Physics 116A Winter 2011

The complex logarithm, exponential and power functions

In these notes, we examine the logarithm, exponential and power functions, where
the arguments® of these functions can be complex numbers. In particular, we are
interested in how their properties differ from the properties of the corresponding
real-valued functions.’

1. Review of the properties of the argument of a complex number

Before we begin, I shall review the properties of the argument of a non-zero
complex number z, denoted by arg z (which is a multi-valued function), and the
principal value of the argument, Arg z, which is single-valued and conventionally
defined such that:

—m<Arg z <. (1)

Details can be found in the class handout entitled, The argument of a complex
number. Here, we recall a number of results from that handout. One can regard
arg z as a set consisting of the following elements,

argz =Arg z+2mmn, n=0,+1,4+2,+£3,..., -7 <Argz<mw. (2

One can also express Arg z in terms of arg z as follows:

1 argz
Arg z = 21 | = — 3
rg z = argz + 7T|:2 27?}’ (3)
where [ ] denotes the greatest integer function. That is, [z] is defined to be the

largest integer less than or equal to the real number z. Consequently, [z] is the
unique integer that satisfies the inequality

r—1<[z] <z, for real x and integer [z]. (4)

*Note that the word argument has two distinct meanings. In this context, given a function
w = f(z), we say that z is the argument of the function f. This should not be confused with
the argument of a complex number, arg z.

tThe following three books were particularly useful in the preparation of these notes:

1. Complex Variables and Applications, by James Ward Brown and Ruel V. Churchill (McGraw
Hill, New York, 2004).

2. Elements of Complex Variables, by Louis L. Pennisi, with the collaboration of Louis I. Gordon
and Sim Lasher (Holt, Rinehart and Winston, New York, 1963).

3. The Theory of Analytic Functions: A Brief Course, by A.l. Markushevich (Mir Publishers,
Moscow, 1983).



For example, [1.5] = [1] = 1 and [-0.5] = —1. One can check that Arg z as
defined in eq. (3) does fall inside the principal interval specified by eq. (1).
The multi-valued function arg z satisfies the following properties,

arg(z122) = arg z; + arg 2, (5)
arg (ﬁ) = argz, — argzs. (6)
22

1
arg (;) —arg Z = —argz. (7)

Egs. (5)—(7) should be viewed as set equalities, i.e. the elements of the sets indi-
cated by the left-hand side and right-hand side of the above identities coincide.
However, the following results are not set equalities:

arg z + argz # 2arg z, argz —argz # 0, (8)
which, by virtue of egs. (5) and (6), yield:
arg z® = argz + argz # 2arg z, arg(l) =argz —argz #0. (9)
For example, arg(1) = 27n, for n =0+ 1,£2,.... More generally,

arg 2" =argz+argz+---argz £ n argz. (10)

n

We also note some properties of the the principal value of the argument.
Arg (z129) = Arg 21 + Arg 2o + 27Ny, (11)
Arg (21/29) = Arg z1 — Arg 2o+ 27 N_ | (12)

where the integers N are determined as follows:

-1, if Arg z; £ Arg 2 > 7,
Ny = 0, if —m <Arg z; + Arg 2, <, (13)
1, if Arg z; £ Arg 2o < —7r.

If we set z; = 1 in eq. (12), we find that

Arg z, ifImz=0 and z #0,

: (14)
—Argz, if Im 2z #0.

Arg(1l/z) = Arg z = {

Note that for z real, both 1/z and Z are also real so that in this case z = Z and
Arg(1/z) = Arg Z = Arg z. In addition, in contrast to eq. (10), we have

Arg(z") =nArg z 4+ 27N, (15)
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where the integer N, is given by:

1 n
and | | is the greatest integer bracket function introduced in eq. (4).

