrast to N — pX, (12.78)
embodies parity conservation so Q and Q appear symmetrically.

If there were just three valence quarks in a nucleon, Q = 0, the ¥N — p~ X and
#N — p" X data would exhibit the dramatic -4 properties of the weak interac-

iz tion exactly. That is,
da(r do(r
do(v) _ ¢ do(7) _ c(1— ¥, (12.79)
). The constituent cross sectio: dy dy
' where ¢ can be found from (12.76); and for the integrated cross sections,
co(F) 1
(12.73 o(r) 3

1-y),

y is xs, where now s refers t
ts, together with the nucleon:
© 9, we can calculate the deep -

ith experiment, it is simplest t
n equal numbers of protons and
quarks. They therefore measur

x) = 0(x)
x)=0Q(x),

on functions, f,

7

(x), of up- and

[nserting (12.73) and the cross___: 0.2 |- g?xﬁtx) _]
» p,N — p~X cross section per \ +\
L L
| ¢\¢~u | 1
0.0 0.2 0.4 0.6 0.8 1.0

1-y)2((x). (12.76)

X

Fig. 12.14 Quark and antiquark momentum distribu-
tions in a nucleon as measured at CERN and the Fermi
laboratory. The experiments reveal that only about half
the proton’s momentum is carried by quarks. We have
associated the remainder with the gluon constituents (see
Section 9.4).

- and u constituents; and going .

(1 - y)?Q(x)]. (12.77) .
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The data approximately reproduce these expectations. In fact, (12.76) and (12.77y -
allow a determination of Q(x) and Q(x). An example is shown in Fig. 12.14,
There is about a 5% Q component in a proton.

EXERCISE 12.19 1f o(#)/6(») — R, show that

fo_(x)dx: 3R -1
fo(x)dx 3R

Detailed analyses show that the functions u(x), d{x),..., are indeed the same
whether one extracts them from_electroproduction or neutrino experiments, Thig
is a definitive success of the parton model: the u(x), d(x), describe the intrinsic *
structure of the hadronic target and are the same whatever experimental probe is -
used to determine them. '

12.9 First Observation of Weak Neutral Currents

The detection in 1973 of neutrino events of the type

ve = ie”, (12.80)
N =y X
G @2

heralded a new chapter in particle physics. These events are evidence of a weak
neutral current. Until then, no weak neutral current effects had been observed,
and indeed very stringent limits had been set on the (strangeness changing)
neutral current by the absence of decay modes such as .

K% — p*p~,

Kt— #gte’e,

K*— a7pp.
Induced weak neutral current effects are expected to occur by the combined
action of the (neutral) electromagnetic and the (charged) weak current (for
example, K*~> 7¥e*e™ can proceed via a virtual photon: K*— #¥y with
¥ — ee7), but these effects are very small. The rate, compared to the corre-
sponding allowed weak decay, is of the order

I'(K*— nreve) _ (a_G

2
~ 1073, 12.82
NK™— z%*s,) . G ) ( )

in agreement with the data. (Here, the 1/g* behavior of the propagator of the
virtual photon is canceled by the helicity suppression of the 0~ ~> 0~y coupling.)
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However, reactions (12.80) and (12.81) were found to occur at rates very similar
to those of other weak scattering processes.

12.10 Neutral Current Neutrino-Quark Scattering

A guantitative comparison of the strength of neutral current (NC) to charged

current (CC) weak processes has been obtained, for example, by scattering
neutrinos off an iron target. The present experimental values are

R = o™ (v) _ U(VFN - VPX)

" eC(y) U(V#N - Ju_X)

= 0.31 = 0.01,

(5)  o(5N > 7X) (12.83)

R. =
" v (w) o(ﬁ#N - }L+X)

= (.38 = 0.02.

The »N — #X data can be explained in terms of neutral current—current rq — »q
interactions, see Fig, 12,15, with amplitudes
G
o, = ﬁ[ﬁﬁ”(l - ys)uv][ﬁqyy(c?,— cf,'yS)uq] (12.84)

where g = u,d,... are the quarks in the target. A priori, there is no reason why
the neutral weak interaction should have the four-vector current—current form of
(12.84). It is decided by experiment, for instance, by the observed y distribution
(see Exercise 12.20).

