^Likelihood~ Method for Gamma-Ray Burst and other Source Searches

T.J. Haines

LANL, December 20, 1999

There has been some effort oflate to fold more informat ion that we know about GRBs into the analysis technique. In particular, at the New Hampshire co llaboration meet ing,

G. Sinnis showed what was termed a likelihood method that included the posit ional infor mat ion fro mBATSE into the analysis; this technique has been applied and extended byJ. McCullough. Inthis br iefnote, I willfirst propose what I think is a correct method for perfor ming the likelihood (or at least likelihood-like) analys is in this specific example. I willthen review the method now being used byJ. McCullough/G. S innis, and illustratethe weakness ofthat method. I will finish bygiving so me examples that compare the two methods. In another note to fo llow, I will be summar izing ways to extend the approach to include even more infor matio n about the GRB itself, like the statist icalerror in background estimat ion , and infor mat ion about the point-spread-funct ion ofMilagr ito/Milagro.

Introduction & Jargon

Unt ilthe last few months, the search for a signal fro mGRBs wit h Milagr ito/Milagro data has proceeded in a fair ly straightforward manner, essentially ident ical to the method used bythe CYGNUS collaboration [ D.E. Alexandreas et al., Astroph. J. 426(1994)], and perhaps others. To summar ize, for each GRB detected byBATSE, the ent ire ^error circle~ is searched for a non-statist icalexcess ofevents (called N o in this note) above the expected background level(called m b ), with the search being per for med with fixed over lapping bins. The Poisson probabilit y(called P( N o | m b )) is used to judge the probabilit y that a particular posit ion wit hin the error circle is a candidate GRB posit ion.

S innis/ McCullough tryto extend this to include the fact that, on average, one expects the

GRB´s true location to more often to be located near the center ofthe BATSE ^error circle.~

Let me here define a few more symbo ls.

m s True level ofsignal in the GRB regio n m b True background flux in the GRB region

N b Number ofbackground events in region

N s Number ofsignalevents in regio n

N o Totalnumber ofevents observed in the region

Wit h these definit io ns, it is clear that N o = N s + N b is our constraint; all ofthe above numbers are by assumption (or bypr ior choice in a Bays ian´s view) posit ive. Let

2

P BATSE (r) represent the properly normalized probabilit ydensit yfunct ion ofthe probabilit y o ffinding the true location ofa particular GRB an angular distance r fromthe center ofthe BATSE bin. Here I will only concer n myselfwit h the analys is for a particular GRB, so I willignore the (obvious) fact that e.g. allo fthe above background and signal levels, P

BATSE (r) etc. var yon a GRB-by-GRB basis; that willbe left as an exercise to the student/programmer.

Suggested Likelihood Methodology

Wit h the above definit ions, we can proceed to develop an appropriate likelihood test. I willtake the view that we are performing this analys is bysearching in over lapping bins throughout the region given by BATSE, to replicate the spir it ofthe McCullough/ S innis work. Inthis case, P

BATSE (r) is independent ofthe signaland background levels, and thus reallydoes not effect the for malism. Said differently, I want to specifythe likelihood

(really likelihood ratio) that a particular bin in the entire BATSE region is the location of a Milagr ito/Milagro detected GRB. P

BATSE (r) will simp lymult iplythe likelihood I will develop below.

We want to maximize the ratio ofthe probabilit y that our obser vat ion is due to a signal of true ^strength~ m s and true background m b compared to the probabilit ythat our observat ion is only due to background ( m s = 0). Note here that for now I amassuming that the true background levelis deter mined with per fect precision bythe background estimat ion method ; I will generalize to remove this assumpt ion in a later note. The only unknown parameter that we are concerned about (so far) is the signal level; we will maximize the likelihood with respect to this var iable, so we must write downthe probabilit y o fhaving a particular m s given our observation ofN o . The probabilit ywe want is then for a particular unknown N s

Prob (N s , m s ) = Prob( N s | m s ) * Prob( N b | m b ) = Prob( N s | m s ) * Prob(N o ˘ N s | m b ) where we have invoked our constraint that N b + N s = N b . Now, we do not know the actualnumber ofsignalor background events that we observed, we only know the total number that weobser ved. So, we must include all possibilit ies for the actualnumber of signal(and thus background) events that composed our obser vation. Said differently, our observat ion mayhave resulted fromobser ving N s = 0, N b = N o events, or N s = 1, N b = N o

˘ 1 events, or N s = 2, N b = N o ˘ 2 events, or � etc. Thus the totalprobabilit y is å

=

- = o b

N

N

s b o b b s N N P N P P

0

) | ( * ) | ( ) (

m m m

where again P(N| m ) is the properlynor malized Poisson probabilit yo fobser ving N given

an expected average value m . It should not make a difference if the sumis per for med

over the value ofthe background counts or the signal counts. It is straight forward to

show that this can be re-wr itten as å

=

- = o

s

N

N b s o s s s N N P N P P

0

) | ( * ) | ( ) ( m m m

consistent with one´s expectation.