2. Properties of the real-valued logarithm, exponential and power func-
tions

Consider the logarithm of a positive real number. This function satisfies a
number of properties:

M=, (17)
In(e?) = a, (18)
In(zy) = In(z) + In(y), (19)

In (g) = In(z) — In(y), (20)
In (%) — In(z), (21)
Inz? =pha, (22)

for positive real numbers x and y and arbitrary real numbers a and p. Likewise,
the power function defined over the real numbers satisfies:

¢ = ealnx’ (23)
22’ = g7 (24)
l.a _ _a—b
1
—=a?, (26)
x[l
(Ia)b — SL’ab, (27)
(zy)* = zy", (28)

) e

for positive real numbers z and y and arbitrary real numbers a and b. Closely
related to the power function is the generalized exponential function defined over
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the real numbers. This function satisfies:

ax — egvlna7 (30)
a*a? = a®t | (31)

al‘

Yo Ty

i a* v, (32)

1

—=a " 33

a® a ? ( )
(a”)! = a™ (34)
(ab)® = a®b”, (35)

a

(E)x g (36)

for positive real numbers a and b and arbitrary real numbers x and y.

We would like to know which of these relations are satisfied when these func-
tions are extended to the complex plane. It is dangerous to assume that all of
the above relations are valid in the complex plane without modification, as this
assumption can lead to seemingly paradoxical conclusions. Here are three exam-
ples:

1. Since 1/(—1) = (-1)/1 = —1,

(-t

Hence, 1/i =i or i = 1. But 4> = —1, so we have proven that 1 = —1.
2. Since 1 = (—1)(—1),

1=Vi=y()(-1)=KW-DKV-1)=i-i=—1. (38)

3. To prove that In(—z) = In(z) for all z # 0, we proceed as follows:

In(2?) = In[(~2)?],
In(z) + In(z) = In(—2) + In(—2),
2In(z) =2In(—=2),

In(z) = In(—z).

Of course, all these “proofs” are faulty. The fallacy in the first two proofs can
be traced back to eqgs. (28) and (29), which are true for real-valued functions but
not true in general for complex-valued functions. The fallacy in the third proof
is more subtle, and will be addressed later in these notes. A careful study of the
complex logarithm, power and exponential functions will reveal how to correctly
modify egs. (17)-(36) and avoid pitfalls that can lead to false results.



3. Definition of the complex exponential function

We begin with the complex exponential function, which is defined via its power

series:
o0
=)
n=0

where z is any complex number. Using this power series definition, one can verify
that:

n

| N

' )

S

et = efe® for all complex z; and z; . (39)

In particular, if z = z 4+ iy where = and y are real, then it follows that

e” =" =" e = e*(cosy +isiny) .

One can quickly verify that egs. (30)—(33) are satisfied by the complex exponential
function. In addition, eq. (34) clearly holds when the outer exponent is an integer:

()" =e", n=0,+1,+2,.... (40)

If the outer exponent is a non-integer, then the resulting expression is a multi-
valued power function. We will discuss this case in more detail in section 8.
Before moving on, we record one key property of the complex exponential:

ermin =1, n=0,+l,+2, £3, .... (41)

4. Definition of the complex logarithm

In order to define the complex logarithm, one must solve the complex equation:
z=e", (42)

for w, where z is any non-zero complex number. If we write w = u + ‘v, then
eq. (42) can be written as

ele’ = |z|e'™e* . (43)
Eq. (43) implies that:
|z| = €e*, v=argz.

The equation |z| = e is a real equation, so we can write u = In|z|, where In|z| is
the ordinary logarithm evaluated with positive real number arguments. Thus,

w=u+iw=Inlz|+iargz =In|z| +i(Arg 2+ 2mn), n=0, +1, £2, £3, ...
(44)



We call w the complex logarithm and write w = In z. This is a somewhat awkward
notation since in eq. (44) we have already used the symbol In for the real logarithm.
We shall finesse this notational quandary by denoting the real logarithm in eq. (44)
by the symbol Ln. That is, Ln|z| shall denote the ordinary real logarithm of |z|.
With this notational convention, we rewrite eq. (44) as:

Inz = Ln|z| +iargz = Ln|z| +i(Arg z+27mn), n=0, £1, £2, £3,...|(45)

for any non-zero complex number z.