1t is appropriate at this stage to introduce the conventional normalization of
the weak neutral currents, J¥“. The invariant amplitude for an arbitrary neutral
current process is written

M, = }—fsz#NCJNCﬂ, (12.85)

compare {12.13) for a charged current process. The rq — »q amplitade of (12.84)

INig) Fig. 12,15 Neutral current »¢ — rq scattering.
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is of this form; the customary definition of the neutral currents is _
IN(w) = a1 —v%)u, ), (12.86)
7¥(q) = (a3 (et — civ®)u,). (12.87) -

In general, the J,Y°, unlike the charged current J,, are not pure V-4 currents
{c, # ¢, ) they have right-handed components. However, the neutrino is left- '
handed; and so, ¢}, = ¢, = % in (12.86). The parameter p in (12.85) determines -
the relative strength of the neutral and charged current processes. In the standard
theoretical model all the ¢i, ¢, (with i = »,e,u...) are given in terms of one
parameter, and p = 1 (see Chapters 13 and 15). In other words, if the model is-
successful, all neutral current phenomena will be described by a common parame-
ter. In fact, the present experiments give p = 1 to within small errors. However,
for the moment let us leave ¢i,, ¢, afid p as free parameters to be determined by :
experiment. Upon inserting the currents (12.86) and (12.87) into (12.85), we:
obtain the »q — rq amplitude of (12.84) with

Gy = pG(= G). (12.88) -
We now return to our interpretation of the ¥N — »X data. The calculation of -

the »q — »q cross sections proceeds exactly as that for the charged current
processes vq — pq’. For example, using the results (12.73) and (12.74),

d_U(VLdL = pu) _ Glxs

£l

Y " which
—_— 3 2 .
ﬁ(i’[_u}z - !Ld) .G xs(l _y)z’ (1289)
dy T
we obtain directly
dal(vg — v
do(rq = 7a) -GS (g7 4 (gg)°(1 - 7). (12.90)
dy 7T .
where we have introduced s Corre
pe § quat
gi=3(ci+¢f), gh=3(ch—ch)- (12.91) -
As compared to (12.89), the new feature of (12.90) is the possibility of a The e:

right-handed component g of J¥“(q).

(e, k

tantal:
Chapt
sector

EXERCISE 1220 Show that [9.(rq — »q)|* behaves like 52, s>(1 — )2,
s7y? for pure ¥ — A, pure V + A4, and S, P neutral couplings of the quark,
respectively. Pure V + 4 denote y”(l v*} couplings, and S, P stands for
the scalar, pseudoscalar interaction amplitude

12.11

So fai
throug

911,:"‘%( (=) ) (7, (g5 — gov")u, ).




eutral currents is
5) uy ) H
1°)u,).

J,, are not pure V-4 currents.
. However, the neutrino is left-
rameter p in (12.85) determines
arrent processes. In the standard
1...) are given in terms of one

In other words, if the model is
described by a common parame-
0 within small errors. However, -
parameters to be determined by
5) and (12.87) into (12.85), we

(12.86)
(12.87) -

(12.88)

I - »X data. The calculation of =
s that for the charged current
lts (12.73) and (12.74),

1—y), (12.89)

(28)(1 - »)), (12.90)

(el —c9). (12.91)
(12.90) is the possibility of a

2 behaves like 52, 52(1 — y)?,
;utral couplings of the quark,
ywaplings, and S, P stands for

s gPYS)uq)'

12.11  The Cabibbo Angle 279

The parton model predictions for the neutral current (NC) processes ¥N — »X
and #N -» 5X are obtained by following the calculation of the CC processes
»N — p”X and #N — p* X of Section 12.8. For an isoscalar target, we find that
the cross section per nucleon is

do(¥N = vX)  Gixs

[s2(Q(x) +(1 - »Y2 (%))

~g3(0 () +(1 e, (12.92)
where, if we assume only v, d, 11, d quarks within the nucleon,
Y 2
gi=(e1) +(gf)" (12.93)
and similarly for gz. We may integrate over x and define
QEfo(x) dx %fx[u(x)“kd(x)] dx, (12.94)
see (12.75). Cross section (12.92) and that for PN — #X become
do™(»)  G2s — -
LN TR 20+ (1 - y)0) + 230+ (1 - ¥)0)),
dy 2
de™(¥#) Gis - —
LI Lo (G- y)e) +gie+(1 -1 2)),
dy 2a
(12.95)

which are to be contrasted with the charged current expressions (12.76) and
(12.77)