The deno minator ofthe likelihood ratio should be the numerator evaluated at m s = 0.

P(N o ˘ N b |0) = 0 for all values ofN o ˘ N b in the above sum except N o ˘ N b = 0, where it

has a value of1. Thus P( m s = 0) = P( N o | m b ), simply t he Poisson probabilit yfor the null

hypothesis ofno-source. This is as one would have expected. The likelihood ratio can

then be wr itten explicit ly as

1 .

)! ( !

1

) 0 (

) (

) (

0 eq

N N N e

P

P

L

b o b

N

N

N

b s

N

b s s

s o

b b o

s - ÷ ÷

ø ö

ç ç

è æ

÷ ÷

ø ö

ç ç

è æ

=

=

= å

=

-

m m

m m

m m

m m

where terms independent of N b have been pulled out ofthe summat ion, and a few terms

fro mthe deno minator and numerator have been cancelled. Unfortunately, I have not

found a closed- formanalyt ic so lut ion for the maximum ofthis likelihood function.

The fulllikelihood, as ment ioned above, would include an addit io nal mu lt iplicat ive term

P BATSE

(r), which depends upon the position o fthe bin o finterest with respect to the

BATSE-determined position.

The McCullough/ Sinnis Method

Using the above notation, the likelihood ratio as shown at the New Hampshire meet ing

and in a few subsequent meet ings at LANL is

) | (

) | P(N * ) | P(N * (r) P

) , ( s s b b

Joe

BATSE

b o s s Joe N P

N L

m m m

m =

where I have explicit ly put the term P Joe BATSE in this expressio n to point out that this ter m

is not properlynor malized; instead in this implement ation so far presented, it is

nor malized to P Joe BATSE

(r = 0) = 1, so that it does not have unit totalarea. It should be

nor malized properly, as po inted out above. Inspect ion ofthe above shows that this

likelihood corresponds to onlyone termin eq . 1.

Ignoring BATSE-posit ion termfor the moment, the Joe-likelihood is maximized with

respect to both N s and m s . Joe has noticed that this leads to a solut ion N s @ m s , and points

out that one can immediately see by noticing that the last termin the numerator

maximizes as this value. In fact, I have analyt ically( for large N such that N is

approximatelya cont inuous var iable) proven that the maximum for this situation occurs

at N o ˘ N s = m b (or N b = m b ) and m s = N o ˘ N b = N o - m b . Thus, practically speaking, it will

maximize at the integer nearest N o - m b . In general, and specifically for smaller N, the true

likelihood willnot maximize near this integer; the propertyofthe Poisson distr ibut ion is

that it beco mes quite narrow and centered on N only for large N.

A Specific Example

I want to illustrate the difference between the two methods with an example, perhaps the

most interesting is taken fro mGRB 970417, where we observed (using the numbers fro m

the GRB paper) 18 events (N o = 18) and expected 3.46 as background ( m b ). Performing a

gr id-search in both N s and m s , the maximumo f L J oe is at N s = 15 and m s = 15.0. Using eq.

1, the likelihood ratio as a function of m s is shown

3720000

3730000

3740000

3750000

3760000

3770000

3780000

14 14.1 14.2 14.3 14.4 14.5 14.6 14.7 14.8 14.9 15

Mu-signal

L-ratio

where the maximumis found at m s = 14.54. In fact, for a var iet yofexamples, I am

finding numer icallythe so lut ion that m s = N o - m b , though I amst illtr ying to find the

analyt ic so lut ion to the problem. I have also found numer ically the so lution m s @ 0 in the

case that N o < m b , that is to saywhen one observes fewer events than the expected

background (though I did not explore the `non-phys ical´ part ofthe parameter space m s <

0 ).

Summary

In this note I have proposed a method for performing a ^ binned~ likelihood analysis on

Poisson distr ibuted data. The solut ion to the max-L problem numer ically behaves as one

would expect. Subsequent notes will expand on this method and explore its

ramifications.

5