Clearly, In z is a multi-valued function (as its value depends on the integer n).
It is useful to define a single-valued complex function, Ln z, called the principal
value of In z as follows:

Lnz = Ln|z| +iArg z, —m < Arg z <, (46)

which extends the definition of Ln z to the entire complex plane (excluding the

origin, z = 0, where the logarithmic function is singular). In particular, eq. (46)

implies that Ln(—1) = im. Note that for real positive z, we have Arg z = 0, so

that eq. (46) simply reduces to the usual real logarithmic function in this limit.
The relation between In z and its principal value is simple:

Inz=Lnz+2min, n=0,=+1,£2, £3,....

5. Properties of the complex logarithm

We now consider which of the properties given in eqs. (17)—(22) apply to the
complex logarithm. Since we have defined the multi-value function In 2z and the
single-valued function Ln z, we should examine the properties of both these func-
tions. We begin with the multi-valued function In z. First, we examine eq. (17).
Using eq. (45), it follows that:

Inz _ eLn|z|eiArg ze2m’n _ |Z|6iArg . (47)

e
Thus, eq. (17) is satisfied. Next, we examine eq. (18) for z = = + iy:
In(e*) = Lnl|e®| +i(arg €*) = Ln(e”) +i(y + 2wk) = x + iy + 2mik = z + 2mik ,

where k is an arbitrary integer. In deriving this result, we used the fact that
e* = e®e¥, which implies that arg(e®) = y + 2rk.} Thus,

In(e®) = z + 2mwik # z, unless £ = 0. (48)

fNote that Arg e* = y + 27N, where N is chosen such that —7 < y + 27N < 7. Moreover,
eq. (2) implies that arge®* = Arg e* + 27n, where n = 0,+1, £2,.... Hence, arg(e®) = y + 27k,
where kK = n + N is still some integer.



This is not surprising, since In(e*) is a multi-valued function, which cannot be
equal to the single-valued function z. Indeed eq. (18) is false for the multi-valued
complex logarithm.

As a check, let us compute In(e™?) in two different ways. First, using eq. (47),
it follows that In(e#) = In 2. Second, using eq. (48), In(e™#) = In z + 2mik. This
seems to imply that Inz = In z + 27ik. In fact, the latter is completely valid as a
set equality in light of eq. (45).

We now consider the properties exhibited in eqgs. (19)—(22). Using the defini-
tion of the multi-valued complex logarithms and the properties of arg z given in
egs. (5)—(7), it follows that egs. (19)—(21) are satisfied as set equalities:

lnz)

In(z122) =lnz; +1nzy, (49)

In (ﬁ) =Inz —Inz. (50)

z2

In G) S (51)

However, one must be careful in employing these results. One should not make

the mistake of writing, for example, Inz 4 In z Z2nzorlnz—1Inz = 0. Both
these latter statements are false for the same reasons that egs. (8) and (9) are not
identities under set equality. In particular, the multi-valued complex logarithm
does not satisfy eq. (22) when p is an integer n:

Inz"=mnz4+hz+---+Inz#nlnz, (52)

n

which follows from eq. (10). If p is not an integer, then 2 is a complex multi-
valued function, and one needs further analysis to determine whether eq. (22) is
valid. In section 6, we will prove [see eq. (62)] that eq. (22) is satisfied by the
complex logarithm only if p = 1/n where n is an integer. In this case,

1
In(z"/") = —Inz, n=1,2,3,.... (53)
n

We next examine the properties of the single-valued function Ln z. Again,
we examine the six properties given by eqgs. (17)—(22). First, eq. (17) is trivially
satisfied since

Lnz _ eLn|z|ezArg z iArg z

e =|zle =2z. (54)

However, eq. (18) is generally false. In particular, for z = = + iy

Ln(e*) = Ln |e*| + i(Arg €*) = Ln(e”) + i(Arg ") = z + iArg (")

_ , [1 arg(e®) _ 1y
_ WY 4 9m |2 — - il = — L
x +iarg(e”) + 2mi {2 5 ] T + iy + 2mi {2 o
1 Imz
= 2mi | = — 95
z+2mi {2 o ] ; (55)



after using eq. (3), where | | is the greatest integer bracket function defined in
eq. (4). Thus, eq. (18) is satisfied only when —7 < y < 7. For values of y outside
the principal interval, eq. (18) contains an additive correction term as shown in
eq. (55).