Ao () _ EEE(Q +(1—»)'0),

dy 24

CCyf =
dote(v) _ _GfE(QJr(l - »Y0). (12.96)
dy 2a

Correcting (12.95) and (12.96) for the neutron excess in an iron target and for an
s quark contribution, the present data give

g# = 0.300 £ 0.015, gz = 0.024 + 0.008. (12.97)
The experimental verdict is that the weak neutral current is predominantly V-4
(i.e., left-handed) but, since gz # 0, not pure ¥-A. The NC and the CC have a

tantalizingly similar structure, but the CC is believed to have a pure V-4 form.
Chapter 13 takes up this point, but first we must look more carefully at the quark

sector.

12.11 The Cabibbo Angle

So far, we have seen that leptons and quarks participate in weak interactions
through charged ¥~ A currents constructed from the following pairs of (left-
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handed) fermion states:

I ] o

All these charged currents couple with a universal coupling constant G. It is : "
natural to attempt to extend this universality to embrace the doublet

(¢) o (12.99)

formed from the heavier quark states. However, we already know that this cannot -’
be quite correct. For instance, the decay K+ p™* v, occurs. The K™ is made of u. -
and § quarks. There must thus be a weak current w}nch couples a u to an 5 quark |
{(see Fig. 12.16). This contradicts the above scheme, thch only allows weak
transitions between u <> d and c.< s.

Instead of introducing new couplings to accommodate observations like K+ —

#*,, let us try to keep universality but modify the quark doublets. We assure
that the charged current couples “rotated” quark states :

(&)

d’=dcosd + ssiné,

(SC,),. . (12.100)

where

s’ = —dsinf, + scosé,. (12.101)

This introduces an arbitrary parameter 6,, the quark mixing angle, known as the
Cabibbo angle. In 1963, Cabibbo first introduced the doublet u, d” to account for
the weak decays of strange particles. Indeed, the mixing of the d and s quark can
be determined by comparing AS = 1 and AS = 0 decays. For example,

T{K* > p*s,) ' s

—_ " st
I‘(W+_) .u‘_'_pp) S c?

(Kt 7% s,)
T(7*— 7%*s,)

‘2
~ sin” 4.

Thi

=1

Fig. 12.16 The decay K" -» "7,
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After allowing for the kinematic factors arising from the different particle masses,
the data show that the AS = 1 transitions are suppressed by a factor of about 20
as compared to the AS = 0 transitions. This corresponds to a Cabibbo angle
6. ~=13°.

What we have done is to change our mind about the charged current (12.66).
We now have “Cabibbo favored” transitions (proportional to cos 8,)

W= = cos'9< W 4)-COSE< (1210
5

and “Cabibbo suppressed” transitions

[see (12.101)], and similar diagrams for the charge-lowering transitions. We can
summarize this by writing down the explicit form of the matrix element de-
scribing the charged current weak interactions of the quarks. From (12.13),

(12.103)

4G
N, = —Jert 12.104
Vo ( )
with
I S
Jr=(a C)—_z—fU(S). (12.105)

The unitary matrix U performs the rotation (12.101) of the d and s quark states:

( cosfl, siné, )

. 12.106
—sinf, cosf, ( )

Of course, there will also be amplitudes describing semileptonic decays con-
structed from the product of a quark with a lepton current, J*(quark) Jj(lepton).
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All this has implications for our previous calculations. For instance, we must g
replace G in the formula for the nuclear B-decay rate by

Gy = Gceosd,, (12.107)

whereas the purely leptonic p-decay rate, which involves no mixing, is unchanged: -
G, = G. The detailed comparison of these rates, (12.44), supporis Cabibbo’s::
hypothesis. :

The weak interactions discussed so far involve only the u and d’ quark states,’
However, in (12.100), we have coupled s” to the charmed quark ¢, so that we have
weak transitions ¢ <» s’ as well as d’ < w. In fact, following this line of argument,’
Glashow, Tliopoulos, and Maiani {GIM) proposed the existence of the ¢ quark
some years before its discovery. A reason for doing this can be seen by studying -
the decay K° — p*u~. With only u « d’ transitions, the diagram of Fig. 12.17a"
predicts that the K?L — p*u~ decay would occur at a rate far in excess of what is °
observed: . '

F(KG - prp)
T(K$ — all modes)

However, with the introduction of the ¢ quark, a second diagram, Fig. 12.17b, .
occurs which would exactly cancel with diagram 12.17a if it were not for the mass
difference of the u and ¢ quarks. We take up this discussion in the next section. *

The c, s’ weak current is responsible for the weak decays of charmed particles,
A delightful example is the decay of a D" meson. The D¥ meson consists of a ¢,
and d quark. Since cos® 8, = sin® §,, it follows from (12.100) and (12.101) that
the favored quark decay pattern is that shown in Fig. 12.18, with amplitude

M (c — sud) ~ cos? d,. (12.108)
That is, a K meson should preferentially feature among the decay products of a

D*. On the other hand, the decay D™— K ... is highly (Cabibbo) suppressed
since .

—(9.1+1.9)x10°°.

M, (c — sud) ~ sin’4,. (12.109) -

M~ cos B, sinb, M~ —cos 8. sind,
ta) (b}

Fig. 12.17 Two contributions to K% — p*p~. Diagram (b) is simply (a) with u — c.
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Fig. 12.18 A quark description of D™ decay:
the Cabibbo-favored process is ¢ — sud with a
spectator d quark.

We thus have a very characteristic signature for D* decay, that for instance the
decay mode K7 *«™ is highly favored as compared to the K™z 7~ mode.

EXERCISE 12.21 Estimate the relative rates for the following three decay
modes of the D%(ci) meson: D - K™ 7%, v 7", K7™,

EXERCISE 12.22 Given that the partial rate
T(K*— 7%*r} =4 x 10°sec™?,

calculate the rate for D® — K~ e™». Hence, estimate the lifetime of the D®

MmesoI.

EXERCISE 12.23 Show, in ihe “spectator” quark model approach, that
the charmed meson lifetimes satisfy

(D) = 7(D7) = =(F"),

where F' is made of ¢ and s quarks, see Chapter 2.

12.12 Weak Mixing Angles

We can summarize the above Cabibbo-GIM scheme as follows. The charged (or
flavor-changing) current couples u < d” or ¢ ¢ s’ (left-handed) quark states,
where d’ and s’ are orthogonal combinations of the physical (i.e., mass) eigen-

states of quarks of definite flavor d, s:

(d,) ) ( cos . sinf?()(d}‘ (12.110)

s’ ~sinf, cosd. |\s

The quark mixing is described by a single parameter, thfL Cabibbo angle 8.

The original motivation for the GIM proposal was to ensure that there are no
s © d transitions, which change flavor but not charge. The experimental evidence
for the absence of strangeness-changing neutral currents is compelling. For
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instance, decays such as K® » p"p~, K¥—> w'ete, K*— 7% p#, which Would.

be otherwise allowed, are either absent or highly suppressed o
How does the GIM mechanism work? To see this, it is convenient to rewrite .

(12.110) in the form

d/ = 2 U jd 0
J

with d| = d; and d, = s; where L denotes a left-handed quark state. Now the

matrix U, mtroduced in (12.105), is unitary (provided we adopt the umversal';'

weak coupling hypothesis), and therefore we have :

Z‘?f"d:": E Jj[{fj‘q.&dk

ik
Z

That is, only transitions d > d and*s — s are allowed; flavor-changing: trans1—
tions, s <> d, are forbidden. : ;

Before we extend the GIM rhecham'sm to incorporate additional quark flavors;
we must answer two questions that may have come to mind. First, why is the
mixing taken in the d, s sector? In fact, the mixing could equally well have been
formulated in the u,c¢ sector; no observable difference would result since the
absolute phases of the quark wavefunctions are not observable. Indeed, a more
involved mixing in both the u, ¢ and d, s sectors can be used, but it can always be
simplified (by appropriately choosing the phases of the quark states) to the
one-parameter form given in (12.110). This will become clearer in a moment.