As a check, let us compute Ln(e#) in two different ways. First, using eq. (54),
it follows that Ln(e"™ #) = Ln z. Second, using eq. (55),

1 ImLnz 1 Argz
Ln z\ __ N — N
Ln(e™ ?*) = Ln z + 2mi {2 o ] Ln z 4 2mi {2 5 ]

where we have used Im Ln z = Arg z [see eq. (46)]. In the last step, we noted
that

0< 1 B Arg z p
2 27
due to eq. (1), which implies that the integer part of % — %Arg z is zero. Thus,

the two computations agree.

We now consider the properties exhibited in egs. (19)—(22). Ln z may not
satisfy any of these properties due to the fact that the principal value of the
complex logarithm must lie in the interval —7 < Im Ln 2z < 7. Using the results
of egs. (11)—(16), it follows that

Ln (z125) = Ln 21 + Ln 25 + 2miN, | (56)
Ln (21/22) =Ln 23 — Ln 29 + 2miN_ | (57)
Ln(z") =nLn z + 27N, (integer n), (58)

where the integers N = —1, 0 or +1 and N,, are determined by egs. (13) and
(16), respectively, and

—Ln(z) + 27i, if 2z is real and negative,

Ln(1/z) = { (59)

—Ln(z), otherwise .

Note that eq. (19) is satisfied if Re z; > 0 and Re 2z > 0 (in which case Ny = 0).
In other cases, N, # 0 and eq. (19) fails. Similar considerations also apply to
egs. (20)—(22). For example, eq. (21) is satisfied by Ln z unless Arg z = =«
(equivalently for negative real values of z), as indicated by eq. (59). In particular,
one may use eq. (58) to verify that:

Ln[(—1)7'] = —Ln(—1) + 27 = —7i + 27i = mi = Ln(—1),

as expected, since (—1)7! = —1.

We cannot yet check whether eq. (22) is satisfied if p is a non-integer, since in
this case 2P is a multi-valued function. Thus, we now turn our attention to the
complex power functions (and the related generalized exponential functions).



6. Definition of the generalized power and exponential functions
The generalized complex power function is defined via the following equation:
w = 2° = e z2#0. (60)

To motivate this definition, we first note that if ¢ = k is an integer, then for
= |Z|6iargz’

Zk _ |Z|kek2argz _ 6k‘Ln\z\6kzargz _ 6k(Ln|z|—|—2argz) _ eklnz )
In this case, w = 2" is a single-valued function, since
Zk _ 6klnz — ek(Ln z+2min) _ 6kan )

If ¢ = 1/k (where k is an integer), then we have:

Zl/k _ |Z|1/keiarg(z)/k _ 6Ln\z\/k6iarg(z)/k — e(Ln\zH—iargz)/k — 6ln(z)/k’
where |z|!/* refers to the positive real kth root of |z|. Combining the two results
just obtained, we can easily prove that eq. (60) holds for any rational real number
c. Since any irrational real number can be approximated (to any desired accuracy)
by a rational number, it follows by continuity that eq. (60) must hold for any real
number c¢. These arguments provide the motivation for defining the generalized
complex power function as in eq. (60) for an arbitrary complex power c.
Note that due to the multi-valued nature of In z, it follows that w = z¢ = e
is also multi-valued for any non-integer value of ¢, with a branch point at z = 0:

clnz

w =2 = et = et Eetmine oy =0, &1, £2, £3 - (61)

If ¢ is a rational number, then it can always be expressed in the form ¢ = m/k,
where m is an integer and k is a positive integer such that m and k possess no
common divisor. One can then assume that n = 0,1,2,...,k—11in eq. (61), since
other values of n will not produce any new values of z"/*. It follows that the
multi-valued function w = 2™/* has precisely k distinct branches. If ¢ is irrational
or complex, then the number of branches is infinite (with one branch for each
possible choice of integer n).