A second question is, “Why is there no Cabibbo-like angle in the leptonic

sector?”’
v, B,
e” " A\n )7

The reason is that if », and », are massless, then lepton mixing i$ unobservable,
Any Cabibbo-like rotation still leaves us with neutrino mass eigenstates. By -
definition, we take », to be the partner of the electron. This guarantees conserved
lepton numbers L, and L,- By contrast, the weak interaction eigenstates d’,s” are
not the same as the mass elgenstates but are related by (12.110). _

Now consider the generalization of the Cabibbo-GIM ideas to more than four
quark flavors. Imagine for a moment that weak interactions operate on N
doublets of left-handed quarks,

(12.111)

(12.112j |

(12.113)

u;
(d’) withi =1,2,...,N

i

(12.114) -
where d/ are mixtures of the mass eigenstates d,:

(12.115)
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{/ is a unitary N X N matrix to be determined by the flavor-changing weak
processes. How many observable parameters does U contain? We can change the
phase of each of the 2N quark states independently without altering the physics.
Therefore, U/ contains

N?—(2N - 1)
real parameters. One phase is omitted as an overall phase change still leaves U
invariant. On the other hand, an orthogonal N X N matrix has only JN(N — 1)

real parameters [e.g., (12.110)]. Therefore, by redefining the quark phases, it is not
possible, in general, to make U real. U/ must contain

NI—(N 1) - IN(N - 1) = {(N ~ 1)(N - 2) (12.116)

residual phase factors. Thus, for two doublets { ¥ = 2), there is one real parame-
ter (#.), whereas for three doublets, there are three real parameters and one phase
i -

We have in fact conclusive evidence for a fifth flavor of quark, the bottom
quark b with charge @ = — % (see Chapter 2), and it is widely believed that its
partner, the top quark t with Q = + 3, exists. Weak interactions would then
operate on three doublets of left-handed quarks,

b Gk )

Why should we expect quarks to come in pairs? There are two reasons for this.
First, it provides a natural way to suppress the flavor-changing neutral current;
the argument leading to (12.112) applies just as well for three as for two doublets.
The second reason is concerned with the desire to obtain a renormalizable gauge
theory of weak interactions (see Chapters 14 and 15). This requires a delicate
cancellation between different diagrams, relations which can casily be upset by
“anomalies” due to fermion loops such as Fig. 12.19. These anomalies must be
canceled for a renormalizable theory. Each triangle is proportional to ¢Q7, where
Q,is the charge and ¢} is the axial coupling of the weak neutral current.: Thus, for
an equal number N of lepton and quark doublets, the total anomaly is propor-
tional to

(12.117)

T (40~ 317 1N AN =0 (2a1g)

i=1

Z Axial part
Fig. 12.19 A fermion (quark or lepton) trian-

gle diagram which potentially could cause am
Qr anomaly,
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The values used for cﬂ are determined in the next chapter (see Table 13.2). Thus,
taking account of the three colors of each quark (N, = 3), the anomalies are
canceled. Since we have three lepton doublets (electron, muon, and tau), it is -
therefore natural to anticipate the three quark doublets of (12.117). .

It is straightforward to extend the weak current, (12.105), to embrace the new .
doublet of quarks; : '

s d
L(I—Z-ML)U s, (12.119) =
b i
The 3 X 3 mixing matrix U contains three real parameters (Cabibbo-like mixing
angles) and a phase factor e [see (12.116)]. The original parametrization was due -
to Kobayashi and Maskawa. Due to the phase 8, the matrix U7 is complex, unlike
the 2 X 2 matrix of (12.110). That is, with the discovery of the b quark, complex
elements U, ; enter the weak current. This has fundamental implications concern- :
ing CP invariance, which we discuss in the next section.

We illustrated how each element of the 2 X 2 Cabibbo matrix can be de-
termined from experimental information on the corresponding quark flavor -
transition. The elements of the 3 X 3 matrix can also be studied in the same way, -
The present status of the experimental situation may be summarized as follows: .

U4l = 0973 U, =023 |U, =0
U= ||Ug4 =024 |U,| =097 |U,| =0.06]. {12.120)
[ Uyl =0 tU,l =0 |yl =1

Jt=(uct)

where |U| = ( means that the element is very small, but not vet determined. It is
not surprising that some elements are not known, since there is no experimental -
information on the t quark. An incomplete sketch of how the results of (12.120)
are obtained is shown in Table 12.1.'The most striking feature of (12.120) is that -
the diagonal elements- U, U,,, U, are clearly dominant. The large value of |U,,|

cs?