Having defined the multi-valued complex power function, we are now able to
compute In(z¢). In light of eq. (48),

2mik
In(2°) = In(e“™?*) = ¢ Inz 4 2mik = ¢ (lnz + 7TCZ ) ; (62)

where k is an arbitrary integer. Thus, In(z¢) = c¢ln z in the sense of set equality (in
which case the sets corresponding to In z and In z + 27ik/c coincide) if and only if
k/c is an integer for all values of k. The only way to satisfy this latter requirement
is to take ¢ = 1/n, where n is an integer. Thus, eq. (53) is now verified.
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We can define a single-valued power function by selecting the principal value
of Inz in eq. (60). Consequently, the principal value of z¢ is defined by

Z¢ = etz z#0. (63)

For a lack of a better notation, I will indicate the principal value by capitalizing
the variable Z as above. The principal value definition of z¢ can lead to some
unexpected results. For example, consider the principal value of the cube root
function w = ZY/3 = e!()/3 Then, for z = —1, the principal value of

V=1 =08 = emifs = <1 + Z\/g) :

This may have surprised you, if you were expecting that «/—1 = —1. To obtain
the latter result would require a different choice of the principal interval in the
definition of the principal value of z'/3.

We are now in the position to check eq. (22) in the case that both the complex
logarithm and complex power function are defined by their principal values. That
is, we compute:

Ln(Z¢) = Ln(e**™?) = cLnz + 2miN,, (64)
after using eq. (55), where IV, is an integer determined by

1 Im(cLnz)
N=|-—-—"—"21,
{2 2m ] (65)
and [ | is the greatest integer bracket function defined in eq. (4). N, can be
evaluated by noting that:

Im (¢cLnz) =1Im {c(Ln|z| + iArg z)} = Arg zRe ¢+ Ln|z|Im c.

Note that if ¢ = n where n is an integer, then eq. (64) simply reduces to eq. (58),
as expected. We conclude that eq. (22) is generally false both for the multi-valued
complex logarithm and its principal value.

A function that in some respects is similar to the complex power function
is the generalized exponential function. A possible definition of the generalized
exponential function for ¢ # 0 is:

zlne _ ez(Ln c+2min)

w=c=e , n=0,+1,+2, £3,---. (66)

However, the multi-valued nature of this function differs somewhat from the multi-
valued power function. In contrast to the latter, the generalized exponential
function possesses no branch point (or any other type of singularity) in the finite
complex z-plane. Thus, one can regard eq. (66) as defining a set of independent
single-valued functions for each value of n. Typically, the n = 0 case is the most
useful, in which case, we would simply define:

w=c*=etne, c#0. (67)



This conforms with our definition of the exponential function in section 3 (where
¢ = e). Henceforth, we shall employ eq. (67) as the definition of the single-valued
generalized exponential function.?

Some results for the principal value of the complex power function can be
immediately adapted to the generalized exponential function. For example, by an
almost identical computation as in egs. (64) and (65), we find that:

Ln(c®) = Ln(e*™¢) = zLnc + 27N/, (68)

where N/ is an integer determined by:

N = B ~ W} . (69)

7. Properties of the generalized power function

Let us examine the properties listed in egs. (23)-(29). Eq. (23) defines the
complex power function. It is tempting to write:

Zazb _ 6alnzeblnz _ ealnz—l—blnz ; 6(a—l—b) Inz _ za—l—b (70)

However, consider the case of non-integer a and b where a + b is an integer. In

this case, eq. (70) cannot be correct since it would equate a multi-valued function

292" with a single-valued function z?*°. In fact, the questionable step in eq. (70)
is false:

alnz+blnz = (a+b)lnz [FALSE!!]. (71)

We previously noted that eq. (71) is false in the case of a = b =1 [cf. eq. (8)]. A
more careful computation yields:

(a+b)Ln z  27i(na+kbd)

a b alnzeblnz —e e ’

S0 — o a(Ln z+27rzn)eb(Ln z+2mik)

=€

a+b e(a—l—b) Inz

p _ a+b)(Ln z2+2mik) _ e(a—l—b)Ln z 2mik(a+b) (72)

= ¢l e ,

where k and n are arbitrary integers. Hence, 2%** is a subset of 22°. Whether
the set of values for z%2® and z%*® does or does not coincide depends on a and b.
However, in general, eq. (24) does not hold.

Similarly,
a alnz a(Ln z+27in)
Z_ — € — € — 6(a—b)Ln 2627ri(na—kb)
b eblnz eb(Ln z+2mik) ’
za—b — e(a—b) Inz _ e(a—b)(Ln z+2mik) _ e(a—b)Ln 2627r2k(a—b) ’ (73)

$In practice, many textbooks treat the generalized exponential function as a single-valued
function, ¢* = e*' ¢ only when c is a positive real number. For any other value of ¢, the
multi-valued function ¢ = e? "¢ is preferred. We shall not pursue this approach in these notes.
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where k and n are arbitrary integers. Hence, 2%~ is a subset of 2¢/2°. Whether
the set of values 2?/2” and 2~ does or does not coincide depends on a and b.
However, in general, eq. (25) does not hold. Setting a = b in eq. (73) yields the
expected result:

L =1, z2#0

for any non-zero complex number z. Setting a = 0 in eq. (73) yields the set
equality:

2= —, (74)

i.e., the set of values for 7% and 1/z° coincide. Thus, eq. (26) is satisfied. Note,
however, that

0,0 — ealnze—alnz — ea(lnz—lnz) — ealnl _ e27r2ka

)

where k is an arbitrary integer. Hence, if a is a non-integer, then 2%27% £ 1 for
k # 0. This is not in conflict with the set equality given in eq. (74) since there
always exists at least one value of k (namely k& = 0) for which 227 = 1.

To show that eq. (27) can fail, we use eq. (48) to conclude that

(Za)b — (6a1nz)b — 6bln(eal’“z) _ eb(alnz+27rik) — 6ba1nze2m’bk — Zab627ribk ’ (75)
where k is an arbitrary integer. If we employ the principal value of the generalized
power function, defined in eq. (63), then eqgs. (61) and (75) yield,

(Za)b — Zabe27rinabe2m'bk ’ (76)
Zab — Zabe27rinab ’ (77)

where both k& and n are arbitrary integers. Thus, 2% is a subset of (2%)°. Note

that the elements of 2% and (2?)° coincide if @ = £1 and/or b is an integer.Y In

contrast, if z = a = b = i, then 2% = —i, whereas eq. (75) yields,

(i) = i"e ™ = le ™ = —je™?™F | k=0, £1,£2,---. (78)

On the other hand, egs. (28) and (29) are satisfied by the multi-valued power
function, since

(lez)a — ealn(zlzg) — ea(lnzl—l—lnzg) — ealnzlealnzz — 0,0
172>
~ a
1 — _ _
( ) e In(21/22) ea(ln z1—1n z2) e In e aln zo 2[112’2 a
Z9

YOther special cases exist in which the elements of 2%® and (2%)° coincide. For example, if
a =3/2 and b = 1/2, then one can check that allowing for all possible integer values of n and k
in egs. (76) and (77) yields (2%)? = 2% = {79 — 79 79 iz},
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We now repeat the above analysis for the principal value of the power function,
Z¢ = e % In this case, the results are somewhat reversed from the case of the
multi-valued power function. In particular, eqgs. (24)—(26) are satisfied, whereas
egs. (27)—(29) may be violated. For example, for the single-valued power function,

Zazb — eaLn zebLn z _ 6(a-i—b)Ln z _ Za+b ’ (79)
za aln z

7= = =2, (80)

Zoeg—a — 6aLn ze—aLn 2 1. (81)

Setting @ = b in eq. (80) yields Z° =1 (for z # 0) as expected.