simply reflects the experimental fact that charm particles preferentially decay into
strange particles. The experimental observation that B mesons prefer to decay .
mto charm particles implies {U,,| > |U,,|. Moreover (12.120) indicates that T
mesons (when found) should preferentially decay into B mesons. All this has °
interesting consequences for the study of heavy quark states or for their detection
mn the case of T mesons. Spectacular experimental signatures result from the
favored “cascade” decays, which may be characterized by the presence of
multiple leptons (or strange particles) in the final state, for example:
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TABLE 12.1
A Summary of the Determination of the Elements U .
of the Kobayashi—Maskawa Matrix

Element Experimental Information

U, B-Decay, generalize (12.107)

U, K — 7es and semileptonic hyperon decays, generalize discussion
following (12.101)

U b — ue 7, look for B meson decays with no
K’s in final state: gives {U,,|? < 0.02|1]

Vea vd — p”c, charmed particlc production by neutrinos

U, »s — u cand D'— K%"s,, see (12. 108), a}so constrained by
the unitarity of U/, which 1mphes | U, U 1>+ |U,l?
together with the information on | a.[ and | Al

Ut The (long) Lifetime of the B meson, , — 10~ 2secs, and |U,,|.

U From unitasity bounds

12.13 CP Invariance?

To investigate CP invariance, we first compare the amplitude for a weak process,
say, the quark scattering process ab — cd, with that for the antiparticle reaction
ab — ¢d. We take ab — cd to be the charged current interaction of Fig. 12.20a.
The amplitude

N, ~

ca nfm’ .

_ T

( cY”(l o YS) catt u)(ubyp.(l - YS)bdeud)

- I]c-al]dﬂ.’;(ﬁc},u(1 - Ys)ua)(ﬁdvu(l - Ys)ub)’

since U}, = U, 9N describes either ab — cd or cd — ab (remembering the
antiparticle description of Chapter 3).

On the other hand, the amplitude 91 for the antiparticle process ab — ¢d (or
cd — ab) s

(12.121)

( )T Juba

- qudb(Ea-Yﬂ(l - ‘Ys)uc)(ﬁbyp(l - (12122)

v )uy);

that is,
o = ot
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Up, Uap

d b d
b {a} {b)

Fig. 12.20 The processes described by (a) the weak amplitude
M (ab — «d) and (b} its hermitian conjugate.

This should not be surprising. It is demanded by the hermicity of the Hamilto-
nian. By glancing back at (4.6) and (4.17), we see that 9T is essentially the
interaction Hamiltonian ¥ for the process. The total interaction Hamiltonian
must contain 9N + WY, where DN describes the i — f transition and 9N’ describes
the f — i transition in the notation of Chapter 4.

In Section 12.1, we have seen that weak interactions violate both P invariance
and C invariance, but have indicated that invariance under the combined CP
operation may hold. How do we verify that the theory is CP invariant? We
calculate from 9M.(ab — cd) of (12.121) the amplitude IM..p, describing the
CP-transformed process, and see whether or not the Hamﬂtoman remains hermi-
tian. If it does, that is, if

NMoep = M,

then the theory is CP invariant. If it does not, then CP is violated.
M -p is obtained by substituting the CP-transformed Dirac spinors in (12.121);

u,— P(u)e, i=a,...d ' - (12.123)

where 1. are the charge-conjugate spinors of Section 5.4,

= CiT. (12.124)

Clearly, to form 9N -, we need i1~ and, also, to know how v*(1 — ¥*) transforms
under C. In the standard representation of the y-matrices, we have [see (5.39)]

7 = — T 1
U= —uC 7,

CWy*C =

I
i
—~—
-~
=
S
L

(12.125)

EXERCISE 12.24 Verify (12.125) using (5.39).




(=11

) the weak amplitude
€.

¢ the hermicity of the Hamilto-

see that 9 is essentially the
: total interaction Hamiltonian
- f transition and 9N describes

;tions violate both P invariance
iance under the combined CP
e theory is CP invariant? We
nplitude 9., describing the
he Hamiltonian remains hermi-

:n CP is violated. :
rmed Dirac spinors in {12.121):

d (12.123)

ion 5.4,

(12.124)

1w how y*(1 — v} transforms
natrices, we have [see (5.39)]

El

)" (12.125)

12.14 CP Yiolation: The Neutral Kaon System 289

With the replacements (12.123), the first charged current of (12.121) becomes
() e = Ugl@) o v" (1 = v*Y)u,)
= —UulC 'y*(1 - ¥¥)Cay

= [ uT[y"(l + 75)] Ta;"

ca— ¢

= (=) U, i, v{1 + v°)u,. (12.126)

carra

The above procedure is exactly analogous to that used to obtain the charge-con-
jugate electromagnetic current, (5.40).
The parity operation P = y°, see (5.62), and so

Plyr(1 + y3)P = y*H(1 — v*),
see (5.9)—(5.11). Thus, )
(V&) cp = (MU, y"1(1 = ¥*)u,,
and hence
Mep ~ U711 — v9)u] (a1~ v, (12127)

We can now compare M., with ON' of (12.122). Provided the elements of the
matrix U7 are real, we find

Mp = O,

and the theory is CP invariant. At the four-quark (u, d. ¢, s) level, this is the case,

as the 2 X 2 matrix ¥/, (12.106), is indeed real. However, with the advent of the b

{and t) quarks, the matrix U becomes the 3 X 3 Kobayashi-Maskawa (KMM)

matrix. It now contains a complex phase factor e’®. Then, in general, we have
M ip # ST,

and the theory necessarily violates CP invariance.

In fact, a tiny CP violation had been established many yéars before the
introduction of the KM matrix. The violation was discovered by observing the
decays of neuntral kaons. These particles offer 4 unique “window” through which
to leok for small CP violating effects. We discuss this next.

12.14 CP Violation: The Neutral Kaon System

The observations of neutral kaons have led to several fundamental discoveries in
particle physics. K° and K, with definite 7, and Y, are the states produced by
strong interactions (sec Chapter 2). For example,

7 p — KA,
#*p — K°K*p.

However, experimentally it is found that K° decay occurs with two different
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lifetimes:
(K% > 27) = 0.9 X 1071 sec
7(K$ = 37) = 0.5 1077 sec. (12.128)

In other words, the K produced by the strong interactions seems to be two
different particles (K% and K9) when we study its weak decays. The same
dilemma appears for the K°, and it was therefore proposed that the K® and K°
are nothing but two different admixtures of the K% and K9, the particles
associated with the short- and long-lived 2« and 3= decay modes. _

In the absence of orbital angular momentum, the 27 and 3« final states differ
in parity, with P = +1 and — 1, respectively. We mentioned that these observa-
tions were in fact instrumental in the discovery of parity violation in weak
interactions in 1957. For some time, it was thought that weak interactions were at
least invariant under the combined CP operation. We make the conventional
choice of phase of |[K") and |K?) such that

CP[K®) = |K°).

Since the final 27 and 3« states are eigenstates of CP with eigenvalues +1 and
-1, respectively (see Exercise 12.26), it 1s tempting to identify the neutral kaon
CP eigenstates with K& and K9:

[K3) = V3 (jK") +[K%))  [cP— +1]
[KE) = V3 (k) -[K%) [P =-1].

To a very good approximation, this is true. However, in 1964 it was demonstrated
that K} — "7~ with a branching ratio of order 107>, Therefore, a small CP
violating effect is indeed present. An excellent summary of the experiments and
other K° phenomena is given, for example, by Perkins (1982). \

(12.129)

EXERCISE 12,25 Show that C = —1 for a photon and hence that C =
+1 for a #°,

Hint Under e — —e, the amplitude corresponding to Fig. 1.9a will change
sign.

EXERCISE 12.26 Show that in the absence of angular momentum, a
7t~ or 70 state is an eigenstate of CP with eigenvalue + 1. Further,
show that by adding an S wave 7% we obtain CP eigenstates w+@~ = or
379 with eigenvalue —1.

Hint A 7%~ state is totally symmetric under the interchange of the
w-mesons, by Bose statistics. Interchange of the particles corresponds to the
operation C followed by P.
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e bl e
d w* s

Fig. 12.21 Diagram responsible for K° « K°
mixing,

The appearance of complex ¢lements U, in the KM matrix may be related to
the AS = 2 transition mixing the § = +1 K and K" states. The connection is
not simple; the diagram of Fig. 12.21 is responsible for K’~K? mixing. With only
v and ¢ quarks exchanged (in the four-quark theory), the mixing would conserve
CP and the resulting mass matrix would have eigenstates, (12.129), that differ by
a small mass. In a six-quark theory, the: values are slightly perturbed and ‘K g)
and |K f) are no longer exactly CP eigenstates. Finally, it is widely believed that
CP nonconservation in the early universe is the source of the apparent imbalance
between matter and antimatter which we observe around us.