Eq. (27) may be violated since eq. (55) implies that

(Zc)b — (ean z)b — ebLn(eCL“ 7)) eb(an z+2miNe) _ eban z e27rich — Zcb e27rich ’
where NV, is an integer determined by eq. (65). As an example, if z = b = ¢ = 1,
eq. (65) gives N, = 0, which yields the principal value of (i) = """ = i~! = —i.
However, in general N, # 0 is possible in which case (Z¢)® # Z¢ [i.e., eq. (27)
does not hold| unless b, is an integer. For example, if z is real and negative and
c=—1,then N, =1 and (Z71)® = Z7%?"® [which provides a resolution for the
paradox of eq. (37)]. That is, if z is real and negative then (Z71)° # Z=° unless b

is an integer.
Egs. (28) and (29) may also be violated since eqgs. (56) and (57) imply that

(ZIZ2>CL _ eaLn(Z1Z2) — ea(Ln z1+Ln zo+2miNy) ZilZél e27riaN+ ’ (82)
ZaN Ln(z1/22) (Ln z1—Ln 22427iN_) 21 oriaN
“1 _ paln(z1/2z2) _ _a(Ln z1—Ln 20+42miN_) _ “Z1 2miaN_ 33
<Z2) ‘ ‘ zs ‘ ’ (83)

where the integers N, are determined from eq. (13).
8. Properties of the generalized exponential function

The generalized exponential function, w = ¢* (¢ # 0), is a single-valued func-
tion defined by eq. (67). Using this definition and the properties of the complex
exponential function e*, one can quickly check whether egs. (31)—(36) hold in the
complex plane. The proof of egs. (31)—(33) is nearly identical to the one given in
egs. (79)—(81):

e = ezan cezan c _ e(z1+22)Ln c _ CZH'Z2 (84)
)
Lnc
c* et _ _
iy T (85)
C e
Czc—z — ean ce—an c _ 1. (86)
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However, eq. (34) does not generally hold. Using eq. (68),

z] N ! ; ! N !
(Czl)zz — %2 Ln(c*1) — 622(21 Ln c+27wiN]) — 7271 ane27rzngc _ 122 627”22ch (87)

where N/ is determined by eq. (69) [with z replaced by z].
The case of ¢ = e is noteworthy. Eq. (87) reduces to:

o N 1 Imz
Z1\?22 _ %172 ,2miza N N == — L . 88
(e) e'*2e , {2 o } (88)

If z, = n where n is any integer, then e>™Ne = 1 (since N! is an integer by
definition of the bracket notation). Thus, we recover eq. (40).

Let us test eq. (88) by substituting z; = —im. Then, N! = 1 and hence
(e—wi)z — eiwz )

This result may seem strange, but it is a consequence of our definition of the
generalized exponential function, ¢ = e* ¢, which employs the principal value
of the logarithm. Indeed

(e—iT()Z — (_1)2 _ ean(—l) _ eiwz’

since Ln(—1) = im. We conclude that eq. (34) can be violated, even for the
ordinary exponential function.

Ultimately, the real difficulty with (¢*)* is that it is simultaneously a gen-
eralized exponential function and a generalized power function. Thus, if 25 is a
non-integer, it may be more convenient to treat (¢*')** as a multi-valued function.
That is, in this latter convention, we treat the generalized exponential function
1 = es1lne a5 a single-valued function (using the principal value definition of
the logarithm in the exponent), whereas we treat the generalized power function
(c*)?2 = e n(¢™) ag a possible multi-valued function:

62221 Ln 0627r222k — CZ122 e27rzkz2

z1 z1 Ln ¢ 1
(021)22 — e In(c1) _ 2 In(e ) 622(21 Ln c+2mik)

Y

where k is an arbitrary integer [see eq. (48)]. In particular, for z, a non-integer,
(¢**)*2 is a multi-valued function, with branches corresponding to different choices
of k. For example, for ¢ = z; = 25 = i, we recover eq. (78). One might be
tempted to call the & = 0 branch the principal value of (¢*')*2, in which case
eq. (34) would be valid. Clearly, we must define our conventions carefully if we
wish to manipulate expressions involving exponentials of exponentials.

Finally, egs. (35) and (36) may be violated. The calculation is nearly identical
to the one given in eqgs. (82) and (83):
=a

(ab)z _ ean(ab) _ ez(Ln a+Ln b+27iNy) zbze27r2zN+ :

(%) _ ean(a/b) — ez(Ln a—Ln b+2miN_) _ Z_Ze2ﬂisz :
where the integers Ny are determined from eq. (13) [with z; and z, replaced by
a and b, respectively]. If Re a > 0 and Re b > 0, then N. = 0, and eqgs. (35) and

(36) are satisfied.
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